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Accurate values of electron drift-velocity in purified noble gases and nitrogen have been obtained by 
measuring the transit time of photoelectrons across the gap of a parallel-plate condenser. Drift velocities 
in pure krypton and xenon have not been measured before. The values obtained for the other gases are 
invariably lower than those reported by Nielsen, the discrepancy for neon being large. The sharp maximum 
found by English and Hanna for argon at E/f)<0.1 and tentatively ascribed by them to the Ramsauer 


effect was not observed in the purified gas. 


INTRODUCTION 


CCURATE data on the drift velocity @ of 
electrons in gases are of value not only in the 
design of gas-filled radiation-detection devices and in 
the study of gas-discharge phenomena, but also as a 
source of information concerning electron collision cross 
sections in the low-energy region. Nielsen's! measure- 
ments of @ in nitrogen, helium, neon, and argon are 
generally regarded as the most reliable for these gases. 
The present inquiry was undertaken initially to study 
@ in gas mixtures. However, since results obtained in 
the purified gases were found to be consistently lower 
than Nielsen’s values, they are reported at this time 
together with the data for krypton and xenon. Possible 
reasons for the discrepancies are discussed and evidence 
indicating that Nielsen’s values are too large is given. 
In a separate paper® the experimental data are analyzed 
to obtain information about the transport cross section 
below about 10 ev. 


APPARATUS 


The experimental arrangement, outlined in Fig. 1, is 
similar to that used by Hernbeck.’ A light pulse of 
~0.4 psec half-width duration from flash tube A passes 


° Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1R. A. Nielsen, Phys. Rev. 50, 950 (1936). 

2 J. C. Bowe, following paper te Rev. ra 1416 (1960)]. 

3J.A. Hornbeck, Phys. Rev. 378 (1951 


through quartz window B and perforated anode C, 
striking cathode D and releasing a group of photo- 
electrons which then drift under the action of a uniform 
field and induce a current in an external resistor. The 
signal is amplified by a Tektronix 121 preamplifier 
which has a 12-Mc/sec bandwidth and is coupled to a 
Tektronix 517 oscilloscope. A single-trace transient is 
displayed on the oscilloscope each time the flash tube 
fires. Typical examples of the oscillograms, which were 
recorded on 35 mm film, are shown in Fig. 2, from 
which the time resolution of the method can be judged. 

Since it is generally believed that @ in the noble gases 
is extremely sensitive to gaseous impurities, great care 
was exercised in the design and construction of the 
chamber and gas-handling system. The use of mercury 
manometers, vacuum greases, composition gaskets, and 
organic substances likely to evolve gases was avoided. 
Shutoff valves to the chamber were of the all-metal 
type. A vacuum-tight quartz window 1% inches in 
diameter by 1 mm thickness was attached to the 
chamber by first soldering‘ it to a copper-expansion 
ring which was then used as the sealing gasket. Elec- 
trical glass-kovar feedthroughs and Swagelok fittings 
were mounted on the chamber by screwing them into 
threaded holes equipped with ferrules, thereby elimi- 
nating the necessity of soldering. Gas pressure was 


‘The periphery of the window was treated with Hanovia 
preparation No. 130-A, which allowed it to be tinned and soft- 
soldered. 
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measured with a Wallace and Tiernan precision dial 
manometer of all-metal construction. 

Parallel plates, 7} inches in diameter and accurately 
separated by 1 inch, were mounted and supported with 
standoffs made of Kel-F. The cathode was a disk of 
flat pyrex plate-glass, coated with tin to provide a 
photosensitive surface. A lead gasket sealed the cham- 
ber, and the entire system was tight when tested with 
a helium leak-detector operated at maximum sensi- 
tivity. 


METHOD 


A vacuum of 2X10-* mm Hg, as indicated by an 
ionization gauge, was attained with a diffusion pump 
and liquid-nitrogen cold trap. At this pressure, the 
chamber was baked at 80°C for a few days while the 
calcium turnings in the purifier were outgassed at 
500°C. Before filling, the chamber was flushed and 
evacuated a few times with the gas under study, thereby 
diluting the residual gas molecules to negligible pro- 
portion. Purification was achieved by forced circulation 
of the gas over hot calcium turnings prior to and during 
the course of measurements. Preliminary drift-velocity 
data were usually recorded immediately upon filling 
the chamber in order to compare with results obtained 
after the gas had been circulated. 

The duration of the current pulse, measured between 
the midpoints of the leading and trailing edge (Fig. 2), 
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at po=112 mm Hg. The increase of drift velocity with chamber 
voltage and the time resolution of the method are illustrated. 
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is interpreted as a direct measure of the electron 
transit-time from cathode to anode. This measurement 
is made with an accuracy corresponding to +1 mm 
referred to the oscilloscope. Since the pulse-width 
can always be confined to a value between 40 mm and 
80 mm, the corresponding maximum error in transit 
time is 2.5%. The limits of error associated with each 
time measurement are indicated in the figures by short 
vertical lines. Other possible sources of error, such as 
calibration of sweep speed, variation of battery voltages, 
and measurement of gas pressure, lead to a conservative 
estimate of 5% for the over-all error. The reproduci- 
bility of the data is well within this limit. The electric- 
field distortion due to space charge is estimated to be 
1% with 80 volts on the chamber. Field distortion was 
greater than 1% for values of E/po to the left of the 
line drawn perpendicular to the abscissa on Figs. 3, 4, 
5, 7, and 8. Measurements were terminated for each 
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Fic. 3. Drift velocity of electrons measured at p= 653 mm Hg. 
Comparison is made with measurements of Nielsen’ and of 
Bortner ef al.§ All data in this figure and subsequent figures are 
normalized to 0°C. Space-charge distortion of the electric field is 


estimated to be greater than 1% for values of E/po smaller than 
that indicated by the vertical line in this and subsequent figures. 


gas at the E/p>) value where electrical breakdown 
became evident. 


RESULTS 
Nitrogen 


Tank nitrogen, obtained from Matheson Company 
and having a stated purity of 99.996%, was used. 
Oxygen and hydrogen were given as the major im- 
purities. The calcium purifier was operated at 350°C. 

The results obtained are shown in Fig. 3, where 
comparison is made with the data of Nielsen' and of 
Bortner ef al.,5 both normalized to 0°C. Since excellent 
agreement was obtained with the results of the entirely 
different method used by Bortner ef al., it is concluded 
that the curve for nitrogen is known to an accuracy of 
3% up to E/po=2.° 

6 Bortner, Hurst, and Stone, Rev. Sci. Instr. 28, 103 (1957). 

* po is the pressure normalized to 0°C. 
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Helium 


Tank helium of research grade, obtained from 
Matheson Company, was used. Nitrogen, in the amount 
of less than 0.01%, was given as the major impurity. 
A drift-velocity curve, determined immediately after 
the gas was admitted to the chamber, was identical to 
subsequent curves taken after the gas had been circu- 
lated over the calcium turnings at 450°C. That gases 
evolved from the metal chamber did not affect @ was 
demonstrated by the fact that identical results, within 
experimental error, were obtained after the helium had 
been stored in the chamber for five months, without 
further purification. There is substantial experimental 
agreement for helium up to E/po= 2.0, in which region 


the values of Townsend and Bailey,’ Nielsen,’ Horn- © 


beck,’ and Errett® are all within about 10% of each 
other. The results suggest that @ is not extremely 
sensitive to gas impurities at concentrations of order of 
magnitude of 0.01%, and that achievement and mainte- 
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F1G. 4. Drift velocity of electrons measured at indicated pressures. 
Comparison is made with Nielsen’s' measurements. 


nance of sufficient purity for the measurements is not 
a major problem. However, the effects of gas additives 
in helium merit further study. The present results are 
compared with those of Nielsen in Fig. 4. 


Neon 


Reagent-grade tank neon, obtained from Matheson 
Company, was used. Helium and nitrogen, in the 
amounts of less than 0.03% and 0.01%, respectively, 
are given as the major impurities. The calcium purifier 
was operated at 450°C. Results obtained prior to 
circulation, however, were identical within the experi- 
mental error. 

The present measurements are shown in Fig. 5, 
where comparison is made with the experimental 
results of Nielsen. The large discrepancy in the shape 


7J. S. Townsend and V. A. Bailey, Phil. Mag. 46, 657 (1923). 
* D. D. Errett, Ph.D. thesis, 1951, Purdue University (unpub- 
lished). 


IN GASES 


14 





$ Pp, "622 mm Hg 
§ bp *1€E9mmHg 
9 Po * 118 mmHg 


ORIFT VELOCITY (cm 4 sec) 





o —}—--—- ss a ae a oe ee 
o of O02 03 O04 05 O46 OF OB OF 10 
E/p, (VOLTS) (em mm Hg)-! 


Fic. 5. Drift velocity of electrons measured at indicated pressures. 
Comparison is made with Nielsen's! measurements. 


of the curve is thought to be due to a difference in gas 
purity. It is commonly observed that lower values of 
® are obtained in a gas of higher purity. 


Argon 


Tank argon, obtained from Cleveland Wire Works 
and having a stated purity of 99.99%, was used. A 
typical analysis furnished by the manufacturer gave 
the following impurities: hydrogen, none; water vapor, 
less than 3 ppm; oxygen and carbonaceous gases, each 
less than 5 ppm; and nitrogen, less than 10 ppm. The 
results obtained immediately after filling the chamber 
are presented in Fig. 6, where the sensitivity to these 
impurities and the effectiveness of the hot calcium 
purifier are illustrated. English and Hanna’ were “the 
first to report the sharp maximum” at E/po=0.01, and 
they conjectured that it was due to the Ramsauer 
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Fic. 6. Drift velocity of electrons measured at po=680 mm Hg. 
Circled points represent measurements taken immediately after 
filling the chamber. Points enclosed in triangles were obtained 
with the purifier operated at 340°C and the lower curve with 
the purifier at 450°C. 


* W. N. English and G. C, Hanna, Can. J. Phys. 31, 768 (1953). 
 Errett® observed this effect earlier in A-COz and A-water 
vapor mixtures. 
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Fic. 7. Drift velocity of electrons measured at indicated pressures. 
Comparison is made with Nielsen’s! measurements. 


maximum in the mean free path at very low energy in 
the pure gas. Measurements in the purified gas, how- 
ever, give no indication of the “resonance.” The data 
in Fig. 6 indicate that this maximum was made manifest 
by some contaminant gas which was removed by 
calcium at 340°C. At the higher temperature of 450°C, 
the contaminant responsible for the broad maximum 
was also removed. Prolonged circulation produced no 
further change in , indicating that sufficient purity 
had been obtained. The effectiveness of the care 
exercised to keep the gas clean was illustrated by 
repeating the argon measurements after the gas had 
been stored in the chamber for 8 weeks. Without further 
purification, the drift-velocity curve was identical 
within the experimental error. 

In Fig. 7, the present results are compared with 
Nielsen’s experimental curve normalized to 0°C. The 
measurements of Bortner ef al.5 yielded a curve which 
was somewhat higher than both of these. Errett’s*® 
values are in agreement with the author’s up to E/po 
= 1.6; at E/po=3.2 his value is 7.5% higher. It is well 
known that the upturn in the @ curve, which occurs in 
the present data at about E/po= 1.6, is due to inelastic 
collisions exciting the first excited state. The fact that 
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Fic. 8. Drift velocity of electrons measured at po =302 mm Hg. 
Comparison is made with measurements (dashed curve) of 
English and Hanna.° 
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this occurs at a lower E/po than in Nielsen’s curve is 
indicative of greater gas purity. 


Krypton and Xenon 


The gases used were reagent grade obtained from 
Matheson Company. Prior to filling the chamber, each 
gas was transferred to a pyrex flask containing activated 
charcoal in a freeze-out thimble at liquid-nitrogen 
temperature. Drift-velocity curves determined prior to 
circulation through the calcium cell were identical to 
results obtained with the purifier operated at 450°C. 
English and Hanna® obtained results with unpurified 
krypton and xenon which lie higher; these are also 
presented in Figs. 8 and 9. 


DISCUSSION 


The discrepancies with Nielsen’s data do not seem 
to have their origin in gross differences in gas purity, 
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Fic. 9. Drift velocity of electrons measured at pp = 267 mm Hg. 
Comparison is made with measurements (open circles) of English 
and Hanna.° 


with the possible exception of neon. Past experience 
reported in the literature has shown that molecular 
impurities markedly increase the drift velocity and 
substantially alter the shape of the curve. The discrep- 
ancies reported here are thought to be due either to 
Nielsen’s failure to correct for diffusion or to some 
instrumental error in either apparatus. Duncan" has 
shown that the diffusion correction ‘in an electron- 
shutter apparatus such as was used by Nielsen would 
reduce the & values. Other experimental evidence which 
indicates that Nielsen’s @ values are too high is found 
in the measurements, made by a different method, of 
Errett.* The measurements of Bortner ef al. in nitrogen 
are also lower than Nielsen’s. 

In the present experiments, the width of the current 
pulse at half-maximum corresponds to the average time 


"R. A. Duncan, Australian J. Phys. 10, 54 (1957); see also 
Crompton, Hall, and Macklin, ibid. 10, 366 (1957). 
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required by the electrons to cross the parallel-plate 
gap. The midpoints of the leading and trailing edges 
represent the time coordinates when half the total 
number of electrons leave the cathode and arrive at 
the anode, respectively. With this interpretation, the 
time measurements could possibly be in error for any 
of the following reasons: (1) the photoelectrons are not 
released with an energy distribution characteristic of 
the impressed electric field, (2) diffusion of the electron 
cloud shifts the relative position of the median plane, 
and (3) the signal waveform is distorted by the input 
circuit. The error introduced by the first of these can 
be neglected if equilibrium with the electric field is 
established in a distance which is small compared with 
the total drift distance. If it is assumed that equilibrium 
is established in a fixed number of collisions, an em- 
pirical test for this correction can be made by changing 
the gas pressure. Reproducibility of the drift-velocity 
curves under various pressures, as shown in the figures, 
implies that no correction need be made over the 
pressure range used for these measurements. Diffusion 
would introduce no error if the electron swarm expanded 
symmetrically about its median plane perpendicular to 
the electric field. If the expansion were asymmetric, a 
net diffusion current would flow parallel to the field 
thereby introducing a relative displacement of the 
median plane and consequently, a change in the drift- 
time. The magnitude of the error due to this effect is 


expected to be larger at lower pressure, but since no 
pressure effect was observed, the correction is judged 
to be negligible. Distortion of the waveform by the 
input circuit was tested at various times by decreasing 
the time constant by a factor of ten. The drift time 
measured under this condition was in agreement with 
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previous measurements; hence, no correction for this 
effect is made. 

It is noteworthy that in the cases tested, storage of 
the purified gas in the metal chamber had no effect on 
the drift velocity. This may mean either that @ is 
insensitive to the particular gases released by the 
chamber walls, or that these gases are released at such 
a low rate as to be ineffective. Since the effects of gaseous 
impurities are not completely known, the answer must 
await future measurements in purified gases diluted 
with small known quantities of trace gases. It is not 
improbable that in helium and neon, @ is not as sensitive 
to gas additives as has occasionally been supposed. 

The limits of purity reached by the techniques 
described above cannot be assessed. However, the 
effectiveness of the calcium turnings was strikingly 
demonstrated in the case of argon and the results 
enabled identification of an artifact which was not 
previously known to be due to impurities. Moreover, 
because of the well-known inverse relation between @ 
and the electron agitational energy é, removal of 
molecular impurities tends to increase @ and therefore 
decrease @. Since the present measurements do not 
lie above any of the previously existing determinations 
and lie substantially below them for neon, the above 
facts may be taken as evidence of gas purity. The 
results presented here probably represent the cleanest 
gas measurements presently available. 
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Transport Collision Cross Sections from Electron Drift-Velocity Data* 
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Information concerning the transport collision cross section o;(e) of low-energy electrons in the noble 
gases was obtained from drift-velocity data. The results (with ¢ in ev) are He: o,(e)=(28+1) cm™ for 
0.13< «<4; Ne: o:(¢) = (6.05) 2" cm™ for 0.38<e<8; A: o:(e) = (6.340.6)« cm™ for 1.6<e<11; Kr: 
o:(e) =14e cm™ for 1.6 «<3; Xe: o:(e) =26€ cm™ for 1<«<2.4. All o; values are for 0°C and 1 mm Hg 
pressure. These results are compared with other experimental and theoretical data. For nitrogen the drift- 
velocity measurements indicate an average fractional energy loss per collision of 20(2m/M) in the energy 


range e=0.07 to 0.15 ev. 





INTRODUCTION 


EASONS for the numerous discrepancies between 

theoretical and experimental cross sections for 
very low-energy electrons are not difficult to find. On 
the theoretical side, simple methods of treatment are 
not available (the Born approximation is not valid, for 
example) and it is imperative that polarization and 
exchange effects be considered. The experimental pro- 
cedures are likewise beset with difficulties which involve 
the production of monoenergetic electron beams and 
analysis of the scattered current. It is well known, 
however, that the difficulties inherent in beam experi- 
ments can be avoided by making measurements on 
electron swarms. Reference need only be made to the 
Townsend method! and to the more recent microwave 
techniques*’ as illustrative examples. In this paper, 
new experimental electron drift-velocity data‘ for the 
noble gases and nitrogen are analyzed with the objective 
of extracting from them conclusions concerning the 
transport collision cross section and the pertinent 
partial-wave phase shifts. A brief discussion concerning 
inelastic collisions involving rotational excitation of 
nitrogen is also presented. 


METHOD 


A theoretical relation between the electron drift 
velocity @(£) and the transport collision cross section 
a:(¢€) is established by the following equations: 


@( E)= (16reF m) f [ 6mkT eo 7 (€) 
0 


+MéE*}*@o0:(€) fole,Ede, 
(1) 


fole,E)= A exp| . om f [6mkT coe) 
0 


} MéE*} ec? (ede : 

* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1R. W. Crompton and D. J. Sutton, Proc. Roy. Soc. (London) 
A215, 467 (1952) 

2 J. M. Anderson and L. Goldstein, Phys. Rev. 102, 933 (1956). 

* J. L. Hirshfield and S. C. Brown, J. Appl. Phys. 29, 1749 
(1958). 

‘J. C. Bowe, preceding paper [Phys. Rev. 117, 1411 (1960) ]. 


which depend on the assumption that only elastic 
collisions occur. In these expressions fo(¢,Z) is the 
distribution function for electrons expressed in terms of 
the kinetic energy «¢, £ is the electric field strength, e 
and m are the electron charge and mass, M is the mass 
of the gas atom or molecule, 7 is the gas temperature, 
and & is the Boltzmann constant. In these equations 
o;(€) is expressed in units of cm™ at 1-mm pressure and 
0°C. The function fo(¢,Z) is represented by the first 
term of a series solution to the Boltzmann transport 
equation.’ Normalization is achieved by setting 
4 So’? fo(v)dv=1. 

The unknown functions o;(¢) and fo(e,Z) may be 
regarded as solutions of the integral equations (1) in 
terms of the known function @(£). Although a general 
solution to this mathematical problem has not been 
found, particular solutions pertinent to the problem at 
hand are readily obtained. When o;(e)=ae", it is 
possible to perform the integrations indicated in Eq. 
(1) and thereby obtain an explicit expression for a(£) 
in terms of the unknown constants @ and n, provided 
that the thermal motion of the gas atoms is neglected. 
The exponent » can be determined from the slope of 
the @ versus E/po curve at each value of E/po and the 
constant @ can then be determined from the corre- 
sponding magnitude of &. For helium, a; is practically 
independent of e¢, and for neon it is only slightly 
dependent on «. For argon, krypton, and xenon a;(e) 
is approximately proportional to ¢ except below the 
Ramsauer minimum. 

Equations (1) cannot be applied, as they stand, to 
nitrogen, due to the presence of inelastic collisions 
which occur even at very low energy. However, if it is 
assumed that the average energy loss per collision is in 
constant ratio \(e) to the energy loss per elastic collision, 
then the factor \(¢) can be inserted into the equations 
and an analysis similar to that used for the noble gases 
can be applied. The expression obtained in this case 
contains two unknown quantities, the undetermined 
value of o,(e) and the factor \(e). Evaluation of the 


5S. Chapman and T. G. Cowling, The Mathematical Theory of 
Nonuniform Gases (Cambridge University Press, Cambridge, 
1939), p. 347 ff. 
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factor A(e) therefore requires that o;(¢) be known 
independently. 


RESULTS 
Helium 


If o;:(€) is assumed to be sensibly independent of 
energy and if the thermal motion of gas atoms can be 
neglected (i.e., Me’E*>>6mkTeo?), then Eq. (1) takes 
the form [@X (E/po)~*]=[1/T (4) 1(3m/M)*(2re/me,)', 
a constant. Experimental values of this product, which 
are presented in Fig. 1, show that it is indeed constant 
in the interval E/po=0.1 to 1.2. A least-squares 
analysis of the values in this interval gives o,= 28 cm™ 
(0°C, 1 mm) with a standard deviation of +1 cm™. 
This result is to be compared with the smaller experi- 
mental values of Anderson and Goldstein,’ of Gould 
and Brown,** and of Ramsauer and Kollath as com- 
puted by Barbiere’ (see Fig. 2). The energy region over 
which o; is constant is estimated to extend from about 
0.13 ev, the average electron energy at E/po=0.1, to 
about 4 ev, which includes approximately 95% of the 
electrons at E/po=1.2. The analysis presented here 
yields no information for E/p~o<0.1, where the effects 
of thermal motion cannot be neglected. The experi- 
mental data were terminated at E/po=1.2 because of 
spurious breakdown of the gas in the chamber. 

The transport cross sections are determined by the 
partial-wave phase shifts 4), i.e., 


o.(k)= S040 sin*(6,— —b141) 


2 Len 


(k is the wave number of the electron). Values of o;(e) 
computed from the theoretical phase shifts 59 and 4; of 
Morse and Allis* are compared with the experimental 


a 


NEON [k= 4 :n*0.432] . 
i 1 








K(E/P9), (voltsiicm mm Hg) . 


Fic. 1. These curves represent the experimental @ data which 
were used to obtain o;(¢). When o;(e)~constant, »=4 and when 
o:(e)/e~constant, n=}. The curves are extensions of the 
_ data. No interpretation was made at low values 
of E/po. 


* L. Gould and S. C. Brown, 1S (9s ri 95, 897 (1954). 


7D. Barbiere, Phys. Rev. 84, 
* P. M. Morse and W. P. Allis, 


(1951 
Allis, Phys. oe. 44, 269 (1933). 
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Fic. 2. The dashed curves were computed from partial-wave 
phase-shift data. The dotted portion of the curve labeled Westin” 
was computed by extrapolating his phase-shift data to zero 
energy. The Ramsauer- Rollath curve is drawn through values 
computed from their angular scattering measurements.’ Gould- 
Brown® and Anderson-Goldstein®? curves were obtained from 
microwave experiments. The value o,=28+1 cm™ was obtained 
from @ measurements. 


data in Fig. 2. It is seen that the cross sections obtained 
from drift velocities provide the best agreement with 
theory yet attained at low energy. Indeed, this agree- 
ment is sufficiently good to suggest that polarization 
effects, which were not taken into account by Morse 
and Allis, are small and do not contribute significantly 
to o;(¢). Indications that polarization effects are prob- 
ably small were previously noted by Moiseiwitsch,’ but 
on the basis of different evidence. 

A second calculation of o:(¢) was made using the 
tabulated values of 5; which Westin” derived from 
experimental scattering data (see Fig. 2). The dotted 
portion of this curve (e«<0.54 ev) was computed by 
extrapolating his 6; data to the appropriate multiple 
of at zero energy. Westin’s 49 curve lies close to the 
theoretical curve of Morse and Allis* and is in exact 
agreement with it below 4 ev. In contrast, his 5; curve 
diverges from that of Morse and Allis below e=50 ev 
and gives much larger phase shifts at lower energy. 
Westin found it necessary to adopt larger values for 
the p-wave shift, as well as for higher order scattering, 
in order to account for a pronounced asymmetry in the 
experimental angular scattering curves. At low energy, 
Westin’s results must be questioned on two points. 
First, the values of o;(€) computed from his 6; are much 
larger than any of the experimental values. (They are 
also larger than the values obtained directly from the 
Ramsauer-Kollath scattering data, from which his 
phase shifts were derived.) Second, the higher order 
phase shifts do not approach zero as k’, as required by 
theory.” 


aa L. Moiseiwitsch, Proc. Roy. Soc. (London) A219, 102 
(1953). 
”S. Westin, Kgl. Norske Videnskab. Selskabs, Skrifter No. 2 

(1946). 
“4 Bransden, Dalgarno, John, and Seaton, Proc. Phys. Soc. 
(London) 71, 877 (1958). 
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The discrepancy between the Morse-Allis and Westin 
curves in Fig. 2 is due mainly to Westin’s larger values 
of 6;. A substantial amount of p-wave scattering is 
required to obtain the minimum in the scattering 
amplitude at small angles which the experimental 
angular-distribution data of Ramsauer and Kollath 
exhibit. In obtaining agreement with this feature of 
the experimental data, however, a large amount of 
back-scattering is introduced, and this in turn leads to 
greater values of o,(¢). The weight of evidence contained 
in the experimental ¢,(¢) data rules against such large 
values of 6, and therefore questions the correctness of 
the small-angle scattering data of Ramsauer and 
Kollath. 

Graham and Ruhlig’” computed drift velocities in 
helium, neon, and argon using o;(€) data which were 
derived from Westin’s phase shifts. The values of @ 
which they obtained in helium are about 10% to 15% 
lower than the author’s measurements, for the reasons 
just given. 


Neon 


The transport cross section was assumed to vary with 
energy as o;(¢€)=ae" and the unknown constants @ and 
n were determined as described previously. The values 
of @ were plotted against E/po on log-log graph paper 
and it was found that a straight line fits the data well 
in the interval E/po=0.015 to 0.65. The slope of the 
line gave a value of n=0.157. The value of a=6.05 was 
determined from this line and the corresponding 
constant value of [@x (E/p»)~*] is shown in Fig. 1, 
where the experimental values of this product are also 
presented. 

Experimental @ values below E/po=0.025 were not 
interpreted, these data being of lesser reliability because 
of the low voltages which were used on the chamber. 
Above E/po=0.65, the upturn in values is brought 
about by an increasing @ which is caused by inelastic 
collisions. An analysis of this deviation from an extra- 
polated “elastic-collision” curve would provide infor- 
mation about the inelastic-collision cross section. The 
electron energy at E/po=0.025 has a computed average 
value of 0.38 ev and at E/po=0.65 it is 8 ev. The 
result o:(€)=6.05€""’ compares favorably with the 
Ramsauer-Kollath and Westin curve (see Fig. 3). 

The only available partial-wave phase-shift data for 
neon at low energy were derived by Westin" from 
experimental scattering data. These phase shifts there- 
fore include the effects of polarization and exchange, 
and since they yield o,(¢€) values which are in good 
agreement with the values obtained directly from the 
Ramsauer-Kollath’ scattering data, it is especially 
interesting to determine what further information 
might be gained by extrapolating them to zero energy. 
A linear extrapolation” of the s- and p-wave phase 


2 W. J. Graham and A. J. Ruhlig, Phys. Rev. 94, 25 (1954). 
If the p-wave phase shift is extrapolated to k=0 with zero 
slope as required by theory, then o;(0)=7.7 cm™. 
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shifts from k=0.2 to the known values at k=0 leads to 
a nearly constant o,(k), as shown by the dotted curve 
in Fig. 3. This is in contradiction with the experimental 
results of Gilardini and Brown" and indicates a funda- 
mental discrepancy between the two sets of data. 
There is no known theoretical justification which would 
permit extrapolation of Westin’s 49 and 6; curves in a 
manner which would remove this difference. Therefore, 
the behavior of o,(€) at low energy should be accepted 
as being uncertain until this discrepancy is resolved. 

Graham and Ruhlig” compared their neon @ values 
with the experimental results of Nielsen. The discrep- 
ancy which they observed was attributed to the 
existence of inelastic collisions at E/po=0.25. However, 
the new experimental @ data‘ de not show evidence of 
inelastic collisions until about E/po=0.6, and this result 
is in agreement with the energy-distribution function'® 
as derived from Barbiere’s data. Graham and Ruhlig’s 
® values are just within the upper limits of error of the 
new @ measurements. 


Argon 


If it is assumed that o;(€)=ae (which corresponds to 
neglect of the upturn in o, below the Ramsauer 


- 


Fic. 3. The dashed curve was computed” from Westin’s phase 
shifts and the points were computed’ from the Ramsauer-Kollath 
scattering data. The dotted portion of the curve was obtained by 
linearly extrapolating Westin’s s- and p-wave phase-shift curve 
to zero energy. The Gilardini-Brown™ curve was obtained from 
microwave experiments 


minimum) and if the thermal motion of gas atoms is 
neglected, then Eq. (1) becomes 


[aX (E/ po) * ]=0.926(m/ M)*!/*(e/mia)' 

for all values of F/po. This relation is experimentally 
satisfied in the interval E/po=0.2 to 1.5 (see Fig. 1). 
A least-squares analysis of these data gave a= 6.30.6, 
a value which may be assigned to the corresponding 
range of average energies, «=1.6 ev to 4.4 ev. This 
result falls between the Ramsauer-Kollath’ curve and 
the Westin” curve, but definitely favors the former 
(see Fig. 4). The curve is arbitrarily extended to 11 ev 
since the effects of excitation collisions are not evident 
at E/po=1.5. 


“4 A. L. Gilardini and S. C. Brown, Phys. Rev. 95, 897 (1954). 
18 Energy-distribution functions for helium, neon, and argon 
are tabulated in Argonne National Laboratory Report ANL-5967 
(unpublished). Copies may be obtained by writing to the author. 





TRANSPORT COLLISION CROSS SECTIONS OF ELECTRONS 


Above E/po=1.5, the characteristic increase in @ 
due to inelastic collisions is evident. Here, again, it 
should be possible to derive information about the 
inelastic cross section on the basis of che deviation from 
an extrapolated “elastic-collision” curve. 

Graham and Ruhlig” computed @ in argon over a 
limited range of E/p» extending from 0.25 to 1.0. The 
values which they obtained are in agreement with the 
author’s measurements. However," their calculated 
energy-distribution functions indicated appreciable 
inelastic collisions at E/po=1.0. Experimentally, such 
collisions are not indicated by the @ data until E/po 
reaches the value of about 1.5. This discrepancy casts 
doubt on the correctness of Westin’s phase shifts for 
argon. The @ data yield no definite information about 
a:(€) below about 1.6 ev. 


Krypton and Xenon 


Experimental values of [@< (E/po)~*] were found to 
be fairly constant for these gases over a limited range 


70; 


4 


7 
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Fic. 4. The Ramsauer-Kollath curve is drawn through values 
computed from their scattering data.? The Westin curve was 
computed” from his phase shifts. The shaded area contains the 
result o,(€)= (6.3+0.6)e cm™ obtained from @ measurements. 


of E/po (see Fig. 1) thereby indicating that the trans- 
port cross section is approximately proportional to the 
energy. For krypton, the average value of [@X (E/po)~*] 
was found to be 0.23 10° in the interval E/po=0.3 to 
1.1. This yielded o,=14« cm™ over the corresponding 
range of average energy 1.6 to 3 ev. For xenon [a@ 
X (E/po)-*] was found to be 0.16 10° in the interval 
E/po=9.2 to 1.0. This gave o,= 26 cm™ over the energy 
range 1 to 2.4 ev. Since the electrons have an energy 
spread about the average value, the curves in Figs. 5 
and 6 were arbitrarily extended to 7 ev for krypton 
and 5.5 ev for xenon. These results are compared with 
o.(e) which the author computed from the scattering 
data of Ramsauer and Kollath.'* The agreement can 
be considered satisfactory. 

On the theoretical side, Holtsmark"’ calculated values 


16 C, Ramsauer and R. Kollath, Ann. Physik 12, 837 (1932). 
17 J. Holtsmark, Z. Physik 66, 24 (1930). 
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KRYPTON 


RAMSAUER 6 KOLLATH 
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Fic. 5. The dashed curves are drawn ——— o:(¢) values com- 
puted from partial-wave phase shifts which Holtsmark"’ derived 
for two different polarization fields I and II. The Ramsauer- 
Kollath'* curve is drawn through values computed from their 
scattering data. The solid curve o;(¢)=14¢ was obtained from &@ 
measurements. 


of the total elastic collision cross section for krypton 
for two different polarized scattering potentials, but 
did not take exchange effects into account. The results 
which he obtained for both fields fitted the experimental 
total elastic cross-section data of Ramsauer and Kollath 
almost equally well. When the transport cross section 
is calculated from Holtsmark’s phase shifts, it is found 
that only the results obtained from “atomfeld II’ are 
consistent with the new experimental data (see Fig. 5). 
Unfortunately, the extent of the experimental and 
theoretical data presently available does not allow a 
closer and more detailed comparison to be made. The 
far greater sensitivity of the transport cross section 
than that of the elastic scattering cross section to the 
degree of polarization, however, indicates the usefulness 


FROM EXP’, @ DATA 


} 


z\ 
0 S25)(0°C, 1mm) 


——— RAMSAUER & KOLLATH 


Fic. 6. The Ramsauer-Kollath” curve is drawn through values 
computed from their scattering data. The solid curve o;(«)=26¢ 
was obtained from @ measurements. 
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of o;(e) to any future theoretical development of this 
problem. There are at present no theoretically derived 
phase shifts or cross sections available for xenon. 


Nitrogen 


Due to inelastic collisions which occur in a molecular 
gas, Eqs. (1) are not directly applicable in their present 
form. The equations can, however, be modified to 
include the effects of inelastic collisions by assuming 
that the energy losses involved in the rotational exci- 
tation of the gas molecules are comparable to the energy 
losses which occur when the collisions are elastic. This 
is accomplished by writing the energy-loss term in the 
energy-balance equation as \(¢)(2m/M), where X(e) is 
a measure of the inelasticity of the impact and has the 
value unity when the collisions are elastic. Equations 
(1) are thereby modified by the appearance of the 
multiplying factor \(e) in the integrand of fo(e,Z) and 
also in the integrand of @(£). If it is now assumed that 
o:(e)=ae and that \(e)=ae~4, where a, a, and j are 
undetermined constants, the equations can be inte- 
grated in closed form provided that the thermal! motion 
of gas molecules is neglected. The validity of this last 
assumption can be judged after the computation is 
completed by comparing the calculated average electron 
energy with the thermal energy. 

Integration of Eqs. (1) yields 


&(E) = (4/Mm) (2/m)-4(a)*?-9 (1[3/2(4— 7) ]}7 


X (e/a) "9 -L6m/ (4— j)M Pres, 


The experimental @ versus E/po curve has a constant 
slope of 0.25 in the interval E/po=0.06 to 0.3 and 
therefore j=0. Experimenta! values of [@X (£/po)~*] 
have a magnitude of (0.54-+-0.01)10° over this interval. 
From the measurements of Phelps e al.'* and of 
Crompton and Sutton,' the value of @ was estimated as 
200 cm~'/ev. These data therefore fix the value of a at 
20 over the energy interval 0.07 ev to 0.15 ev (average 
energies corresponding to E/po=0.06 and 0.3, respec- 
tively). This energy range is only about 2 to 4 times 
the thermal energy of the gas molecules, and therefore, 
neglect of molecular motion is not wholly justified. 


8 Phelps, Fundingsland, and Brown, Phys. Rev. 84, 559 (1951). 
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On the other hand, the slope of the & versus E/po curve 
is not unity, as it must always be at sufficiently low 
E/po where the energy distribution of the electrons 
becomes Maxwellian. A more refined calculation would 
take molecular motion into account and would probably 
have to be done numerically. The additiona! effort 
involved, however, does not seem to be warranted at 
this time. 

It is interesting to note that the value a= 20 is about 
twice as large as that found by Crompton and Sutton! 
and is about four times as large as that found by 
Anderson and Goldstein.” This result can be considered 
as additional evidence in support of the theory of 
Gerjuoy and Stein” regarding the excitation of rota- 
tional levels at energies below the vibrational threshold 
of 0.29 ev. In fact, a= 20 compares favorably with the 
average value of 25 obtained from the theoretical \ 
curve of Gerjuoy and Stein over the corresponding 
energy range. 


DISCUSSION 


Quantities determined from measurements on elec- 
tron swarms have values which of necessity represent 
an effective averaging over the existing energy distri- 
bution. To this extent their energy resolution is there- 
fore limited and not easily defined. In spite of this 
limitation, electron-swarm measurements provide valu- 
able results and indeed, the only cross-section data 
available below about 1 ev. The theoretical data at low 
energy are meager and more work in this direction 
would be of great value. In particular, the importance 
of polarization and exchange needs to be assessed. 
Morse and Allis have already established the huge effect 
of electron exchange in helium. It is also well known, 
for example, that extrapolation to zero energy can be 
accomplished more easily and reliably from the phase- 
shift data than from experimental cross-section data. 
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The irreversibility of quantum mechanical systems perturbed by random forces is investigated by means 
of phenomonological equations derived from the Schrédinger equation. A semiquantitative discussion 
depending on an assumption of time reversal symmetry of the ensemble of random functions leads to a 
description of the irreversibility of a system with a finite number of states. A more general quantitative 


method utilizing “smoothed” 
equilibrium states. 


I. INTRODUCTION 


NE of the basic problems of statistical mechanics 

is to account for the irreversibility observed in 
physical systems. The investigation of this problem has 
proceeded by means of H theorems, ergodic theorems, 
and the derivation of differential equations describing 
the time change of the state probabilities.! From the 
assumption of such an equation Thomsen’ has derived 
the relations between the ergodic hypothesis, the 
principle of detailed balance and the so-called A hy- 
pothesis for systems with a finite number of states. 
More recently Jaynes* has generalized the work of 
Wangness and Bloch‘ to obtain a phenomenological 
description based on an assumption that the best 
criterion to use in statistical inference is that of maxi- 
mum information. 

These results may be obtained otherwise by an 
assumption that the quantum mechanical system in 
question is perturbed by small random forces, and 
certain additional assumptions characterizing the 
ensemble of random functions. In order to account for 
continuous measurements a smoothed density matrix is 
introduced. In Sec. II a semiquantitative approach 
yields a result of wide generality, while in Sec. III the 
assumption of “sliding averages’ produces a result 
useful in describing continuous measurements. 


Il. RANDOM PERTURBATIONS 


It is assumed: (i) That the system is acted on by a 
random external force which varies unpredictably to 
the extent that the probability of its being equal to 
any given function in the future is the same, no matter 
what function described it in the past. (ii) It is further 
assumed that the probability that the force is given by 
some particular function of time is equal to the proba- 


* Part of a dissertation submitted to The Johns Hopkins 
University in partial fulfillment of requirements for the degree 
of Doctor of Philosophy. 

+t Now at The Martin Company, Orlando, Florida. 

1D. ter Haar, Revs. Modern Phys. 27, 3 (1955). 

$7. Thomsen, dissertation, The Johns Hopkins University, 
ee 1952 (unpublished). 

. Jaynes, Phys. Rev. 106, 620 (1957) and Phys. Rev. 
108, ri 1 (oat) 
‘ R. K. i and F. Bloch, Phys. Rev. 89, 728 (1953). 


density matrices produces a macroscopic description of systems tending to 


bility that it is given by the function obtained from 
this one by reversal in respect to time. 

The external force acting on the system will be 
assumed to act through a parameter of the system, 
designated by a. The system is described by a state 
function V=)>- . Cntén(g,a) where the “, are real energy 
eigenfunctions and the c, are probability amplitudes, 
and gq represents all the coordinates of the system. The 
c, a8 functions of time are given by® 


én = —timCmt a 2, Gales (1) 


where (¢,) 
Ou ;(q,a 
digi f w:(4,0)-———dg, (2) 


da 


and wn=E,,/h. It follows immediately that ajj= ~~ ai. 
If we assume a solution of the form 


Cm(t)= D0, AmeCe(0), (3) 


it may be shown that the quantities A, obey a differ- 
ential equation of the form Eq. (1) and that the 
matrix A is unitary. 

If the random parameter a is not given as a particular 
function of time, but instead it is given only that a is 
equal to one of a number of given functions, each of 
which has a given probability of being a from the 
instant 0 to the instant ¢, then the prediction of a 
particular value of c,c,* at the instant ¢ is impossible. 
The expectation value or ensemble average, however, 
is given by 


(cp(t)cg*())= Dom DinlA pmA on*)Cm(O)en*(0). (4) 


Let it now be assumed that @ varies unpredictably 
to the extent that the probability of its being equal to 
any given function in the future is the same, no matter 
what function described it in the past. 

On this assumption, (A pA gn") does not depend on 
the variation in a before the instant 0 or, consequently, 
on the amplitudes produced at that instant by the 
prior variation. Therefore, if only average initial values 
Of CmCn* are given, (A pmA on*) will be the same for all 


*R. C. Tolman, The Principles of Statistical Mechanics 
(Clarendon Press, Oxford, 1950). 
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the particular values of c,,(0)c,*(0) included in the 
average (cm(0)c,*(0)). Thus 


(Cp(t)eg* (t)) = Som DinlA pmA on*XCm(O)en*(O)). (5) 


If (¢m(O)en*(0))=5mnn/W, where W is the number of 
possible states of the system, it follows from Eq. (5) 
and the properties of A,; that 


(cp(t)cq* (t)) =6,,/W, (6) 


and there is statistical equilibrium, with all possible 
states equally probable. If a is constant, 


Cp(t)=cp(O)er". (7) 
If a, though not constant, is changing slowly, the 
magnitudes of the probability amplitudes will change 
only slowly and, during any time in which the changes 
in magnitude are negligible, the approximation 


cp(t)=c,(0) exp(ia,/), (8) 


in which @, denotes the time average of w,, will be 
valid. Thus, during any such time 


Cp(t)cg* (t)=c,(0)c,*(0) expli(a,—@,)t ]. (9) 


Corresponding to the different functions of the time to 
which @ may be equal, there will be different values of 
@,—@, for any unequal numbers p and g. However 
small may be the spread in the values of (@,—a,), 
the values of (@,—@,)t may be spread as widely as 
desired by decreasing d and thus increasing the time ¢ 
in which any given variation in @ takes place. If the 
spread of extreme values of (@,—@,)t is made many 
times w, the distribution becomes practically uniform 
between 0 and 2x. With a uniform distribution in phase, 
(exp[i(@,—@,)t ]) and hence (c,(t)c,*(t)) are zero for 
any two unequal numbers p and q. 

Let it be supposed that this has taken place before 
the instant 0. Then (c»(0)c,*(0)) is 0 for all unequal 


numbers m and m and 
(cp (t)cp*(t))= Som(A pmA pm*XCm(O)cm*(0)). (10) 


Now (c,c,*) is the probability of finding the system 
in the state p. Let it be denoted by fp. (A pmA pm*) is a 
function of ¢. Let it be denoted by Byn(t). Then 


fo(t)=Lim Bym(t) fn(O), 
‘= bnn™ Dr Avahve”, 


Lm Bom(t)= Lim Bmp(t). 


(11) 
where since > AmrA nr 
(12) 


Differentiating these equations with respect to ¢ and 
letting ¢ be zero, we have 


$,(0)=Sm Bym(0) fm(0), 
>» Byn(0)=E.m Buy(0), 


(13) 
(14) 


The first of these equations shows that Bym(O)d¢ is 
the probability of the transition in the time dt from 
the state m to the state p, when it is given that the 
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system is initially in the state m. To the extent that 
transitions are probable only between states of equal 
energy, the second equation is what Thomsen? has 
called the \ hypothesis, which, he has shown, implies 
the ergodic theorem and the second law of thermo- 
dynamics but not the principle of detailed balance or 
Onsager’s reciprocities. Whether or not transitions are 
restricted to states of equal energy, these equations, 
derived from assumption (i) alone, are enough to show 
that random changes in an external coordinate can 
only increase the entropy of a system. 

We may now show that under assumptions (i) and 
(ii) the system under censideration will exhibit micro- 
scopic reversibility.* Let us now make use of assumption 
(ii), that the probability that @ is given by some 
particular function of the time is equal to the proba- 
bility that it is given by the function obtained from 
this one by reversal in respect to the time. Thus, the 
graphs shown as I and II in Fig. 1 are equally probable 
as expressions for a. 

To any point P’ on Graph I, at the interval 7 after 
the instant 0, there corresponds a point P” on Graph IT, 
at the same interval r before the instant ¢, such that @ 
has the same value at P” as at P’. If Q’ is a point on 
Graph I following the point P’ at the interval dr, there 
is a corresponding point Q” on Graph II, preceding the 
point P” by the same interval dr, at which @ has the 
same value as at 0’. 

Let Eq. (1) and its comple 
written in the form 


x conjugate equation be 


dem (15) 


Cmal+ pa AQmnl nda, 


‘ ‘ . * 
1 LW ml m di+ | Amal n da. 


dCm 


(16) 


At the point P” on Graph II, w» and amn, which are 
functions only of a, have the same values as at P”. 
Also a increases by the same amount da between P” 
and Q” as between P’ and Q’. But, from P’ to Q’, dt 
has the value dr, whereas, from P”’ to Q”, it has the 
value —dr. Thus, if we write the preceding equations 
for these points on Graphs I and II, distinguishing by 
superscripts (’) probability-amplitudes 
reckoned for the two graphs, we have: 


de.’ 


and (’’) the 


> 


° , ; 
= — li mCm dr T n Omnln da, 


; (17) 
” ” , ” 
dom = lWmCm dr+) nQmntn da, 


» © " '* th. ‘* 
de m ~—llWalm dr+)> an dmn n da, 


‘'* = ° “ae =. ‘'* 
dem = —— LW nl mn dr +n Amnln da. 


(18) 
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Comparing these equations, we see that the proba- 
bility-amplitudes reckoned for either graph vary with 
7 according to the equation which describes the complex 
conjugate amplitudes along the other graph. On Graph 


I, r is O at the instant 0 and ¢ at the instant ¢ but, on 


Graph II, it is 0 at the instant ¢ and ¢ at the instant 0. 
Thus, if we write for Graph I, 


Cm’ (t)= Lon Amn'Cn (0), 
we have for Graph II 


cu’ (0) =) a Ann *Ce’’ (1). 


(19) 


But we have also for Graph II, from Eq. (17), 


Cu’ (0) =) ata’ (Ana. 


Thus, we see that 


‘* 
Aw Aan”. 


Similarly, 
Ana (23) 


Here let us choose the initial amplitudes the same 
on both graphs. We may write for Graph I 


Cp (t)cq’* (t)= dom dn A pm A gn *Cm(O)Cn*(0) (24) 


or 
Cp (t)eq'*(t)= Lom Don Amp Ang *Cm(0)en* (0). 


Adding the corresponding members of these two 
equations and dividing by 2, we obtain 
Cp (t)cq*(t)=4 Lim Lin(A mA gn ® 

+Amp”A ng’”")cm(0)cn*(0). 


(25) 


(26) 
An exchange of superscripts gives 


Ce’ (De) =4 Da LalAge Aen” 


+Amp’Ang™)cm(O)cn*(0). (27) 


Again adding corresponding members and dividing by 
2, we obtain 


AC cp’ (t)cq’* (AC, (t)eq’’*(t)) 
fi d Lm pe: (A pn A qn "+A oh ge) 


+4(Amp Ang *t+Amp Ang *) kem(O)cn*(0). (28) 


The left-hand member of this equation is simply the 
average of the two values of c,(t)c,*(t) characteristic of 
Graphs I and II. Similarly, $(A pm’ A gn'* +A pm’ A on™) 
is the average of the two values of AymAgn*, and 
8 (Amp Ang *t+Amp Ang”) is the average of the two 
values of Am ,A,,*. The average may be extended over 
all pairs of equally probable graphs of a to give 


(cp(t)cg*{t)) 
Cp q 
ams } >: - 7 “al A gu oa } AmpA aq’ )€m(0)cn* (0). 


If zero time is any instant after the amplitudes have 
become uniformly distributed in phase, this equation 
gives, in analogy with Eq. (11) 


fo(l)=4 Snl Bom (t) + Bayp(t) fn (0). 


(29) 


(30) 
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where, as before, 


Bym=(A pmA pm*). (31) 


Therefore, the probability of transition in the time 
di from a state initially given as m to the state p is 
[Bym(0)+B,.»(O)}di. Microscopic reversibility follows 
from the symmetry of this expression with respect to 
p and m, and Onsager’s reciprocities and the principle 
of detailed balance follow from microscopic reversibility. 


III. RANDOM PARAMETERS AND 
SLIDING AVERAGES 


In this section we discuss the irreversibility of 
quantum systems in so far as they may be described 
by the assumption that they are acted on by a random 
perturbation which affects some parameter or several 
parameters of the system. For instance, we might think 
of a harmonic oscillator whose spring constant is affected 
by random perturbations. A macroscopic example 
would be a weight hanging on a spring which is not at 
absolute zero temperature and hence has small heat 
fluctuations affecting its stiffness. Another example 
would be an atom affected by a small radiation field, 
random in character, incoherent in nature; another 
example is a particle enclosed in a potential well whose 
“walis” undergo small random changes in height or 
location. We wish to examine the effect of such pertur- 
bations on the density matrix describing ensembles of 
such systems and hence to deduce the average behavior 
of systems as a function of time. 

It is necessary to consider the ensemble of systems 
which will be considered in this section as the appro- 
priate one to describe a system undergoing random 
perturbations. The density matrix is defined in terms 
of an average over an ensemble of systems in order to 
represent the incomplete knowledge usuaily obtained 
in determining the initial state of a large system. The 
ensemble must contain every possible system consistent 
with our measurements of the initial state of a system. 
It is necessary to enlarge the ensemble when additional 
uncertainties are added, as in the situation considered 
here where the systems are under the influence of 
random perturbations. We assume that each system 
with a set of initial conditions can be acted on by each 
member of the set of possible random functions. Thus, 
our ensemble consists of all possible sets of initial 
conditions paired with all possible random perturbing 
functions. We will be concerned with averages over 
initial conditions, averages over the ensemble of random 
functions and time averages over both density matrices 
and unitary transformations. 

It is clear that the equations of motion for the 
density matrix, whose solution can be written p(t) 
= Up(0)U~, cannot exhibit irreversibility, as a conse- 
quence of group property of the transformation on 
p(0). The instantaneous value of the density matrix 
depends on the instantaneous value of U(t) and can- 
not in general exhibit a trend toward equilibrium. 
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However, since we find in general that systems tend 
toward equilibrium, we must employ reasoning outside 
quantum mechanics to explain this situation. The 
methods of doing this are many and various.' The aim 
of many of these methods is to produce a differential 
equation for the state probabilities which can yield 
solutions which are asymptotic to constants, or which 
show a tendency for the ensemble to “relax” to an 
equilibrium situation. Such treatments have been more 
successful in predicting the outcome of experiments, 
for example, nuclear induction experiments, than would 
seem warranted by the results achieved under some 
very far-reaching assumptions. We will show in this 
section that the results can be obtained on the basis of 
some simpler assumptions. 

An essential element in our discussion will be the 
concept of the sliding average. In many treatments of 
this problem, an essential step is to average over 
high-frequency contributions to the derivative of the 
density matrix so as to obtain the slower “secular” 
variation. We will consider that our measuring appa- 
ratus is such that it performs an averaging of the form 


1 #T 
f f(t)dt’. 
T Yur 


“ 


(32) 


This is the time domain analog of the finite slit width 
of a spectroscope. This average is applicable to those 
cases where the measurement is a continuous process, 
and an unavoidable smoothing occurs. 

Specifically we will consider the sliding average of 


the density matrix 
1 t+T 
f p(t’)dt’. (33) 
2T Yir 


Lo(t) Jn? =— 
We see that 
d[ p(t) lu? p(t+T)—p(t—T) 


di 2T 


(34) 


We will compute the right side of this equation and 
thus obtain an expression for the “smoothed” density 
matrix. 

One further essential averaging must be performed, 
however. This is the averaging over all possible random 
perturbing forces. It is assumed that a maximal quan- 
tum mechanical observation has been made on the 
system at time /‘=0, and that at the time /—r>0, we 
wish to predict the results of a measurement. During 
the time ‘—r the random perturbations have been 
acting on the system and we must average over their 
possible effects. Thus the quantity 


CC dp 
dt ) dt 


will be computed. It will be the “effective” density 
matrix, to be used in the computation of the expected 


(35) 


E. DERR 


value of any observable Q according to the formula 
E(Q)=tr(QA). 

It will be necessary to approximate p(/+-7') by means 
of the Picard method. Briefly, if =F{t,p(t)], the 
method is to obtain the successive approximations: 


‘ 
pi(t)=p(0) +f F(t’ ,p(0))di’ 


t 
Pn(l)=p(0) rf F(t’ pn’) dt’ 
0 


We will adapt this method to the solution of the 
equation 


p= —if B(t),p(t) ], (37) 


where the square brackets indicate the commutator of 
B and p and B is a Hermitian matrix. We use a lower 
limit of ‘—T rather than zero, in order to obtain an 
expression for the derivative of our “smoothed” density 
matrix, df/di. The quantity # has been incorporated 
into B. 

Thus, using the approximation through second order 
we obtain 


r 


p(t+T)—p(i—T) 1 H 
= f [B l’). 
2T 2T Jir 


1 t+T t’ 
yale f J [B(’), LBC’), p(t—T) j]dt’at’’. 
2T t—T t—T 


We assume that a measurement has been made at 
t=0, where ‘—T>0, and a density matrix p(0) ob- 
tained. Our measuring apparatus is assumed to perform 
a continuous observation with a smoothing time of 
27, and we wish to find the change with time of the 
smoothed density matrix. We may compute p(/—7) in 
the form U (t—T)p(0)U— (t—T), thus 


p(i—T) jdt’ 


(38) 


p(t+T)—p(t—T) 


2T 
—>g t+7 
= f [B(t’), U(i—T)p(0)U— t—T) jdt’ 
2T 4 i_r 


1 i+T t’ 
+— ff Bw, (80, 
2T tT ¢..7” 


U(t—T)p(0)U-“'(i—T) ]dt’dt”. (39) 
No special assumptions are made on the initial density 


matrix p(0). It is not necessarily diagonal. We assume 
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however that U(t) is a member of an ensemble of 
transformations consisting of the possible transforma- 
tions occurring with a random parameter. We now 
average Eq. (39) over this ensemble, obtaining [see 
Eq. (36) ] 


dp(t) Fi “HT 
econ <a scale B(t’), (p(t—T)) jdt’ 
2 i CB(t), (p(t—T))] 


1 HT ’ 
+— f f [B(’), CB(e’), (e(t—T)) )\dt’dt”’. (40) 
2T Yer T 


The ensemble average is extended over the set of ran- 
dom perturbations up to the time (t— 7), hence it may 
be interchanged with the integration, and does not 
apply to the matrices B. We now assume that (p(t—7)) 
is diagonal, due to action of the random perturbations 
occurring in the time interval (0, !—7), and write 


M t+T 
f CBU’) psd 
aT 


tT 
1 


t+T t’ 
+— f f [B(’), LB )dt'dt’’ pa \|di'dt’’. (41) 
2T tT t—T 


Assuming that the time average (1/27) fi_r**7 B(?’)dt’ 
is negligible and writing p in place of # we have for the 
diagonal elements 


jue=E pus(1/27) f f Bra(t’)Beu(t’”)dt'dt” 


-> puo(1/20) ff Bua(t)Bas(t”)atae” 


~Z paa(1/2T) f f Bya(t”)Bax(0’)dt'dt” 


+E pu(1/27) f f Bre(t”)Bas(t’)dt'dt’, (42) 


where the omitted limits are the same as in Eq. (41). 
By defining 


PERTURBED SYSTEMS 
Qealt) = (1/21) ff CBee) Bae”) 
+Bralt’)Bar(t’) \dt'dt” 
we may write Eq. (42) as 
ber= 20a Qealt) (prr—Paa), (44) 


where Q(t) is only slowly varying, and may be con- 
sidered constant if T is sufficiently long. 

We must now investigate the characteristics of the 
coefficients 2. Recalling that B is Hermitian, we see 
that Qa.=Q2. and that 2,,*=Q., ie., 2 is a real 
symmetric matrix. Thus, also Thomsen’s \ hypothesis* 


Lie Qar= > Dee, (45) 


is always satisfied in this approximation. Furthermore, 
we may verify that }>s és=0, by observing that 


Lie pee Doe Qes= Dog ppp De Mes 


which follows immediately upon changing Qyg to Qyx 
and reversing dummy indices on the right side. 


(43) 


IV. CONCLUSIONS 


It has been shown that under the assumption that 
the system is affected by small random perturbing 
forces, it was possible to obtain, in Sec. II, the equations 
which are normally used as a description of irreversible 
phenomena. There two additional assumptions were 
introduced which characterized the ensemble of random 
perturbations. 

In order to obtain a result of wider applicability, the 
assumption of sliding averages was introduced in Sec. 
III and there the differential equation describing the 
“smoothed” density matrix was obtained. It is con- 
cluded that a macroscopic description of irreversible 
systems may be based on the assumption of small 
random perturbing forces, and that continuous meas- 
urements are described by the “smoothed” density 
matrix. 
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The theory of Bohm and Gross and the experiments of Looney and Brown upon the excitation of plasma 
oscillations by the two-stream mechanism, which appear superficially to be in disagreement, are here 
shown to be compatible with each other and with related experiments 


1. INTRODUCTION 


N a paper bearing the above title published in 1954, 

Looney and Brown! reported the results of experi- 
ments upon the interaction of an electron beam with 
an electron plasma. The object and results of these 
experiments are summarized by the following paragraph 
taken from that paper: 

“In 1949 Bohm and Gross’ published a theory of 
plasma electron oscillations based on a one-dimensional 
analysis of a uniform infinite plasma. The theory 
postulated that a traveling longitudinal potential field 
could be excited by a beam of high-velocity electrons 
in the plasma and that this could be used to explain 
the energy transfer from a beam of high-energy particles 
to the oscillation existing in the plasma. A large portion 
of our experimental effort was devoted to injecting an 
electron beam into a discharge plasma so as to generate 
a plasma oscillation by the mechanism proposed by 
Bohm and Gross. The electron beam injected into a 
uniform plasma from an electron gun did not excite 
observable plasma oscillations in any of the experi- 
mental tubes constructed to satisfy the conditions of 
the Bohm and Gross theory. However, as soon as the 
discharge in the tube...was modified by introducing 
large sheaths on the beam electrodes, oscillations were 
immediately found at the same plasma density where 
they were not observed in the ‘infinite’ plasma.” 

The object of the present paper is to resolve the 
apparent paradox between the theory of Bohm and 
Gross and the experiments of Looney and Brown. 

The aspect of the Bohm and Gross theory which is 
being questioned is their treatment of perturbations of 
two infinite uniform interpenetrating electron streams 
(neutralized by ions), the result of which is summarized 
by the dispersion relation 


(1.1) 


(w,. w*) + [ws?/ (w—vk)? ]= 1, 


where w, and w, are the Langmuir frequencies of the 
plasma and of the beam, respectively, and 2? is the 
beam velocity. (The effect of nonzero plasma tempera- 
ture is not included in this equation, since the tempera- 
ture term of Bohm and Gross is unsatisfactory. This 


* This research was supported in part by the U. S. Air Force 
under a contract monitored by the Air Force Office of Scientific 
Research of the Air Research and Development Command. 

1D. H. Looney and S. C. Brown, Phys. Rev. 93, 965 (1954). 

2D. Bohm and D. Gross, Phys. Rev. 75, 1851 (1949). 75, 1864 
(1949). 


point will be discussed further in the next section.) 
w and & are the radian frequency and wave number of 
a Fourier component of the perturbation. It is found 
that for sufficiently small real values of k, 


k<k,=0" (wy'+w,!), (1.2) 
Eq. (1.1) leads to complex values of w. This implies 
that the two-stream system is unstable against pertur- 
bations of sufficiently large wavelengths. It would 
therefore appear that an electron beam injected into an 
electron plasma should be unstable and lead to the 
generation of oscillations; as Bohm and Gross pointed 
out, this interpretation of the dispersion relation 
receives some support from study of energy transfer in 
the two-stream system. The fact that Looney and 
Brown failed to such oscillations therefore 
appears to contradict the Bohm-Gross theory. 

In analyzing the above discrepancy, our first step 
will be to examine more closely the inference which one 
should draw from the dispersion relation (1.1) or from 
modifications of this dispersion relation which include 
the effect of temperature. It has been shown in a recent 
paper’ that instabilities of propagating media may be 
divided into two classes which are termed “‘convective”’ 
and “nonconvective.” Convective instability provides 
a mechanism for the spatial amplification of injected 
disturbances. Nonconvective instability, on the other 
hand, disturbances which grow in time, 
ultimately occupying the entire available region of the 
medium (provided that the dimensions of the system 
permit the appropriate range of wavelengths to be 
excited). In Sec. 2, we shall discuss the kinematic 
properties of the Bohm-Gross dispersion relation as it 
applies to the Looney-Brown experiment, from which 
we shall conclude that, in the original experiment in 
which ion plasma-beam 
combination should have displayed amplification rather 
than spontaneous oscillations 

In order to see what the 
amplification would be, it is necessary to modify the 
Bohm-Gross theory to apply to a thin beam passing 
through a plasma. The appropriate dispersion relation 
is derived in an Appendix and discussed in Sec. 3: 
we conclude that the spatial amplification was too 
small to have resulted in amplification of thermal 
noise to the point at which the beam would display 


3 P. A. Sturrock, 


observe 


leads to 


sheaths were absent, the 


observable effects of such 
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large-amplitude oscillations, in agreement with observa- 
tions. We also confirm that the observation of standing- 
wave oscillations when the plasma is modified by 
biasing certain electrodes so that the plasma is bounded 
by reflecting sheaths, and so that there exists a beam 
of electrons traveling in the direction opposite to that 
of the principal beam,‘ is in agreement with the predic- 
tions of the Bohm-Gross-type dispersion relation. 

In Sec. 4, we shall discuss certain related experiments 
and show them to be in agreement with our interpreta- 
tion of the Looney-Brown experiment. 


2. KINEMATIC INTERPRETATION OF THE 
DISPERSION RELATION 


The classification of instabilities of two intersecting 
sireams oi charged particles was discussed in reference 3 
for the case that the streams are at zero temperature. 
It was found that the instability is convective if the 
stream velocities are nonzero and similarly directed, 
and nonconvective if the stream velocities are nonzero 
and oppositely directed. The case that one of the stream 
velocities is zero is singular, and the theory quoted is not 
applicable without modification. However, one can argue 
that in this case the instability would be convective. Since 
the mechanism for instability involves the interaction of 
the two streams, one would expect that a growing 
disturbance cannot propagate faster than the faster 
beam, nor slower than the slower beam, and this may 
be confirmed by Fourier-transform analysis. If one 
of the beams is stationary, it follows that any growing 
disturbance must propagate in the direction of the 
moving stream. 

As has been pointed out by Allis,® it is dissatisfying 
merely to attempt to classify this singular case as 
convective or nonconvective, since the behavior of 
the real system will in fact be sensitive to other factors 
which are ignored in this simple model. The most 
obvious discrepancy between the Bohm-Gross model 
and the Looney-Brown experiment is that the former 
assumes infinite streams while the latter incorporates 
streams of finite cross section. This point will be 
discussed further in the next section, where we shall 
find that its effect is quantitative rather than qualita- 
tive; it affects the rate of instability or amplification, 
but not the kinematic classification of the instability. 

The dispersion relation (1.1) ignores the effect of 
nonzero temperature of the electron plasma. (The 
temperature of the beam is expected to be small 
compared with that of the plasma.) The form of the 
dispersion relation” proposed by Bohm and Gross to 
take account of this effect was 


w,? oR wr? 
- (14 -)+ =z J 
w w (w— vk)? 


* E. Gordon, Massachusetts Institute of Technology Research 
Laboratory of Electronics Quarterly Progress Report B5 
(unpublished), pp. 11-13. 

’ W. P. Allis (private communication). 


(2.1) 
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Fic. 1, Dispersion diagram for a thin beam in a thermal plasma. 


where we introduce ¢ for the root-mean-square compo- 
nent of electron velocity in the direction considered 
by our one-dimensional analysis. As those authors noted, 
this equation is objectionable in that it is of the sixth 
order in w, although it is only of the fourth order in &. 
A more serious objection is seen by evaluating the 
characteristic velocities determined by 
v.= lim (w/k), 
kon 


(2.2) 


which represent the possible velocities of propagation 
of discontinuities.* The wave-front velocities are given 
by the maximum and minimum values of », (evaluated 
for various modes). These are found from (2.1) to 
be 0, » from which we infer that it is impossible for 
any disturbance to propagate other than in the direction 
of the beam although electrons of the plasma are travel- 
ing in both directions. In this respect, the dispersion 
relation (2.1) does not offer a satisfactory physical 
description of the plasma-beam system. 

A more satisfactory form of the two-stream dispersion 
relation taking account of the plasma temperature may 
be obtained by replacing the Maxwell distribution of 
velocities of the plasma by a “spherical shell” distribu- 
tion in which it is assumed that electrons of the 
plasma all have the same speed, c, but that the velocities 
are distributed isotropically.” Bohm-Gross-type analysis 
applied to such a model yields the following dispersion 
relation: 


2 2 
Wp Wh 


=1. (2.3) 


w’—c*k? (w—vk)? 


This is of the fourth order in both w and k; moreover, 
it yields —c, v as the minimum and maximum values 
of v,, satisfying our expectation that disturbances may 
propagate in both directions. 

We now wish to determine whether the dispersion 
relation (2.3) predicts convective or nonconvective 
instability. To this end, we construct the dispersion 
diagram shown in Fig. 1. The diagram is as shown 

*T. H. Havelock, The Propagation of Disturbances in Dispersive 
VU edia (Cambridge University Press, New York, 1914). 

7R. W. Gould, Electron Tube and Microwave Laboratory 


Technical Report No. 4, California Institute of Technology, 1955 
(unpublished ). 
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provided that 
wre? <w,70?, (2.4) 


which will normally be satisfied since cv. The limbs 
A, A’ of Fig. 1 represent normal propagation since to 
any real value of & corresponds a real value of w and 
vice versa. The same is not true of the limbs B, B’: 
real wave numbers lead to real frequencies only for 
sufficiently large values of the wave number, and vice 
versa. Reference to the criteria set out in reference 3 
shows that the range of values of k for which w is 
complex represents convective instability; the same 
physical property of the system may be expressed 
alternatively by the statement that the range of values 
of w for which k is complex represents amplifying waves. 

As a consequence of the above conclusions, we may 
assert that an electron beam injected into a thermal 
electron plasma should lead to amplification of noise or 
other modulation along the length of the beam, but 
should not result in large-amplitude standing waves 
along the entire length of the beam. 


3. MODIFIED DISPERSION RELATION FOR 
THIN ELECTRON BEAM 


We have already drawn attention to one of the most 
obvious discrepancies between the model of Bohm-Gross 
theory and the experiment of Looney and Brown: the 
former deals with infinite streams whereas the latter 
necessarily employed streams of finite dimensions. 
The real wave number corresponding to the wave 
with largest imaginary component of w is approximately 
k.. Hence, if the beam radius } is large compared with 
k.~', one may expect that infinite-beam theory provides 
a useful approximation to the experiment; if, on the 
other hand, 6 is appreciably smaller than &,~", infinite- 
beam theory is inapplicable. In the Looney-Brown 
experiment, typical values of the relevant quantities 
are 6=0.05 cm, v=10° cm sec, w,p=5X10 sec, 
w= 10° sec’, so that 6 is in fact smaller than &," 
with the consequence that infinite-beam theory is 
inapplicable. 


The dispersion relation which is appropriate to a 
thin electron beam passing through an infinite plasma 
may be obtained by slight modification of the calcula- 
tion presented by Budker in his. treatment of electro- 
static oscillations in interacting beams of charged 


particles.* An alternative brief derivation of the 
required relation is given in the Appendix. The result 
is most conveniently expressed as 


(3.1) 


where 
buoy? {In (1/bk) —y}. (3.2) 
*G. J. Budker, Proceedings of the CERN Symposium on High- 
Energy Accelerators and Pion Physics, Geneva, 1956 (European 
Organization of Nuclear Research, Geneva, 1956), Vol. I, p. 68. 
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Since k appears in (3.2) only by way of the logarithmic 
term, V is insensitive to wave number, so that it is 
more appropriate to characterize the electron beam by 
a “plasma velocity” than a “plasma frequency.” For 
present purposes we ignore the nonzero temperature of 
the plasma. 

It is easy to solve (3.1) for & as a function of w. We 
find that, for small beam perveance (i.e., b’ws?<v*), k 
has its maximum imaginary part at a frequency just 
below w, and that the maximum value is given by 


ki~wy 20. 


(3.3) 


In the Looney-Brown experiment, we find that k;=2.5 
cm™', corresponding to a gain of 20 db/cm. We should 
therefore expect the beam break-up, if it occurred, to 
be several centimeters from the point of entry into the 
plasma, whereas the interaction length was only 1.5 cm. 

We now inquire whether the dispersion relation (3.1) 
is also compatible with the results of the second 
Looney-Brown experiment, which incorporated a pair 
of biased, and therefore reflecting, sheaths separated by 
about 1.5 cm, and which led wo oscillations. The 
distinction between convective and nonconvective 
instability is now redundant, since even if the principal 
interaction mechanism between the primary beam and 
the plasma gives rise to convective instability, the 
fact that the region of excitation is bounded and the 
fact that there is a return beam‘ providing a feedback 
mechanism will ensure that such instability will lead 
to oscillations throughout this region. Hence we need 
merely examine the range of wave numbers for which 
(3.1) leads to complex values of w. We find the condition 
for instability to be of the form (1.2), where now 

kw, 


i 


(3.4) 


since Vv. We should expect oscillations to occur if 
the sheath separation exceeds 0.6 cm, corresponding to 
half the wavelength of the longest wave allowed by 
(3.4). The fact that oscillations were observed, there- 
fore, agrees with our theory. 


4. DISCUSSION 


We have seen in the last two sections that Bohm- 
Gross theory, when applied to the Looney-Brown 
experiment, leads one to expect that the beam will 
exhibit amplification in the case that the reflecting 
sheaths are not present. This is entirely in accord with 
the analysis of the Merrill and Webb experiment?® 
published by Twiss” in 1951. Merrill and Webb in 
fact used a larger beam of lower energy so that 5 was 
appreciably larger than 2/w,. Infinite-beam theory, 
which was used by Twiss, may be considered appro- 
priate and leads to much higher rates of amplification 
(about 170 db/cm) than we found for the thin-beam 

*H. J. Merrill and H. W. Webb, Phys. Rev 

R. Q. Twiss, Proceedings of the Conference on 
Media, London, 1951 (unpublished). 


55, 1191 (1939). 
Ionized 
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model. This leads to amplification of shot-noise to 
full dc amplitude in less than 1 centimeter, so that 
Twiss was able to explain why the beam should exhibit 
large-amplitude oscillations and break up at about this 
distance from the point of entry of the beam into the 
plasma. 

Two-stream amplification due to the interaction of 
an electron beam with an electron plasma has more 
recently been the subject of experimental investigation 
by Boyd, Field, and Gould." Their experiments fully 
confirm that, in the case that the plasma is stationary, 
instability is convective rather than nonconvective. 

If the electron plasma is not stationary, we should 
ascribe velocities », and » to the plasma and beam, 
respectively. If thermal velocities also are taken into 
account by the spherical-shell model, the dispersion 
relation takes the form 


w;? ve 


Lanes sneennes § (4.3) 
(w—vyk)?— Ck? (w— mk)? 

Construction of the appropriate dispersion diagram 
shows that the instability is convective only if »,>—c, 
where we assume v,>0. Hence we should expect that if 
the electron plasma is given a drift velocity exceeding 
the mean thermal velocity in a direction opposite to 
that of the electron beam, the instability would become 
nonconvective so that large-amplitude standing-wave 
oscillations would be set up. 
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APPENDIX. DISPERSION RELATION FOR A THIN 
BEAM IN AN INFINITE PLASMA 


Consider a thin electron beam, of line-number density 
N and radius 6 moving with velocity » through an 
infinite plasma with Langmuir frequency w,. Initially, 
we ignore the presence of the plasma and the velocity 
of the beam. We seek an approximate dispersion relation 
for the casc bkK1. 

Let the beam lie along the z axis of a coordinate set 
and let us characterize the perturbation of the beam 
by the displacement {(z,) of an electron in the perturbed 


" Boyd, Field, and Gould, Phys. Rev. 109, 1393 (1958). 


PLASMA OSCILLATIONS 


1429 


state from its position in the unperturbed state of the 
beam. The equation of motion is 
ay dg 

m-—= —e— 


, (A.1) 
of dz 


where the electric potential ¢ is given by 


$(z,t) =Nef d3Gs—2—{¢ (2,4) ], (A.2) 


a) 


if G(z—Z) is the potential at the point s due to a unit 
charge at the point Z. Small-amplitude analysis leads to 
Ht (st) Ne ep? dG) 
Med grail) 
or m / _. OF? 


(A.3) 


which leads, on Fourier analysis, to the dispersion 
relation 
w= 2r(Ne?/m) G(R), (A.4) 


where 


(A.5) 


G(k) = (1/2") f dze~“G(z). 


For |z| >, G(s) is approximately |z|-. Hence for 
bk1, (A.5) may be approximated to 


os 1 ¢* dicost 1 
G(k)= f —— =-{In(1/bk)—y}, (A.6) 
T 


T~ bk t 


where y is Euler’s constant, so that the dispersion rela- 
tion (A.4) becomes 


w= (2Ne*/m){ In(1/bk) — 7} B. (A.7) 
Since 


N=r7b'n, (A.8) 


(A.7) may be written alternatively as 


w= VR, (A.9) 


where 


V?= $w7*{ In(1/kb)—7}. (A.10) 


The effect of the beam velocity is taken into account 
by replacing w by w—vk. The effect of the plasma is 
taken into account by noting that it modifies the 
dielectric constant to 


= 1—w,2/u, (A.11) 


so that the inverse of this quantity should be included 
on the right-hand side of Eq. (A.2). Hence the dispersion 
relation for the combined plasma and electron beam 
becomes 


(cy*/w*) + [VE / (wk) J=1. — (A.12) 
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The photoluminescence of some relatively pure hexagonal SiC crystals (polytype 
polarized edge emission. Two distinct patterns of edge emission lines have been f 
same crystal. In either type, the edge emission includes several narrow lines (h 
and a number of wider bands spaced at regular energy intervals of 0.03 ev, suggestive of 


les a strongly 
but never in the 
~kT/4 at 77°K 


1 vibrational inter- 


action. Some lines, found in the 77°K edge emission spectrum, vanish at 4°K. Mechanisms for producing 


polarized light are discussed, and it is concluded that the most probable luminescence 
acceptor pairs. The two types of spectra may be attributed to two different pairs. Int 


radiation was looked for but not found. 


1. INTRODUCTION 


HE term “edge emission” is often used’ to de- 

scribe certain narrow-band components of the 
photoluminescence of relatively pure phosphor crystals 
(e.g., ZnS, CdS, ZnO). The photon energy in edge 
emission is only slightly less than the energy gap of the 
material, and very often there are several lines with a 
regular spacing between them, suggesting that the 
radiative transitions may be accompanied by phonon 
emission. A good example is the edge emission of CdS, 
which consists of two parts, a blue edge emission which 
may be due to exciton’ decay, and a green edge emission 
attributed to hole-electron recombination at a sulfur 
vacancy.’ Both parts are polarized.‘ 

The present paper gives photoluminescence spectra 
that are typical of a number of relatively pure SiC 
crystals, which have a very extensive and complex 
polarized edge emission. Such edge emission has not 
previously been observed either in the electrolumines- 
cence® or in the photoluminescence® of SiC. Our use of 
the descriptive term “‘edge emission” does not imply a 
knowledge of the luminescence mechanism, nor that a 
single mechanism can account for the various edge 
emissions reported in different materials. In fact, there 


‘ 


are significant differences between the edge emissions 
of SiC and CdS, as will be pointed out later. 

We now consider the question of polarization. Re- 
cently, a number of authors have reported the polarized 
photoluminescence of single crystal materials. Muc h 
work has been done on cubic crystals, using polarized 
exciting light,’ and this method has been applied also 
to anisotropic cry stals.6 However, we shall describe 

‘1 F. Kréger and H. J. G. Meyer, Physica 20, 1149 (1954); J. J. 
Hopfield, J. Phys. Chem. Solids 10, 110 (1959). 

2 R. J. Collins and J. J. Hopfield, Bull. Am. Phys. Soc. 4, 323 
(1959); G. Diemer and A. J. Van der Houven van Oordt, Physica 
24, 707 (1958 

7R Vf Collins, J 
and Dexter, Phys 


Appl. Phys. 30, 1135 (1959 
Rev. 103, 1715 (1956). 

*D. Dutton, J. Phys, Chem. Solids 6, 101 
Grillot et al., Compt. rend. 248, 86 (1959) 

5 Lyle Patrick and W. J. Choyke, J. Appl. Phys. 30, 236 (1959) 

J. A. Lely and F. A. Kréger, Semiconductors and Phosphors 
(Interscience Publishers, Inc., New York, 1958), p. 514 

7P. P. Feofilov, J. phys. radium 17, 656 (1956). 

8 A. Lempicki, Phys. Rev. Letters 2, 155 (1959). 
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centers are donor 
recombination 
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polarized luminescence found with unpolarized exciting 
light. The light does not excite the luminescence center 
directly, but creates hole-electron pairs, which later 
recombine at a center, and the polarization is deter- 
mined entirely by th For 
anisotropic crystals, several mechanisms have been 
suggested to explain such polarizat 


recombination process. 
ion, and they will be 
discussed in the next se« 

In SiC we observe 
trum, with a parti 


tion. 
a polarization of the entire spec- 
ilarly strong polarization of the 
edge emission. Peaks separated by only 10-* ev show 
very different degrees of polarization. Thus, a meaning- 
ful measurement high resolution and simul- 
taneous measurement of the degree of polarization. 
We have found two kinds of edge emission in SiC, 
which we shall call type X and type Y. Each type is 
easily recognized by its pattern of 15 or 20 emission 


require } 


lines, and all the edge emission spectra we have meas- 
ured can be classified as type X or type Y, with no 
mixtures. The two types of crystals do not appear to 
have any significant polytype differences,’ so the X 
and Y spectra are believed to be due to different im- 
purities. Nevertheless, as we shall point out in detail 
in Sec. 10, the X and Y luminescence patterns have 
much in common, including the same regular 0.03-ev 
“vibrational” structure 
It will be shown that 
intrinsic recombination radiation, but 
luminescence center. The nature 
yet been determined; the 


the SiC edge emission is nol 
must occur at a 
of the center has not 
present evidence seems to 
favor donor-acceptor pairs. A calculation of the polari- 
zation of light emitted by donor-acceptor pairs will be 
given in the following paper 


2. MECHANISMS FOR THE POLARIZATION 
OF LUMINESCENCE 


Consider an anisotropic crystal in which ultraviolet 
light creates excess holes and electrons. Photons may be 


emitted when the holes 


and electrons recombine, the 


*For information on polytypism in SiC, see R. S. Mitchell, 
Z. Krist. 109, 1 (1957 f R. Vermz rystal Growth and Dis 
locations (Butterworths Scientific iblications, London, 1953), 
Chap. 7 
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recombination taking place either directly or through 
localized luminescence centers. The selection rules 
which govern the polarization of the emitted photons 
depend on symmetry properties of the wave functions 
which represent the state of the system before and after 
the radiative transition. These symmetry properties 
may, in turn, depend on (a) the symmetry properties 
of the valence and conduction bands; (b) the symmetry 
of the crystal field at a luminescence center; or (c) the 
symmetry properties of a luminescence center itself. 

(a) Polarization of the intrinsic recombination radia- 
tion should depend on the band structure of the 
crystal, but does not seem to have been observed. 
However, the symmetry properties of valence and con- 
duction bands may determine the symmetry properties 
of excitons," and Hopfield” has attributed the polarized 
exciton absorplion structure in ZnO to symmetry prop- 
erties of the valence bands. He has also suggested 
that band symmetry determines the polarization of the 
green edge emission of CdS, in which case the recom- 
bination is thought to take place through a shallow 
recombination level. Birman has postulated" that the 
band structure is significant in transitions involving 
electrons trapped at deep levels. 

(b) For luminescence centers in which the initial 
and final states of the transitions are both localized 
states of a single atom, the symmetry that determines 
the polarization is that of the crystal field at the site 
of the atom. The elements of chief interest here are 
those with unfilled inner shells. There has been little 
work on polarized emission, but the kind of result to be 
expected can be seen from the very extensive work on 
absorption of polarized light by these elements in 
anisotropic crystalline surroundings of various sym- 
metries.'® The 4/ shell of the rare earths is usually well 
enough shielded from the lattice to give narrow ab- 
sorption or emission'® lines. The energy levels may some- 
times be correlated with those of the free atom. On the 
other hand, the 3d shell of iron group atoms is usually 
not well shielded from the lattice. The absorption or 
emission line widths of iron group atoms show con- 
siderable variation, depending both on the atom and on 
the crystal lattice." 

(c) Finally, luminescence centers consisting of two or 
more atoms (or defects) have symmetry elements of 
their own which may determine the polarization. For 
example, a donor-acceptor pair in an uniaxial crystal has 
an axis which may or may not lie along the crystal axis. 
The energy and polarization of a photon emitted by 
such a center then depend on the reiative orientation 


" G. Dresselhaus, J. Phys. Chem. Solids 1, 14 (1956). 

2 J. J. Hopfield, Bull. Am. Phys. Soc. 4, 154 (1959) 

. J. Hopfield, Bull. Am. Phys. Soc. 3, 409 (1958). 
. L. Birman, Phys. Rev. Letters 2, 157 (1959). 

16 FE. Fick and G. Joos, in the Encyclopedia of Physics (Springer- 
Verlag, Berlin, 1957), Vol. XXVIII, p. 205, give references to the 
work of Hellwege and others. 

16S. P. Keller and G. D. Pettit, J. Chem. Phys. 30, 434 (1959). 
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of the two axes. Prener and Williams"? have suggested 
that nearest neighbor donor-acceptor pairs may give 
rise to edge emission. 


3. DESCRIPTION OF SAMPLES 


The blue edge emission of X- and Y-type crystals is 
not apparent to the eye because both types also have 
a green emission which is moderately efficient at 77°K 
(perhaps about one percent). The room temperature 
luminescence is an extremely weak orange. Although X 
and Y samples appear similar to the eye under photo- 
luminescence, they may be distinguished by their 
thermoluminescence, which is green for X-type, and 
orange for Y-type. This observation suggests that the 
trap depth is greater in Y samples, the trapped carriers 
being thermally released at a higher temperature. 


A. Growth Conditions 


All samples were prepared in a high-temperature 
laboratory furnace. A full description of the equipment 
and procedure may be found elsewhere.'* Most samples 
which exhibit edge emission were prepared from DuPont 
“Solar Cell” silicon and purified powdered carbon at 
temperature ranging from 2500°C to 2650°C. In com- 
parison with crystals which do not show edge emission, 
these crystals are relatively pure, and are grown at 
relatively high temperatures. Both X- and Y-type 
crystals have been grown in either hydrogen or argon 
atmospheres. As a rule, crystals prepared in argon have 
a faint green tinge (thought to be due to nitrogen), 
while those grown in hydrogen are slightly gray. The 
factors in crystal growth which differentiate X and Y 
samples have not yet been identified. 


B. Impurities 


Spectrographic analyses of the samples with edge 
emission indicate the presence of Fe and, at times, Al 
and Ag at levels of the order of 10'’ atoms/cm’. Nitrogen 
may be present at about the same level. Other impurities 
likely to be present, although at a level too low to be 
detected, are those commonly found in commercial SiC, 
viz., Ti, V, Mn, Ni, Cu, and perhaps Mg and Ca. Rare 
earth impurities have not been reported in SiC and are 
probably not to be expected because of their large co- 
valent radii (about 40% larger than that of Si).” It 
has not yet been possible to find a significant difference 
in impurity content to distinguish X- and Y-type 
crystals. 

When a SiC crystal grows in an atmosphere contain- 
ing both donors and acceptors, there is a tendency for 
the crystal to incorporate them in equal numbers.” 


7 J. S. Prener and F. E. Williams, Phys. Rev. 101, 1427 (1956). 

4*D. R. Hamilton, J. Electrochem. Soc. 105, 735 (1958); D. R. 
Hamilton, Proceedings of the Conference on SiC (Pergamon Press, 
Inc., New York, 1959). 

 Therald Moeller, Inorganic Chemistry (John Wiley & Sons, 
Inc., New York, 1952), p. 135. 

*R. L. Longini and R. F. Greene, ee Rev. 102, 992 (1956); 


F. A. Kréger and H. J. Vink, Physica 20. 950 (1954). 
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There is a further tendency for the ionized donors and 
acceptors to associate because of their Coulomb at- 
traction." The SiC samples used in this experiment 
remained at a high temperature long enough for such 
association to take place. A rough calculation of the 
association in SiC, done in the manner of the Prener- 
Williams calculation*' for ZnS, indicates that there 
should be a significant degree of association in our 
samples. 


C. Polytype 


The crystal structure has been determined for a 
number of samples, by x ray and optical means, and 
is found to be predominately 6H polytype for both X- 
and Y-type crystals. Traces of 15R polytype are found 
in both X-type and Y-type crystals. The edge emission 
spectra, however, appear to be completely X-type or 
completely Y-type, with no mixtures, and this purity 
of spectral type seems to be a property of the crystal 
as a whole, being independent of the part of the crystal 
excited by the ultraviolet light. Hence we find no cor- 
relation of spectral type and polytype. 

Thus, although X and Y samples differ in their edge 
emission and in their thermoluminescence, it has not 
been possible to find a difference in their growth con- 
ditions, probable impurities, or polytypes. 


4. OPTICAL EQUIPMENT 


Holes and electrons were created in the SiC crystal 
(Eqg=3.0 ev at 77°K) by illuminating it with ultra- 
violet light from an H6 high-pressure mercury lamp, 
filtered to exclude photons of energy less than 3.1 ev. 
The crystal luminescence was then passed through 
HN-22 Polaroid to a model No. 83 Perkin-Elmer 
monochromator with a dense flint prism. Filters were 
used to exclude the ultraviolet exciting light. The 
monochromator was calibrated against a Cenco spec- 
trum tube containing argon. The reproducibility and the 
highest resolution obtained were both about 10-* ev. 
The detector was an RCA 1P28 photomultiplier in a 
vacuum jacket cooled by liquid nitrogen. Photon count- 
ing equipment was used in order to obtain high sensi- 
tivity.* The relative sensitivity of the complete op- 
tical system, as a function of photon energy, was 
obtained by calibration against a tungsten ribbon lamp, 
whose color temperature was measured, and whose 
emissivity was taken from the literature. This was done 
for two angular positions of the Polaroid in order to 
correct for any polarization of the light by the optical 
system itself. 


5. EXPERIMENTAL PROCEDURES 


The SiC samples used in this experiment were all 
(0001) platelets. For light propagated along the crystal 


#1 J. S. Prener and F. E. Williams, Phys. Rev. 101, 1427 (1956); 
Howard Reiss, J. Chem. Phys. 25, 400 (1956). 

2 G. A. Morton, RCA Rev. 10, 525 (1949); Boeschoten, Milatz, 
and Smit, Physica 20, 139 (1954) 
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axis, the electric vector is always perpendicular to the 
axis, and no polarization is observed. Hence, the crys- 
tals were turned edge-cn to the monochromator en- 
trance slit, in order to observe light with the propaga- 
tion vector perpendicular to the c axis. In this case, the 
Polaroid is able to separate emission components which 
have their electric vectors perpendicular or parallel to 
the ¢ axis. These two components are quite different, 
but the spectrum of the perpendicular component was 
found to be identical with that of the light propagated 
along the c axis, indicating that we are observing elec- 
tric dipole rather than magnetic dipole radiation.™ 

The crystal was oriented by maximizing the polariza- 
tion ratio at a strongly parallel polarized emission peak. 
Parts of the crystal were covered with Aquadag to 
reduce the possibility of light getting into the mono- 
chromator after one or more reflections at crystal sur- 
faces. In spite of these precautions, it is thought that 
most measurements include something like five percent 
of the light with the “wrong”’ polarization. 

The temperature of 77°K is certain because the 
measurements were made with the sample immersed in 
liquid nitrogen. However, the 4°K measurements were 
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Fic. 1. Photoluminescence of Sample X at 4°K, showing the 
broad green band (P=+0.23), and some of the edge emission 
structure. The regular 0.03-ev spacing of the edge emission lines 
suggests a vibrational interaction. The final state of the transition 
is considered to be a vibrational level of the ground state, the 
subscript on A indicating the level number 


% Sayre, Sancier, and Freed, J. Chem. Phys. 23, 2060 (1955). 
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made with the sample attached by silicone vacuum 
grease to a copper block cooled by liquid helium. The 
crystal temperature was not measured, and it is called 
4°K merely for convenience. The actual temperature 
must have been somewhat higher, as the crystal was 
continuously illuminated with about 0.1 watt of ultra- 
violet light; a good thermal contact is necessary to 
realize a temperature mear 4°K. However, no spectral 
change of the luminescence was observed on reducing 
the exciting light intensity to one-third of its usual 
value. 

The following variations in experimental conditions 
were found to have no effect on the luminescence 
spectrum. 

(a) The spectrum of the uv exciting light was changed 
by using various filters. 

(b) The intensity of the uv exciting light was varied 
over a range of about ten, by using neutral filters. 

(c) The crystal surface was ground off to make sure 
that the edge emission was a property of the entire 
crystal. 


6. EXPERIMENTAL RESULTS—X CRYSTALS 


We now present the 4°K and 77°K spectra of Sample 
X, which is one of a group of crystals with a char- 
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Fic. 2.. The edge emission of Sample X at 4°K. The 0.03-ev 
vibrational spacing is indicated above the drawing. In the nota- 
tion used here, the first subscript indicates the vibrational! level, 
and the second subscript indicates component parts of complex 
peaks. 
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Fic. 3. The edge emission of Sample X at 77°K. At this higher 
temperature, the B lines are much stronger, and are polarized 
yerpendicular to the ¢ axis. A third narrow but weak peak, Co, 
1S aiso present. 


acteristic pattern of edge emission lines which we call 
the type X spectrum. 

The first four figures show the photoluminescence of 
Sample X: at 4°K in broad outline (Fig. 1), then the 
edge emission at 4°K and 77°K in greater detail (Figs. 2 
and 3), and finally, in greatest detail, the narrow peaks 
at the high-energy end. 

The results are presented in semilog graphs because 
of the wide range of intensities. In these graphs, the 
light polarized parallel to the ¢ axis is always shown by 
a solid line, and light polarized perpendicular to the c 
axis by a dotted line. 

The degree of polarization is defined by 


P=(In—T)/(ut+h), 


where /,, and J, denote intensities of light with electric 
vector parallel and perpendicular to the c axis of the 
crystal. Thus, P ranges from +1, for light polarized 
parallel to the axis, to —1 for light polarized per- 
pendicular to the axis, and is zero for unpolarized light. 

A large energy range is shown in Fig. 1 so that one 
can see the relative strengths of the edge emission and 
the broad green peak (maximum ~2.4 ev). However, 
much of the fine detail in the edge emission cannot be 
seen on this energy scale. At lower energies than shown 
here, the relative number of photons continues to fall, 
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as does the degree of polarization. At 2.4 ev, P= +0.23. 
The edge emission lines marked Ao, A1, Ao, and A; are 
spaced at intervals of approximately 0.03 ev, thus sug- 
gesting a vibrational interaction. The notation is chosen 
to suggest, in the subscript, the vibrational level of the 
final state. Ao is assumed to be a transition to the zero 
vibrational level because it is very narrow. 

Figure 2 shows the edge emission in greater detail. 
The peaks A» and A; are observed to be compound, and 
a second subscript is used to number their component 
peaks. Because of the increasing complexity at lower 
photon energies, it is impossible to be sure of the correct 
subscript assignment beyond A;. There is a peak at 2.73 
ev, which one can call A4, maintaining the regular 0.03- 
ev spacing, but there is a peak between Ay and A, 
which might be a component of either A; or Ay. It is 
called A (no subscript). There is a considerable amount 
of structure at energies smaller than those shown in 
Fig. 2, but it is less distinct, and the vibrational spacing 
is no longer recognizable. Below 2.6 ev, the spectrum 
becomes quite smooth. 

A second narrow peak is marked By in Fig. 2. The 
Ao— Bo spacing is 0.012 ev, and this interval is found 
elsewhere, e.g., between A32 and Bygp. 

In the relatively weak perpendicular spectrum, peaks 
may appear because of a misorientation of the sample, 
as explained in Sec. 5. Where the perpendicular in- 
tensity is less than 10% of the parallel intensity, one 
must be cautious in interpreting perpendicular peaks 
which coincide with parallel peaks. Hence, the presence 
of A; in perpendicular polarization is somewhat doubt- 
ful. The peak E is a narrow doublet which does not 
appear to fit into the pattern of A and B peaks. 

The spectrum at 77°K is shown in Fig. 3. There is no 
significant displacement in energy of the peaks between 
4°K and 77°K. The 77°K peaks are somewhat broader, 
and they do not stand out as strongly above the back- 
ground. The spectrum of B peaks is more pronounced 
at 77°K, and it is possible to find a B peak at 0.012 ev 
from each A peak, although Ba; and By: are too weak to 
show in Fig. 3. A third narrow peak, Co, is now observed 
at 2.873 ev and a weak C; is barely observable at 2.843 
ev. (It is not shown in Fig. 3.) It appears that all the 
structure, except peak FE, can be derived from the 
primary peaks A», Bo, and Cy by vibrational interaction 
and by a splitting into component peaks. 

The primary peaks, Ao, Bo, and Co, are shown on an 
expanded energy scale in Fig. 4 at 4°K and 77°K. The 
half-width of Ao in parallel polarization is shown to be 
~kT/4 at 77°K. In perpendicular polarization, Ao is 
displaced 0.001 ev toward higher energy. At 4°K, the 
perpendicularly polarized displaced peak is barely ob- 
servable, being largely hidden by the undisplaced peak 


marked doubtful (?) because of the possibility of sample 
At 2.85 ev, values of P are at least 
+0.85 for both 4°K and 77°K. This is a polarization 
ratio of more than twelve to one. 


misorientation. 
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The peaks By and Cy appear to be somewhat wider 
than Ao, but they were too weak to measure the line 
shape accurately with the narrow monochromator slits 
used for the measurement of Ao. The peak Bo reverses 
polarization, going from P= -+-0.3 at 4°K to P= —0.67 
at 77°K. Peak Co is not observed at 4°K, and is too 
weak at 77°K to yield an accurate value of P. 
Correlated with the relatively strong perpendicular 
peak Bo at 77°K is the observation that other B peaks 
are also more prominent at 77°K, and are most easily 
observed in the perpendicular direction. It appears that 
the degrees of polarization of Ao and Bo may be re- 
peated in other A and B peaks, but the resolution of the 
broad peaks is not good enough to be certain of this. 
At 77°K, the double peak A 3,432 is repeated in the B 
spectrum (Fig. 3), with the usual AB displacement of 
0.012 ev (the B;,B32 separation is identical with that of 
AxA32). However, at 4°K (Fig. 2), one observes that 
B3, is no longer present, although A», is still strong. 
All the 77°K peaks shown in Sample (and no 
others) can be observed in any one oi a group of type X 
crystals, not all taken from the same furnace lot. The 
fact that all peaks appear together suggests that only a 


single luminescent center is present. 








Fic. 4. The narrow lines of Sample XY on an expanded energy 
scale, showing their temperature de pendence A» is observed to be 
a double peak, with different maxima for the two polarization 
directions. The small half-width of A» at 77°K (~&T/4) is very 
significant. Note the reversal of the polarization of By and the 
vanishing of Cy at 4°K. Values of P at 77°K are +-0.85 at 2.850 ev, 
and —0.67 at 2.862 ev, corresponding to polarization ratios of 12 
to 1 parallel, and 5 to 1 perpendicular, respectively. 
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Thus, although the X spectrum is complex, it is 
possible to arrange most of the peaks in series associated 
with the narrow primary peaks A» and Bo; each series 
is characterized, in first approximation, by a vibra- 
tional spacing of 0.03 ev. The 4°K spectrum is made up 
primarily of the A series peaks, whereas both A and B 
series peaks are prominent at 77°K. 


7. DISCUSSION OF TYPE X SPECTRA 


The initial state for a photon-emitting transition is 
assumed to reach its lowest vibrational level before the 
relatively slow electronic transition takes place. The 
sharpest lines, labeled Ao, By and Co, are thought to be 
due to transitions to the lowest vibrational level of the 
final state. To explain three such lines, three excited 
electron states are required. These may be three excited 
state of a single luminescence center, but such possi- 
bilities as transitions at three nonequivalent lattice 
sites must also be considered. Peaks with subscripts 
other than zero are regarded as being transitions to 
higher vibrational levels of the ground state, the lowest 
level being reached subsequently by phonon emission. 

The vibrational spacing of 0.03 ev is quite different 
from the energies of longitudinal optical (0.12 ev) or 
transverse optical (0.095 ev) phonons in SiC. In this 
respect, the vibrational structure is unlike that com- 
monly found in edge emission.' If the 0.03-ev spacing is 
attributed to a SiC phonon, it could possibly be a short 
wavelength transverse acoustic phonon, as may be seen 
by scaling up the known energies of Si and Ge phonons.”* 
The 0.03-ev spacing may, however, be attributed to a 
vibrational quantum of the luminescence center itself. 

One cannot exclude the possibility that the SiC opti- 
cal phonons are also involved in our edge emission spec- 
trum. For example, the energy difference between 
peaks A 32 and Ao is 0.095 ev, the energy of a transverse 
optical phonon. However, the optical phonons alone 
do not suffice to explain the complex structure observed., 

Details of the structure of peaks with nonzero sub- 
scripts will be useful when a more specific model of the 
luminescence center is available. For the present, how- 
ever, attention will be focused on the sharp peaks Ao, 
Bo, and Co. Regarding these as only three peaks is prob- 
ably an oversimplification. Figure 4 shows that the 
parallel and perpendicular Ao peaks do not coincide, 
which probably indicates two independent transitions. 
Similarly, two independent transitions provide the 
simplest explanation of the temperature dependence of 
the polarization of peak Bo, with the assumption that 
one dominates at 77°K, the other at 4°K. The dis- 
appearance of peak B;, at 4°K can then be correlated 
with the disappearance of one of the two components 
of Bo. The peak Co is too weak to measure accurately 
enough for any further analysis. 


* W. J. Choyke and Lyle Patrick, Phys. Rev. 105, 1721 (1957) 
See also the infrared measurements given in reference 6, or by 
Spitzer, Kleinman, and Walsh, Phys. Rev. 113, 127 (1959) 

* B. N. Brockhouse, Phys. Rev. Letters 2, 256 (1959). 
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Fic. 5. A simple energy-level diagram of the kind which might 
be used to analyze the type X spectrum. This diagram applies if 
there is a single luminescence center with three excited states. Sev- 
eral possible transitions are indicated. The transitions are con- 
sidered to be from the zero vibrational level of one of the three 
excited states, to a vibrational level of the ground state. 


The separation of the peaks Ao— Bo is about 2kT at 
77°K, and that of Bo—Cpo is about the same. Thus, 
their relative intensities appear reasonable on the 
assumption that there is a single luminescence center 
with three excited states in thermal equilibrium. At 
4°K, however, one might expect not only the disappear- 
ance of Co, but of By also. It was suggested that one 
component does disappear. The other component is 
weak at 4°K, but does not disappear, and so may pos- 
sibly belong to a different luminescence center. 

For the sake of illustration, we have drawn an energy 
level diagram in Fig. 5, in which we consider the case of 
a single luminescence center with three excited states. 
Some of the possible transitions are indicated by the 
vertical lines. To account for the observed doubling of 
the peaks, one could postulate, for example, that the 
luminescence center may occupy two slightly different 
lattice sites. 


8. PROBABLE LUMINESCENCE CENTERS 


The small half-width, k7/4, of Ao at 77°K enables 
us immediately to rule out intrinsic recombination 
radiation, for which, in SiC, a half-width of 3.5 kT has 
been calculated.”® 

Similarly, we can rule out luminescence resulting 
from capture of a free hole or a free electron. Here the 
half-width is a function of the dependence of capture 
cross section on carrier energy, but can scarcely be as 
small as k7/4. 

The possibility of exciton decay luminescence was 
excluded by a measurement of the absorption spectrum, 
which showed nothing that could be attributed to ex- 
citon absorption. (The experimental uncertainty in the 
absorption coefficient is not more than 10 cm~ at 2.85 
ev, which is the energy of the emission line Ao.)”” 

26 See Sec. 5D of reference 5. 

77 We have recently made some better measurements of the 
absorption edge of 6H SiC. These measurements show a depend- 
ence on photon energy, at low absorption coefficients, which is of 


the kind recently found in Ge and Si, and which has been at- 
tributed to exciton absorption in which a phonon is simultaneously 
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Fic. 6. The edge emission of Sample Y at 77°K. The peaks Ao, 
Bo, and Cp differ from those of Sample X in energy, energy in- 
tervals, and relative intensities. Yo and Y; are the first two lines 
of a series which is observed in all Y samples. 


Thus, of the three types of mechanisms for the pro- 
duction of polarized luminescence considered in Sec. 2, 
it is possible to rule out those in the first category, 
which depend on the symmetry of the conduction or 
valence bands. 

We conclude that the optical transitions occur within 
a luminescence center which can bind both hole and 
electron in an excited state. The simple acceptors and 
donors of columns III and V cannot do this, but rare 
earths and iron group elements can. Rare earths will 
not be considered because they are not likely to be 
present. (See Sec. 3B.) On the other hand, several iron 
group elements are commonly found in SiC. 

The spectra of iron group elements depend strongly 
on their surroundings. Some interesting examples of Mn 
absorplion spectra have been reported by Gielessen.”* 
For Mn in MnCl,-4H,0, the spectrum includes a group 


of narrow absorption lines and several groups of broader 
lines, with a regular energy separation between groups. 
Allowing for the differences between absorption and 
emission spectra, one can see that Mn in SiC could 


emitted or absorbed. As a result of these measurements we can 
state that the energy gap of 6H SiC at 77°K is somewhat larger 
than we reported in reference 24. Any luminescence resulting from 
the decay of these excitons would be found at a higher energy than 
the edge emission reported here. 

*8 J. Gielessen, Ann. Physik 22, 537 (1935). See Fig. 2. 
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possibly give rise to the kind of emission spectra we 
have observed. On the other hand, fine structure in 
iron group spectra is most often observed when the 
element is part of a complex.'® 

Of the third kind of polarized luminescence source 
described in Sec. 2, we shall consider only donor- 
acceptor pairs, shown in Sec. 3B to be very probable in 
our SiC samples. 

Of all the possible sources of polarized edge emission, 
we conclude that iron group atoms and donor-acceptor 
pairs are the most probable. A further discussion of these 
two possibilities will be given after the type Y spectra 
have been considered. 


9. EXPERIMENTAL RESULTS—-Y CRYSTALS 


We now present parts of the 77°K and 4°K spectra 
of Sample Y, which is one of a group of crystals with a 
characteristic pattern of edge emission lines which we 
call the type Y spectrum. 

Sample Y, like Sample X, has a broad, polarized, 
green emission band in which no fine structure has been 
found. The degree of polarization at the 2.4-ev maxi- 
mum is P=-+-0.23 at 77°K, and P=+0.28 at 4°K. As 
in Sample X, there is no dividing line between the blue 
edge emission and the green band. The resolution 
simply becomes increasingly poorer as one goes away 
from the edge. 

The edge emission, which differs considerably from 
that of Sample X, is shown in Fig. 6. The perpendicular 
spectrum is omitted in one interval in which it is very 
close to the parallel spectrum. At 77°K, there are three 
narrow peaks, Ao, Bo, and Co, with many of the char- 
acteristics of the corresponding peaks in Sample X, but 
differing from the X peaks in energy, energy intervals, 
and relative intensities, as shown in Table I. The Bo 
and Cy peaks disappear at 4°K. 

At 2.82 ev, Sample Y has an additional narrow line 
(half-width ~k&7/4 at 77°K), which is very intense 
and strongly polarized at both 4°K and 77°K. Through 
vibrational interaction it gives rise to a new series of 
peaks marked Yo, ¥;, etc. More peaks in this series are 
shown in Fig. 7 at 4°K. One observes a great similarity 
between the A and Y series of peaks. The energy spacing 
is 0.03 ev in both, as in the A series of Sample X. How- 
ever, there are no extra peaks associated with Yo in 
the way that By and C>» are associated with Ao. 


TaBLe I. Comparison of narrow lines in X and Y spectra at 77°K. 
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Energy (in (as % of Agu) 

Line X F X Y 
a ou 8: 100 
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10. COMPARISON OF X AND Y SPECTRA 


Figure 8 shows the energies of the most prominent 
peaks in both samples X and Y. The peaks can be 
grouped into five series, each associated with a narrow 
primary peak, Ao or By in X, and Apo, Bo, or Yo in Y. 
The Co peaks are too weak to give rise to a similar C 
series, although C, has been observed. The energy in- 
tervals between corresponding peaks in all series are 
substantially identical. Relative intensities of corre- 
sponding peaks vary somewhat from one series to 
another, but similarities can be found. For example, 
peaks with first subscript two are relatively weak in all 
series. They are sometimes barely observable, some- 
times completely hidden by nearby peaks. Most of the 
missing lines in Fig. 8 are those of subscript two peaks. 
The polarization in a given series tends to be like that 
of the primary peak (subscript zero). For example, at 
77°K, in Sample Y, the A peaks are weakly polarized, 
like Ao, and the Y peaks are strongly polarized, like Y'. 

The B lines disappear at 4°K in Sample Y, and are 
weak in Sample X, thus behaving like the primary By 
peaks. The disappearance of Bo and Cy in Y suggests 
that these peaks arise from higher excited states which 
are depopulated at 4°K. Ao is considered to be due to 
transitions from the lowest excited state. Whether or 
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scale at the right, A» and A; are still intense at 4°K, but By and 
Co have vanished. 
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Fic. 8. Prominent lines in both X and ¥ les. The energy 
intervals are identical in each of the five cates 1 and B series 4 
X samples, A, B, and ¥ series in Y samples). The series as a whole 
are displaced i in energy, as indicated by the dotted line connecting 
the peaks with subscript zero. The lines missing in some series 
are either weak or are not detected because of stron on coy peaks. 
Those with subscript two are relatively weak in a 


not a different interpretation is necessary for X samples, 
because of the failure of By to disappear completely at 
4°K, is not known. More 4°K measurements are needed, 
with the temperature uncertainty eliminated by im- 
mersion of the sample in liquid helium. 

The fact that, in Sample Y, the peaks Ao and Yo 
remain approximately equal in intensity at 4°K, 
dicates that these peaks result from transitions at two 
distinct centers, possibly due to two kinds of lattice 
sites for the center. 

The spectra thus suggest one independent center in 
X samples, two in Y samples. In view of the similarities 
in the series of Fig. 8, it might be more satisfying to 
attribute the three series, A in X samples, and A and Y 
in Y samples, to (a) three luminescence centers, or 
(b) three lattice sites, instead of to two luminescence 
centers, one of which has two lattice sites. However, 
(a) seems to be ruled out by the fact that, in all Y 
samples examined, the ratio of Ao and Yo intensities 
was the same; and (b) seems to be ruled out by the 
occurrence of both X and Y spectra in the same 
polytype. 

Figure 8 also shows the double peak EZ, which appears 
in all samples, but does not fit into the patterns dis- 
cussed above. Nor is its energy shift in going from X to 
Y samples related to that of any of the primary peaks 
Ao, Bo, or Co. The width of E is more strongly tempera- 
ture dependent than that of the other peaks, but at 
77°K the half-width is barely k7, although £ is known 
to be a double peak from the 4°K measurements. Hence, 
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it is doubtful if it can be attributed to transitions in- 
volving free electrons or free holes. Intrinsic recom- 
bination radiation can be ruled out because of the width, 
and also because of the energy shift. 

The intensity progression in the edge emission of SiC 
is quite different from that of the green edge emission 
of CdS, in which the intensity steadily decreases with 
increasing number of phonons, until the edge emission 
is no longer observable.* No such decrease is observed 
in SiC; hence, it is conceivable that the same lumines- 
cence center is responsible for both the blue edge emis- 
sion and the broad green band. Presumably, the green 
emission would be accompanied by the emission of a 
large number of phonons. In all samples examined, the 
2.4-ev band has been found if, and only if, edge emission 
is present (either X or Y type). 


11. THE LUMINESCENCE CENTERS 


In Sec. 8, it was concluded that the most probable 
centers were donor-acceptor pairs or iron group im- 
purities. If the differences in X and Y spectra are to be 
attributed to different impurities, as suggested in Sec. 
10, the donor-acceptor hypothesis is favored; the simi- 
larities of the X and Y spectra are more easily recon- 
ciled with the change of only part of the luminescence 
center than they are with the substitution of a totally 
different center. 

Two other reasons for favoring donor-acceptor pairs 
are: 

(1) In the following paper,” the calculated polariza- 
tion of the radiation of donor-acceptor pairs is shown 
to be consistent with that found experimentally, al- 
though a decisive comparison cannot be made. The 
presence of several kinds of donor-acceptor sites is also 
noted. 
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(2) The narrow peaks are within a fifth of an elec- 
tron volt of the energy gap of SiC. This is expected for 
donor-acceptor pairs, but would have to be considered 
accidental for iron group atoms. 


12. SUMMARY 


Two distinct types of polarized edge emission spectra 
have been found in relatively pure single crystals of 
SiC. Both types of spectra have narrow lines (~kT/4 
at 77°K), ascribed to phonon-free transitions, and a 
large number of broader peaks, ascribed to the same 
electronic transitions, but going to an excited vibra- 
tional level of the ground state. Both types of spectra 
have a polarized broad green band which may possibly 
be attributed to the same luminescence centers, with 
the emission of many phonons. 

The two types of spectra have never been found in 
the same crystal, but have been found in the same 
polytype (6H), and are therefore attributed to hole- 
electron recombination at different, but unknown, 
impurities. A number of single impurity centers have 
been ruled out, and, at present, donor-acceptor pairs 
are considered the most probable luminescence centers. 
It is hoped that further work will lead to identification 
of the centers. 
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The polarization is calculated for donor-acceptor pair luminescence in SiC. Certain degrees of polarization 
depend only on the axial directions of the donor-acceptor pairs, thus permitting one to identify emission by 
such centers in SiC, or in other uniaxial crystals with tetrahedral bonds. A comparison with experiment is 
inconclusive because of insufficient resolution. The Prener-Williams conclusion about nearest-neighbor 


donor-acceptor pairs are discussed. 





INTRODUCTION 


HE previous paper' (CHP) reported a strongly 

polarized edge emission in the photoluminescence 
of SiC single crystals. It was shown that the edge 
emission is not an intrinsic property of the pure crystal, 
but depends on some activating impurities not yet 
identified. The luminescence centers suggested as most 
probable were iron group elements and donor-acceptor 
pairs (DA pairs). The present paper will consider the 
polarization properties of DA pair emission, and will 
show that certain degrees of polarization can be used to 
distinguish between DA pairs and the iron group 
elements. These degrees of polarization depend only 
on the bond directions, which are possible axial direc- 
tions of the DA pairs. Thus, they should also be found 
in DA edge luminescence in other uniaxial single 
crystals which have tetrahedral bonding, e.g., ZnS 
and CdS. 

It is suggested that DA pairs may contribute not 
only to edge luminescence, but also, through multi- 
phonon emission, to broad band emission at energies 
far from the absorption edge. 


THE LUMINESCENCE CENTER 


We consider only nearest neighbor DA pairs, at 
substitutional positions in the lattice. Including atoms 
to which the DA pair is bonded, the DA luminescence 
center in SiC may be represented by whichever is the 
more stable of the two configurations, 3Si-A-D-3C or 
3Si-D-A-3C. 

One point of view is to consider the DA pair as a 
dipole imbedded in the lattice; D is positive, A negative. 
The dipole has shallow trapping levels for either holes 
or electrons.? After trapping a carrier, the center 
attracts the carrier of opposite sign, for which the 
trapping level is now somewhat deeper. 

Another point of view is to consider the DA pair 
as a heteronuclear diatomic molecule (with an even 
number of electrons). Bonding reduces the symmetry 
of the “molecule” from Cy» to Cae. 

The axis of the DA pair lies along one of the tetra- 
hedral bond directions, but in a uniaxial crystal the 


1 Choyke, Hamilton, and Patrick, Phys. Rev. 117, 1430 (1960), 
preceding paper. 
2 J. S. Prener and F. E. Williams, Phys. Rev. 101, 1427 (1956). 


tetrahedra are elongated or contracted in the direction 
of the crystal ¢ axis. Centers with the DA axis along 
the c axis will be called c centers. The others, oriented 
along the three still equivalent tetrahedral directions, 
will be called ¢ centers. The distortion of the tetrahedra 
may have several effects significant for the luminescence : 


(a) a difference in wavelength of the ¢c and / emission, 

(b) a difference in the distribution of DA pairs 
between c and / sites during crystal growth, 

(c) a difference between c and ¢ centers in their 
capture cross sections for holes and electrons. 


A closer examination shows that the ¢ centers do not 
have the full Cy, symmetry because one of the three 
Si bonds and one of the three C bonds lie along the 
crystal axis, and so are not equivalent to the other Si 
and C bonds. The symmetry of the / center is reduced 
to C,, the only symmetry element being a plane, 
parallel to the c axis, which contains the DA axis and 
the 2 bonds which lie along the ¢ axis. 

Another point to notice is that although the sym- 
metry for ¢ centers is always C,, the 3 Si atoms may or 
may not coincide with the 3C atoms when viewed 
along the crystal axis. In SiC, polytype 6H, the order 
of occupied sites in the (0001) planes is given by the 
sequence A BCACB.: - -* for either Si atoms or C atoms. 
When both Si and C atoms are considered simul- 
taneously, the sequence of sites may be written 
AABBCCAACCBB::-. A DA pair lying along the c 
axis fills two similar sites and may be represented by 
underlining 2 similar neighboring letters in the above 
sequence of letters. The 3 C or 3 Si atoms bonded to the 
DA pair then fall into sites represented by letters 
neighboring the underlining pair. These will be 
bracketed. Examples of the two kinds of ¢ sites for DA 
pairs are the following, 


AABBC(C)AA(C)CBB: -+ (1) 
AAB(B)CC(A)ACCBB::-, (2) 


in which the bracketed letters are similar in (1), 
representing similar orientation of the 3Si and 3C 
atoms about the crystal axis; and dissimilar in (2), 
representing a 60° relative orientation about the axis. 

Hence there are two kinds of ¢ luminescence centers 


3 See reference 9 of CHP. 
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TaBLe I. Selection rules for C,, symmetry. 





Initial state 
As 


Final state 


in the 6H polytype. This may lead to a doubling of the 
spectral lines or bands belonging to the ¢ centers. A 
prediction of relative intensities cannot be made; the 
three factors listed above in discussing the differences 
between c and / centers are also significant here. 


SELECTION RULES 


Group theory may be used to derive selection rules* 
for electric dipole transitions within the DA center. 
For a center with point group symmetry C;,, and an 
even number of electrons, the wave functions must 
belong to one of three irreducible representations,® 
two of. which are one-dimensional (designated by A, 
and A»), and the third two-dimensional (£). The 
selection rules for electric dipole transitions between 
two states depend only on the representations, A1, As, 
or E, to which those states belong, and are given in 
Table I. The symbols r and o mean that the transition 
is allowed, with radiation polarized parallel (#) or 
perpendicular (¢) to the axis of the DA pair. Except 
for a transition between two states belonging to the 
representation £, all allowed transitions are fully 
polarized (x or o but not both). Only the fully polarized 
transitions will be considered in our example in the 
next section. 

Group theory correlation tables* show that the 
twofold degeneracy of the E state will be lifted by a 
reduction of symmetry to C,, such as occurs for the ¢ 
centers. Instead of an E— A; transition, with o polariza- 
tion, there are now two transitions. Selection rules for 
C, symmetry show that both transitions are polarized, 
one perpendicular and one parallel to the symmetry 
plane. The transition polarized perpendicular to the 
symmetry plane is also perpendicular to the crystal axis. 
For the transition parallel to the symmetry plane, how- 
ever, the degree of polarization cannot be calculated, 
since it is not isotropic in the plane, the axial direction 
of the DA pair being a special direction in that plane. 
Because of this indefiniteness, only C3, symmetry will 
be considered in comparing calculated and experimental 
degrees of polarization. It is not known whether or not 
the lifting of the degeneracy is great enough to be 
observed experimentally. 

‘R. S. Mulliken, Phys. Rev. 43, 279 (1933). 

* Eyring, Walter, and Kimball, Quantum Chemistry (John 
Wiley & Sons, Inc., New York, 1944), p. 384. 


* Wilson, Decius, and Cross, Molecular Vibrations (McGraw- 
Hill Book Company, Inc., New York, 1955), p. 334. 
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A SPECIFIC EXAMPLE 


We do not know what states to postulate for the 
DA pair, with Cy, symmetry, but for the sake of 
definiteness we shall consider the specific example of 
Fig. 1 in which we specify only the representation to 
which the state belongs. The ground state is assumed to 
be of type A,, which is the type corresponding to zero 
angular momentum. The excited states are chosen to 
give one x oscillator and one a oscillator. With # and o 
oscillators at c and ¢ sites, this simple model gives four 
oscillators which may be designated 2, o-, m:, and a. 

The degree of polarization P=(P\—P,)/(PutP,) 
refers to the crystal axis. As the c centers lie along the 
c axis, the resulting polarization can be given im- 
mediately by P= +1 for x, and P= —1 for o,. For the 
t centers, the three vectors representing their directions 
must be projected onto directions parallel and perpen- 
dicular to the crystal axis. Squaring and adding com- 
ponents to get intensities, one finds P= —0.6 for , (a 
polarization ratio of 4 to 1, predominantly perpen- 
dicular to the c axis), and P=+-0.23 for o, (a ratio of 
1.6 to 1, predominantly parallel to the axis). Assuming 
fully polarized transitions (valid for a nondegenerate 
ground state), it is the two numbers P= —0.6 and 
P=+0.23 that are characteristic of DA luminescence, 
since they are characteristic of the nonaxial bond 
directions; whereas, for single atom impurities, the 
only axis fixing the polarization direction is the crystal 
axis, (neglecting a possible Jahn-Teller distortion). 


COMPARISON WITH EXPERIMENTAL DATA 


In comparing the polarization predictions of the DA 
model with experiment, it is sufficient to consider, in 
the experimental data, only those peaks with subscript 
zero. A different subscript simply means that a certain 
number of phonons are also emitted in the transition. 
As an example of how the experimental data may be 
interpreted, the four oscillators 7,, o-, :, 7 of Fig. 1 
will be used to fit the two unresolved double peaks Ao 
and Bo (the weak peak Cy being disregarded). 

In the 77°K data of Fig. 4 in CHP, the values of P 
are such that only one assignment of the four oscillators 
to the four peaks is possible. That assignment is given 
by Ao=x.+, and By>=o.+0, with the weaker peaks 
in A» and By both being ascribed to / oscillators. Since 


Fic. 1. Anenergy-level 
diagram for a DA lumi- 
nescence center with 
excited states of A; and 
E symmetry, and a 
ground state of A; sym- 
metry. The calculated 
degrees of polarization 
for electric dipole radia- 
tion are indicated for 
both ¢ and #¢ centers. 
The degrees of polari- 
zation of the ¢ centers, P 
=—0.6 and P=+0.23, 
are characteristic of DA 
luminescence. 
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these weak peaks are not resolvable, one cannot find 
the values of P characteristic of the DA model. On our 
model, the splitting between ¢ and ¢ levels due to 
tetrahedral distortion (observable only for the x 
oscillators) is 10~* ev, the separation between the two 
Ao peaks. The polarization ratios exclude the possi- 
bility that either Ao or By is made up of / oscillators 
alone, hence that the c, é splitting is the larger interval 
Ao— Bo. In spite of the small splitting, it appears that 
most radiative transitions occur at c sites. 

The extra peak marked Yo in the Y samples may be 
assigned to x, at the second kind of ¢ center expected 
in 6H polytype. This is consistent with the observation 
that Yq is fully polarized. The reason why the second 
site should be important in Y samples but not in X 
samples is not evident, since both are predominantly 
6H polytype. 

With the above assignment of oscillators it is possible 
to account for the change in sign of the polarization of 
By (Fig. 4 of CHP) in going from 77°K to 4°K, by 
saying that the oscillator ¢, predominates at 77°K, but 
that o, predominates at 4°K. The experimental value of 
P=+0.3 at 4°K does not agree very well with the 
expected value of P=+0.23, but it may be within 
experimental error. 

To account for the weak peak Co it is necessary to 
postulate a third excited state. In addition, there are 
differences between X and Y spectra that are not yet 
explained. 


It is apparent that an adequate comparison of theory 
and experiment requires either better resolution in the 
experimental data, or a better theory to predict quanti- 
tatively the energy levels of a DA center. However, 
the experimental results appear to be consistent with 
those expected for DA pairs. 


THE PRENER-WILLIAMS MODEL 


For ZnS and similar phosphors, Prener and Williams’ 
have suggested that DA pairs, as nearest neighbors, 
may account for the edge luminescence, and that donor 
acceptor pairs, as second or third nearest neighbors 
(designated here as D--A pairs) may account for the 
broad band luminescence at energies considerably less 
than the energy gap. Their estimates® indicate that the 
number of DA pairs will normally exceed the number of 
D--A pairs for ZnS. Similar calculations show that DA 
pairs should also predominate for SiC. Whether DA or 
D--A luminescence predominates depends not only on 
the relative numbers of centers present, but on their 
radiative recombination cross sections for holes and 
electrons, and cannot easily be predicted. Therefore, 
as a possible means of distinguishing these centers, 
it is worth while considering the polarization of radiation 
from D--A centers also. 


7 J. S. Prener and F. E. Williams, J. phys. radium 17, 667 (1956); 
J. Chem. Phys. 25, 361 (1956). 

* J. S. Prener and F. E. Williams, Phys. Rev. 101, 1427 (1956); 
J. S. Prener, J. Chem. Phys. 25, 1294 (1956). 
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The fundamental! reason for the polarization of the 
edge emission in SiC, according to our interpretation, 
is the differentiation of ¢ and / sites for DA pairs. Both 
x and ¢ oscillators would emit unpolarized light if the 
c and / sites could not be distinguished in any way. 
With this in mind, we consider the situation for D--A 
pairs. For second or third nearest neighbors, there are a 
large number of possible axial directions. Furthermore, 
these directions are not those of the tetrahedral bonds, 
and so they are not as strongly differentiated by the 
tetrahedral distortion as are the c, ¢ directions of the DA 
axes. It therefore seems unlikely that D--A lumi- 
nescence will be strongly polarized. 

Experimentally, a close correlation between edge 
luminescence and the broad peak at 2.4 ev was found 
in all samples examined by CHP. This correlation can 
be explained by attributing the 2.4-ev peak to the DA 
pairs which emit the edge luminescence, or to D--A 
pairs, which must also be present. However, for the 
broad 2.4-ev peak at 4°K, the light polarized parallel 
to the ¢ axis exceeded that perpendicular to the axis 
by 1.6 in Sample X, and by 1.8 in Sample Y. This is 
the preferred polarization direction of the edge emission, 
and the stronger polarization in Sample Y can be 
correlated with the fact that there is an additional 
series of lines in the edge emission of that sample which 
are fully polarized parallel to the c axis. This polari- 
zation suggests that the broad 2.4-ev peak should also 
be attributed, at least in part, to DA pairs. In this case, 
one would conclude that in most DA transitions a large 
number of phonons are emitted (less than 10~ of the 
light appears in the narrow peaks Ao, Bo, and Co of 
Sample X at 77°K). 

In other phosphors activated by DA pairs, it is 
conceivable that the proportion of edge emission may be 
considerably less than in SiC. Thus, one should not 
exclude the possibility that a phosphor may be acti- 
vated by DA pairs (as nearest neighbors), even if no 
edge emission is observed. 


SUMMARY 


Nearest neighbor DA pairs in a SiC lattice will have 
their axes along the tetrahedral bond directions. The 
small tetrahedral distortion is sufficient to differentiate 
two kinds of DA sites, called ¢ and ¢ sites, and hole- 
electron recombination at these sites will result in 
polarized edge emission. The polarization ratios of the 
¢ center luminescence, if observable experimentally, 
should serve to identify this kind of edge emission. 

The strongly polarized edge emission found by CHP 
is probably due to DA pairs, but the fact that certain 
peaks (A» and Bo) are unresolved double peaks makes 
it impossible to find the characteristic polarization 
ratios of DA luminescence. It is suggested that DA 
pairs may also contribute to emission bands far from 
the absorption edge, with the simultaneous emission of 
a large number of phonons. 
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It is pointed out that interactions between octahedral-site 
cations are cation-anion-cation interactions if the cation-occupied 
octahedra share a common corner, but may be primarily cation- 
cation (no anion intermediary) if the cation-occupied octahedra 
share either a common edge or a common face. It is further 
pointed out that cation- -cation interactions may be naturally 
classified as ‘‘strong’”’ or “‘weak”’ since there is a critical cation 
separation below which the interacting electrons are best described 
by a collective-electron model, above which by a Heitler-London 
model. The characteristics of the different interactions under 
varying conditions are summarized. In the case of strong cation 
-cation interactions, covalent-type bonds may be formed at low 
temperatures. The resulting phase transitions are marked by the 
following features: (1) the transitions may be noncooperative 
(isolated cation-cation pairing introducing no symmetry change 


I. INTRODUCTION 


EVERAL oxides containing transition-element 

cations have physical properties that suggest the 
existence of cation-cation interactions via direct 
overlap of cation d-electron wave functions. Such 
interactions are to be distinguished from those that 
occur via an anion intermediary. They have been 
independently proposed to account on the one hand for 
certain magnetic interactions,' on the other for some 
interesting electrical properties.? The purpose of this 
paper is to strengthen the argument for these inter- 
actions by describing the several interactions that may 
occur or compete with one another in predominantly 
ionic crystals given different crystallographic con- 
figurations and cations with varying numbers of outer 
d electrons, by pointing out some of the physical 
consequences to be anticipated from these interactions, 
and by comparing these consequences with the proper- 
ties of several pertinent transition-metal compounds. 
These latter comparisons are found to support the 
hypothesis that cation- -cation (to becontrasted with 
cation-anion-cation) interactions may be significant if 
octahedral-site cations have the outer-electron con- 
figuration 3d"(m<5) and the occupied octahedra 
share either a common face or a common edge. 

But first it is necessary to establish a nomenclature 
by which the cation-cation interactions via direct 
overlap of cation wave functions can be distinguished 
from those that occur via an anion intermediary. The 
conventional! distinction of direct vs indirect interactions 


* The work reported in this paper was performed by Lincoln 
Laboratory, a center for research operated by Massachusetts 
Institute of Technology with the joint support of the U. S. Army, 
Navy, and Air Force 

1D. G. Wickham and J. B. Goodenough, Phys. Rev. 115, 1156 
(1959). 

2 F. J. Morin, Phys. Rev. Letters 3, 34 (1959); Bell System Tech. 
J. 37, 1047 (1958) 
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to the structure) and extend over a considerable temperature 
interval (AT~100°C), or cooperative, occurring at a definite 
temperature and exhibiting thermal hysteresis. (2) Bonded 
cations are displaced from the center of symmetry of their anion 
interstice (in contrast to Jahn-Teller or spin-orbit distcrtions). 
(3) Bonding electrons are spin-paired so that they make no 
contribution to the atomic moment unless localized, unpaired d 
electrons are simultaneously present to weaken the covalent-type 
bond via intra-atomic exchange. (4) Bonding electrons cannot 
contribute to metallic-type conductivity so that if the bond- 
forming phase ties up all of the outer d electrons in covalent-type 
bonds, the transition is semiconducting — metallic. The physical 
properties of several compounds that illustrate the importance of 


the cation- -cation interactions are discussed 


has been rendered ambiguous by a recent publication 
of Anderson’ in which he has proposed the nomen- 
clature ‘“‘superexchange,”’ exchange,” and ‘“‘in- 
for the various contributions to a 
given cation-anion-cation interaction. In an attempt 
to avoid I that do not 


“direct 
direct exchange” 


confusion, those interactions 
involve an*anion intermediary will be referred to as 
cation- -cation interactions, those that do as cation- 
anion-cation interactions. 

From a theoretical point of view, the only satisfactory 
single-electron wave functions in a solid-state problem 
are running waves, whereas experimentally the cation 
outer electrons are frequently found to have the 
character of isolated d-type electrons. Mott* has argued 
that, if the intercation distance is large, the Heitler- 
London approximation is appropriate and an integral 
number of electrons are localized on each cation; that, 
if the intercation distance is small, it is necessary to 
use a collective-electron model in which the electrons 


are delocalized, metallic-type conduction occurring 


should the corresponding zone, or band of energy states, 
be only partially filled. Further, Mott has pointed out 
that an abrupt transition with intercation distance 
should be anticipated. Anderson® has chosen to call the 


localized electronic charges “isolated spin quasi- 
particles.”’ This spin quasi-particle concept isolates the 
one-electron effects from the polarization effects that 
determine the sign of the coupling between localized 
spins of neighboring cations. In this paper the Mott 
distinction between materials having localized electrons 
(quasi-particles) and those having delocalized electrons 
(collective-electron model) is maintained in the charac- 
terization of weak vs strong cation- -cation interactions. 
Further, the various quasi-particles (and the delocalized 
electrons as well) are assumed to occupy bands that 


3 P. W. Anderson, Phys. Rev. 115, 2 
*N. F. Mott, Proc. Phys. Soc. (Le 


> 


PA 


1959) 


yndon 


A62, 416 (1949). 
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Taste I. Spin-spin interactions between high-spin-state, octahedral-site cations. A symbolizes relative orientations of anion octahedra 
about interacting cations: No. 1=common octahedral face; No. 2=common octahedral edge; a=common octahedral corner with 
cation-anion-cation angle a. The two cations have outer-electron configurations nd™', nd™*, and J is the exchange constant, +indicating 
ferromagnetic coupling, —antiferromagnetic coupling, 0 no (or paramagnetic) coupling. The estimated magnetic-ordering temperature 
Ty,c is for oxides of transition elements of the first long period as obtained from empirical data: these are to be modified in accordance 
with the qualifying remarks. R and Z are the cation-cation separation and cation atomic number, respectively. 
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0 Tc.w decreases with increasing R, Z. “Strong” interactions 
may form “bonded” cation pairs below Ty with physical 
consequences given in Table II. Cat-An-Cat (a= 
and —if 4< m,<8 while m2. <5, +otherwise. 


) weak 


Tw~(s/27k)[ (S+1)/S](42/U if S5€my2¢8 and spin- 
orbit coupling negligible; Ty,c reduced by about factor of 10 
if m, or m:<3.4 Both « and » bonding symmetric about 
anion. Cat- -Cat cannot occur. 


Similar to case a=180° except that bonding on opposite 
sides of cation is no longer symmetric.* 


~750 


0 








* Table assumes degenerate ts level. If octahedral site distorted by electron ordering within fry or ¢ levels, degeneracy is removed and each interaction 
(i.e., along different crystallographic directions) must be considered separately, though according to the same principles, 

» Two situations possible: (1) occupied ¢, levels overlap conduction band giving ferromagnetism (Tc >300°K) with » <4us/cation and metallic-type 
conductivity; (2) cooperative Jahn-Teller distortion results in antiferromagnetic interactions between some cation pairs, ferromagnetic or negligible inter- 


actions between others. (See reference 8). 
* Assumes weak interactions and degenerate fs, levels. 


4 See reference 3. A is ligand-field splitting, S cation spin, s number of coupled cation neighbors, k Boltzmann's constant, [ a measure of the fraction of 
covalence in the cation-anion bond, and U is the intra-atomic Coulomb energy required to shift an electron from one cation to another given each cation 


initially has the correct number of electrons. 


* Magnetic coupling follows from physical arguments set forth in reference 7 together with consideration of total geometric relationship. 


reflect the symmetry properties of the atomic wave 
functions from which they are formed. Therefore the 
physical arguments are presented in terms of easily 
visualized atomic, or cation, orbitals. Although such 
arguments are inadequate for any quantitative descrip- 
tion of a solid-state problem, they can be extremely 
useful for establishing the principal qualitative features 
that must be considered. 


II. VARIOUS CATION-CATION INTERACTIONS 


In all of the materials under consideration, the 
transition-metal cation is in an octahedral (or distorted- 
octahedral) interstice of an anion sublattice. The 
electrostatic interactions between anion and cation 
electrons cause a splitting (ligand-field splitting of 
energy A=10Dgq) of a cation nd level into a more 
stable, triply degenerage te, level (d,,, dy:, dyz atomic 
orbitals directed away from neighboring anions) and a 
less-stable, doubly degenerate ¢, level (d,*, d,_,2 
atomic orbitals directed towards neighboring anions). 
In all of the materials under consideration in this paper, 
this splitting is smaller than the intra-atomic exchange 
energy Eex, viz., A< Ex, so that all cations are in a 
high-spin state. 

The problem is to estimate the relative magnitudes 
of the various cation- -cation vs cation-anion-cation 
interactions that can occur in any given material. If the 
physical consequences of each mechanism can be 
unambiguously, even if only qualitatively, determined 


from general physical arguments, comparison with 
experiment should enable a classification of relative 
interaction strengths as well as a check on the accurate- 
ness and completeness of the physical reasoning. The 
physical consequences can, as is discussed below, be 
qualitatively predicted and are listed in Tables I and 
II. The estimated strengths given in Table I (Ty,c) 
are obtained empirically (although order of magnitudes 
of various cation-anion-cation interactions also follow 
from theoretical considerations*), and subsequent 
comparisons with experiment in Sec. III provide a 
consistency argument for the existence of cation- -cation 
interactions. 

There are two factors that determine the sign of the 
spin-spin interaction between any pair of cations: the 
relative orientations of their anion octahedra, and the 
number of cation outer electrons. Anderson’ first 
pointed out that if the cation-anion-cation angle is 
90°, the cation-anion-cation interactions are weak : it is 
assumed in this paper that they are negligibly small.* 
It follows that, if two cation-occupied octahedra share 
a common face or a common edge, the resulting cation- 
anion-cation interactions are to be neglected. However, 
these geometries are favorable for cation- -cation inter- 
actions, since the ‘2, orbitals may be directed towards 
the octahedral edges (atomic dys, dsz, dey) or through 


* P. W. Anderson, Phys. Rev. 79, 350 (1950). a ‘ 

‘If the weak cation- -cation interactions are negligible, this 
assumption can no longer be valid since 90° cation-anion-cation 
interactions, though weak, do exist. 
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TABLE II. Comparison of physical properties to be associated with cation-anion-cation vs cation 
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cation interactions between 


octahedral-site cations. T is temperature, T¢ Curie temperature, per: effective paramagnetic cation moment, S net cation spin, us 
Bohr magneton, uz ferromagnetic or antiferromagnetic cation moment, A ligand-field splitting, 2.x exchange splitting, and m2, is number 
of ta, electrons per cation. 





Property 


Magnetic 
order 


Electrical 
conductivity 
Cation 
magnetic 
moment 
Phase 
change* 


(1) Cations on opposite sides of an 


Cation-anion-cation 





Weak cation- -cation 





(1) Nearest-neighbor cations anti- 
ferromagnetic ii m2, <3 

(2) Ferromagnetisin (very low Tc) if 
%2,>3 and te, level degenerate 


anion antiferromagnetic 
(2) Ferromagnetism (see Table I) 





Semiconductor (or insulator)” 


pet? « S(S+1)us*; 4 « Sus with S the same at low and high 7 and predictable 


from knowledge of occupation of isolated-cation d levels, A, and Egx. 


Jahn-Teller or spin-orbit type. Possible if m=1, 2, 4, 6, 7, 9 (m=4, 9 are 
Jahn-Teller and the strongest). Characteristic: alteration of anion-octahedron 
symmetry, but cation in center of symmetry. Jahn-Teller type independent 








Strong cation- -cation 


(1) Spin pairing between bonded 
cation pairs if #2,<3 (or #a<¢5 
and bonding removes degeneracy). 
(2) Ferromagnetism if unpaired e¢, 
electrons simultaneously present 
with (a) #2,>3 and degenerate ée, 
level, or (b) 5<ma,<6. 

Metallic. May become semicon- 
ductor at low T.* 


pert? <S(S+1)us*?; p«S'ue with 
S>S’, where S’ is net cation spin 
in low-T phase.* 


Bond-formation type. Possible if 
Neg<5. Characteristic: cation- 
cation pairing that shifts cation 


of Tc, , spin-orbit type correlated with T¢, y. 


from center of symmetry of anion 
interstice 





* Cooperative if lattice symmetry changed; noncooperative transitions may extend over a range of temperature (AT ~100°C) 

» Exceptions: (1) If cations of same element, but different valence, are simultaneously present, material may have a metallic-type « —7 character below a 
ferromagnetic Curie temperature, (2) If m =4, the occupied ¢, levels may overlap the conduction band. 

¢ If all available ts, electrons participate, at low T, in covalent-type cation-cation bonds, semiconductor. If no bond formation or if not all half-filled ¢ 


orbitals participate in bond formation, remains metallic at low 


4 If low-T phase a semiconductor, S’ — 0 (unless unpaired ¢, electrons are present) ; if low-7 phase a metal, (S —S’) =f where / =fraction (~0.5) and 
n «number of electrons per cation participating in bond formation. Only at high 7 (7>>T yw) is entropy sufficiently important to induce S to approach the 


value predicted from a knowledge of d-level occupation, A, and Ee 


the octahedral faces (hybridized d,., ds2, dzy). Therefore 
the predominant interactions between neighboring 
cations whose anion octahedra share a common face or 
edge are assumed to be cation- -cation interactions. On 
the other hand, if the cation-occupied octahedra share 
a common corner, there can be no direct overlap of 
neighboring cation orbitals and therefore no cation- 
-cation interactions whether the cation-anion-cation 
angle a be 180° or as small as ~120°. Therefore the 
interactions between neighboring cations whose anion 
octahedra share a common corner are cation-anion- 
cation interactions, and this interaction is optimal if 
a= 180°. Finally it is to be noted that although only 
one mechanism contributes significantly to the spin- 
spin coupling of any cation pair, a given cation usually 
has several neighbors, some of which are coupled via a 
common octahedral corner and others via a common 
octahedral face or edge. Therefore the two mechanisms 
may compete one against another, and it is necessary 
to have some estimate of their relative magnitudes if 
predictions about low-temperature magnetic order are 
to be made. For a consideration of the signs of the 
various interactions, it is usually only necessary to 
consider the number of cation outer electrons. The 
magnitudes of the various interactions then depend 
upon a number of additional factors such as the magni- 
tude of the ligand-field splitting, the degree of covalency 
in the anion-cation bond, the ratio of cation-cation 
separation to radial extension of the cation d wave 
functions. 


The case of cation-anion-cation interactions has been 
considered by several workers.’ *:’*-® The principal 
results of these considerations are simply tabulated in 
Table I. It will be noted that a degenerate e, or /2, level 
that is less than half-filled is considered to give inter- 
actions of the same sign, though smaller magnitude, as 
half-filled levels. However, the degeneracy of such less- 
than-half-filled levels may be removed by a distortion 
of the octahedral-site symmetry: in such an event the 
interactions that involve the resulting more stable, 
half-filled orbitals must be considered separately from 
these involving the resulting less stable, empty orbitals. 
The distinction between the case a= 180° (symmetrical 
bonding on either side of anion) and a~ 135° (possible 
nonsymmetrical bonding on either side of anion) follows 
directly from previous considerations.’ The situation 
m= m= 4 invariably constitutes a special case :* either 
there is a cooperative distortion of the cation-occupied 
octahedra, or (as in several NiAs-type structures) there 
is an apparent overlap of the partially filled e, level and 
the conduction band that results in metallic-type 
conductivity and ferromagnetism. A principal point to 
notice is that for 4< m<8 (e, levels degenerate) the 
cation-anion-cation interactions must predominate ; but 
that if m< 3, the cation- -cation interactions may be as 
strong as, or stronger than, the cation-anion-cation 
interactions. This tendency is enhanced by the fact that 

7 J. B. Goodenough, J. Phys. Chem. Solids 6, 287 (1958). 


* J. B. Goodenough, J. phys. radium 20, 155 (1959). 
* J. Kanamori, J. Phys. Chem. Solids 10, 87 (1959). 
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an absence of ¢, electrons allows a minimal separation 
of cations sharing a common anion-octahedron face 
or edge.” 

As mentioned in the introduction, it is convenient 
to distinguish those cation- -cation interactions in which 
the cation electrons may be considered localized, quasi- 
particles (cation-cation separation R>R,) from those 
in which the cation electrons are delocalized (R<R, 
where the critical cation-cation separation R, is sharply 
defined). The first class of interactions will be called 
“weak” cation--cation interactions ; the second, “strong” 
cation- -cation interactions. In either case it is necessary 
to distinguish the interactions between cations having 
half-or-less-filled cation orbitals from those between 
cations having more than half-filled cation orbitals. 

Imagine two neighboring, octahedral-site cations that 
have overlapping #2, orbitals. Optimum binding occurs 
for that configuration of /2,-electron spins that permit 
the maximum amount of electronic charge in the over- 
lapping region midway between the positive cation 
cores. If the electrons have parallel spins, they exclude 
one another from this region: therefore an antiferro- 
magnetic correlation between electrons on neighboring 
cations stabilizes the binding. If the overlapping 
orbitals are half-or-less filled and if it is possible to 
propagate antiferromagnetic order throughout the 
sublattice of interacting cations, the antiferromagnetic 
correlation can be perfect and the binding optimal. If 
the interacting /., orbitals are more than half-filled, the 
bonding should be analogous to that in a hypothetical 
Z2 molecule in which each Z atom has a nuclear charge 
of +(3/2)e. Such a molecule would be ferromagnetic 
with an atomic moment of 0.54, per atom, the total 
ferromagnetic moment coming from the electrons in 
excess of one electron per atomic orbital participating in 
the molecular orbitals. Thus a crystal with more than 
half-filled, degenerate f, orbitals and strong cation- 
-cation interactions should be ferromagnetic with a 
cation moment equivalent to the number of electrons 
in excess of one per fs, orbital or to the number of ¢2, 
holes, whichever is smaller. These interactions are 
important for transition metals and metallic-type 
alloys." However, the degeneracy of the 2, states is 
usually not maintained if the number of #., electrons 
is M2<5. Thus fx, holes order to permit near-neighbor 
bonding with as many near neighbors as possible. Weak 
cation- -cation interactions are expected to be negligibly 
small if the /., orbitals are more than half-filled. 

These considerations lead to the following rules for 
the physical manifestations of cation- -cation interaction. 

(1) Weak interactions.—Wesck cation- -cation in- 
teractions give rise to (a) semiconductivity or insula- 
tion; (b) a paramagnetic susceptibility characteristic 
of cation moments equivalent to those of the free 


%” J. H. Van Santen and J. S. Van Wieringen, Rec. trav. chim. 
71, 420 (1952). 

uJ. B. Goodenough, Lincoln Laboratory Technical Report 
TR 208 (Sept. 1, 1959). 
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cations subject to the crystalline fields; (c) antiferro- 
magnetic exchange between near-neighbor cations 
if Mg < 3. 

(2) Strong interactions. (a) Degenerate tr, states.— 
Strong cation- -cation interactions give rise to (i) me- 
tallic-type conductivity; (ii) a paramagnetic suscep- 
tibility approaching at highest temperatures that char- 
acteristic of weak interactions, approaching at lowest 
temperatures that characteristic of weak Pauli para- 
magnetism. 

(b) Nondegenerate tx, states—Strong cation- -cation 
interactions may be stabilized at low temperatures by 
the removal of any /2, degeneracy through covalent-type 
bond formation between cation pairs. Covalent-type 
cation- -cation bond formation gives rise to (i) a phase 
transition that may be noncooperative (involves 
isolated cation pairs and introduces no symmetry 
change) or cooperative, the noncooperative transitions 
extending over a finite temperature interval (AT 
~ 100°C) and the cooperative transitions occurring at a 
definite temperature, but exhibiting thermal hysteresis ; 
(ii) spin pairing of the bonding electrons, the bonding 
electrons contributing Ove if no unpaired d electrons 
remain or ~0.5u, if unpaired d electrons are simul- 
taneously present at the cations to weaken the bonding 
via intra-atomic exchange; (iii) antiferromagnetic 
correlation between bonded cations if cation moments 
are present; (iv) no contribution to metallic-type 
conductivity from the bonding electrons (semicon- 
ducting if all 42, electrons participate in covalent-type 
bonding). 

Further, these bond-formation phase changes can be 
distinguished from Jahn-Teller and spin-orbit phase 
changes by the following unambiguous criterion: (a) 
the cations remain close to the center of symmetry of 
their anion interstices in a Jahn-Teller or spin-orbit 
transition, (b) the cations are shifted from the center 
of anion-interstice symmetry by the formation of 
cation- -cation pairs in a bond-forming transition. 
(Jahn-Teller transitions are cooperative transitions in 
which the octahedral interstice is distorted so as to 
minimize cation-anion core-core repulsions, to optimize 
cation-anion bonding.*-” Similarly transitions associated 
with Ty as a result of a cooperative spin-orbit coupling, 
as in FeO and CoO, are the result of cation-anion 
interactions.) 

These predictions for the physical consequences 
of cation- -cation interactions vs cation-anion-cation 
interactions are summarized in Tables I and II. Since 
the predictions are usually quite distinct, it should be 
possible to determine the predominant mechanism 
operative in any given compound by an inspection of 
its physical properties. In the next section, the physical 
properties of several pertinent compounds are presented. 
There appears to be convincing evidence that cation- 
-cation interactions often play a decisive role in pre- 


” J. B. Goodenough and A. L. Loeb, Phys. Rev. 98,7391 (1955). 
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dominantly ionic compounds. The possibility of cation- 
-cation covalent-type bonding also provides an inter- 
pretation of several experimental findings that have not 
been interpretable by previous investigators who have 
considered cation-anion-cation interactions alone. 


Ill. APPLICATION OF MODEL 
A. Rocksalt-Type Compounds 


In the rocksalt-type structure, all of the octahedral 
interstices of the fcc anion sublattice are occupied by 
cations, and each anion octahedron shares both its 
corners and its edges with neighboring octahedra. 
Therefore both cation-anion-cation and cation- -cation 
interactions can be simultaneously present in this 
structure. Table I states that if 5€m<8, as in MnO, 
a-MnS, FeO, CoO, and NiO, the cation-anion-cation 
interactions must be the stronger. It follows that there 
is antiferromagnetic coupling within any simple-cubic 
sublattice of the fcc cation array, a prediction that has 
been well verified by neutron-diffraction experiments." 
The cation- -cation interactions are not satisfied by 
this magnetic order; but as each cation has an equal 
number of near neighbors with + and — spins, these 
interactions do not influence Ty. However, the para- 
magnetic Curie temperature 6 [x=C/(T—8) ] is deter- 
mined by the sum of all the exchange interactions. 
The strength of the cation- -cation interactions should 
be strongest for MnO and drop off rapidly with in- 
creasing atomic number, falling to zero at NiO. They 
would also be greater in MnO than in a-MnS. Since the 
Mn- -Mn interactions are antiferromagnetic, they 
would decrease 6. Therefore the fact that Ty(a-MnS) 
>Ty(MnO) whereas 6(MnO)<6@(a-MnS) supports the 
idea that Mn- -Mn interactions are stronger in the 
oxide. Such an effect cannot be readily explained by 90° 
cation-anion-cation interactions since superexchange is 
expected to increase with a decrease in the electronega- 
tivity of the intermediate anion, as is reflected in Ty. 
Such an argument has already been suggested by 
Kanamori.’ 

TiO (if quenched from T>900°C)," VO, and CrN 
also crystallize in the rocksalt-type structure. These 
materials contain cations with m<3: they therefore 
represent a situation in which cation- -cation inter- 
actions may be stronger than cation-anion-cation 
interactions. Each of these materials is characterized 
by metallic-type conductivity at and above room 
temperature. Therefore Table II immediately suggests 
that each of these compounds contains strong cation- 
-cation interactions. This inference is identical with 
Morin’s’ suggestion for the origin of the metallic-type 
conductivity in TiO and VO. However, if this inference 
is correct, then it follows that any low-temperature 
antiferromagnetic order is not necessarily characterized 
by antiferromagnetic order within simple-cubic cation 

3 C. G. Shull, J. phys. radium 20, 169 (1959). 

4 A. D. Pearson, J. Phys. Chem. Solids 5, 316 (1958). 
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sublattices. Rather, any Néel point that may occur at 
lower temperatures is characteristic of a martensitic 
phase transformation that introduces cation- -cation 
bonding, and the low-temperature phase exhibits the 
physical properties outlined in Table IT. 

A recent neutron diffraction study'® of CrN reveals 
a phase change below 0°C. The low-temperature phase 
is antiferromagnetic with ordering of the fourth kind 
(improved ordering of the second kind) in which (110) 
cation planes are ferromagnetic and the ordering of 
these planes on moving along the [110] direction is 
soe f+——++4+-—-—--- . The structure is no longer 
cubic: the [110] axis is shortened, the [110] axis is 
lengthened, and alternate (001) planes are shifted 
plus and minus along the [110] direction so that 
antiparallel cations are nearest neighbors, parallel 
cations have a greater separation. This distortion 
suggests bonding via d,,, d.z orbitals, but no bonding 
of the d,, electrons. Further, bonding appears to be 
effective with two of the four cation near neighbors 
overlapped by a d,, or d, orbital in the cubic phase. 
Such bonding cannot be a simple electron pairing such 
as is envisaged in a conventional covalent-type bond: 
nevertheless, it is undoubtedly similar, though weaker 
and less effective in pairing than is found in the single- 
pair bond. Such a covalent-type bond will be called a 
“‘multiple-pair” bond. Evidence, then, for cation- 
-cation interaction is found both in the magnetic order 
and in the fact that the cations are shifted from the 
center of anion-interstice symmetry in a manner which 
cannot be explained on the basis of a Jahn-Teller or 
spin-orbit effect. However, it should be noted that the 
magnetic ordering in CrN probably represents a 
compromise between cation-anion-cation and cation- 
-cation interactions. In the (001) planes where the N 
atom is located near the center of the cation pseudo- 
square, the antiferromagnetic cation-anion-cation inter- 
actions are also satisfied: it is only along the [001 } axis 
that the cation-anion-cation interactions are ferro- 
magnetic. 

Further evidence for cation- -cation bonding in the 
low-temperature phase is the fact that u°'= 2.36, for 
antiferromagnetic CrN, whereas the high-temperature 
paramagnetic susceptibility data gives a spin-only 
value for Cr** in the cubic phase. There is a sharp drop 
in x on cooling through Ty that is suggestive of electron 
pairing below the transition. However, complete 
electron pairing of d,., d.z electrons would reduce 
p°' — lps; the residual moment then inducing some 
contribution’from the paired electrons to give u°'~1.5 
—2.0uz. This is considerably smaller than the observed 
value. Since all other features of the transition are 
suggestive of cation- -cation bond formation, it appears 
that in the multiple-pair bonds there is electron pairing 
equivalent to only ~0.3u, per bonding electron. CrN 


16 L. M. Corliss, N. Elliott, and J. M. Hastings, ‘The Antiferro- 
magnetic Structure of CrN,” Brookhaven National Laboratory 
Report BNL 4294. 
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remains metallic through the transition:’* this is 
compatible with the cation- -cation-bonding model since 
the d., electrons are not bonded. 

Stoichiometric VO has a sharp (Ap~10* ohm-cm) 
semiconducting — metallic transition at 114°K on cool- 
ing, at 121°K on heating.? Clearly cation- -cation bond 
forming is again suggested. Although V** is isoelectric 
with Cr**, the semiconductor character of low-tempera- 
ture VO indicates a phase in which all these /2, electrons 
participate in bonding. One possible configuration for 
this phase can be imagined easily: it consists of paired 
(111) cation sheets, the distance between sheets 
varying alternately on going along a [111 ] axis. In such 
a phase the cation moment would be uw’ — Og. Such a 
prediction can be checked by neutron-diffraction and 
magnetic-susceptibility measurements. 

The rocksalt phase of TiO (Ti** has 3d’) remains 
metallic at all temperatures.?"* This behavior is similar 
to that of isoelectric VN which becomes superconduct- 
ing below 8.2°K.”? Apparently conditions are not 
favorable for phase stabilization via bond formation. 
However, it probably also follows that there is no Néel 
temperature, the cation moment gradually decreasing 
with temperature as the entropy term in the free energy 
becomes less significant. 

The compounds LiVO, and NaVO, have a structure 
that is closely related to the rocksalt-type structure: 
it is rocksalt with an ordering of Lit and V**, or Na* 
and V**, ions on alternate (111) cation planes. This 
order introduces a unique (111) axis and rhombohedral 
symmetry.’** In a perfectly ordered structure any 
cation-anion-cation interactions are V**—©?~— (Li* or 
Nat) interactions, and therefore nonexistent. It follows 
that any magnetic interactions are of the type 
vV*. -V*+. Bongers® has examined the paramagnetic 
susceptibility of both LiVO, and NaVO». Both samples 
have a high-temperature susceptibility that approaches 
the spin-only value for V**. The LiVO2 sample showed 
an abrupt susceptibility change at 450°K. (x=0.210 
X10-* emu at 433°K; x=0.794X10-* emu at 491°K.) 
Such a variation indicates spin pairing via cation- 
-cation bond formation, and a corresponding phase 
transformation is anticipated. Although a crystal- 
lographic study through the transition region has not 
been performed, a comparison of c/a (hexagonal basis) 
for LiNiO, (c/a=4.930) and LiVO, (c/a=5.22)” 
appears to support the suggestion of bonding in the 
basal plane of LiVO». The susceptibility measurements 
of the NaVO, sample indicate a transition between 
300°K and 380°K, but no abrupt change in x. Such an 


16 A. Wold (unpublished research, Lincoln Laboratory). 

17 G. F. Hardy and J. K. Hulm, Phys. Rev. 93, 1004 (1954). 

18 L. D. Dyer, D. S. Borie, Jr., and G. P. Smith, J. Am. Chem. 
Soc. 76, 1499 (1954). 

” P. F. Bongers, Thesis, University of Leiden (July 4, 1957) 

* J. B. Goodenough, D. G. Wickham, and W. L. Croft, J. 
Phys. Chem. Solids 5, 107 (1958). 

“1D. G. Wickham and R. J. Arnott (unpublished research, 
Lincoln Laboratory). 
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@4 COMMON FACE 


COMMON EDGE OF 
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OCTAHEDRA 


Fic. 1. Corundum-type structure. A—B c-axis pairs share a 
common octahedral face, A—A and B—B basal-plane near neigh- 
bors share a common octahedral edge, and there are A’ — B’ cation- 
anion-cation couplings between adjacent cation, basal, “puckered” 
planes. 


observation is not inconsistent since the larger atomic 
radius of Na* vs Li* certainly means a weaker cation- 
-cation interaction in NaVOzs. It would be interesting 
to study these transitions further to determine whether 
the other physical properties of LiVO, and NaVO, 
correspond, respectively, to strong vs~weak cation- 
-cation interactions. 


B. Corundum-Type Compounds 


The corundum structure has a unique threefold 
axis. Along this axis are pairs of distorted, cation- 
occupied octahedra that share a common face. In the 
basal plane these octahedra share a common edge with 
three similar octahedra. The strongest cation- -cation 
interactions occur along the c axis through the common 
octahedral face, but similar interactions may also occur 
perpendicular to the ¢ axis. Cation-anion-cation inter- 
actions are also present: cation-occupied octahedra 
share a common corner with one of the cation-occupied 
octahedra belonging to a neighboring c-axis pair. The 
cation-anion-cation angle is ~ 135°. (See Fig. 1.) 

The compounds Ti,O;, V.Os, CriOz, and a-Fe,O; 
have the corundum structure. Of these, TizO; behaves 
like a low-energy-gap, intrinsic semiconductor and 
VO; like a metal at high temperatures; Cr7O; and 
a-Fe,O; are insulators. This indicates strong Ti**- -Ti** 
and V*- -V* interactions, weak Cr*- -Cr** and 
Fe**- -Fe** interactions. Of these compounds, only 
a-Fe,O; has strong cation-anion-cation interactions 
(m=5 vs m< 3). 

If strong cation- -cation interactions are present in 
TiO; and Vy, as is inferred by their metallic conduc- 
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tivity at high temperatures, then cation- -cation bond 
formation with the physical characteristics outlined in 
Table II is likely at low temperatures. Further, in the 
corundum structure there are two types of cation- 
-cation bonding that can occur: bonding of c-axis pairs 
and bonding within the basal planes. Formation of 
c-axis pairs must be the more stable interaction because 
these share a common octahedral face (shorter cation- 
cation separation). Also, c-axis bonding does not 
introduce a change in the lattice symmetry. Therefore 
it is possible for the pairs to bond independently of one 
another, or for the transition from nonbonded to 
completely bonded pairs to be noncooperative. Such a 
noncooperative transition would extend over a finite 
temperature interval. On the other hand, if basal-plane 
bonding takes place, it probably concentrates the 
electronic charge in a single cation- -cation pair: in 
such an event the lattice symmetry is changed by an 
abrupt, cooperative transition. 


1. TiO; 


In the case of Ti,O; (Ti** has 3d'), only the non- 
cooperative transition can occur. Above the transition, 
intrinsic semiconduction with a small energy gap can 
occur as the crystalline-field splitting of the t., levels 
is fairly weak and cation- -cation interactions can occur 
perpendicular as well as parallel to the c axis. Below the 
transition the d electrons would be paired so that there 
would be no atomic moment. Bonding of c-axis pairs 
would also reduce the c/a ratio since reduction of pair 
separation can be accomplished without reduction in 
the pucker that exists in the basal plane of anions. 
Since the transition is noncooperative, lack of stoi- 
chiometry would not influence appreciably the initial 
transition temperature. However, the presence of Ti*t 
ions would guarantee the presence of unpaired Ti** 
electrons and therefore induce donor levels and localized, 
paramagnetic moments into the low-temperature phase. 

Experimentally a transition is observed in Ti.O; near 
200°C. Naylor® observed a change in specific heat 
characteristic of a second-order phase change. Foex and 
Loriers® reported a large change in the coefficient of 
thermal expansion and a resistivity change of two 
orders of magnitude through a temperature interval 
of about 200°C. Pearson“ has examined the structural, 
conductivity, and magnetic-susceptibility changes 
through this transition. The predicted decrease in c/a 
with decreasing temperature through the transition was 
found. This observation has recently been checked by 
Newnham* who found that in his single-crystal sample 
the lattice-parameter change was spread over a wider 
temperature interval. Pearson found no sharp break 
in p on passing through the transition, but a distinct 


= B. F. Naylor, J. Am. Chem. Soc. 68, 1077 (1946). 

3M. Foex and J. Loriers, Compt. rend. 226, 901 (1948). 

* R. E. Newnham, Progress Report No. XXV, Laboratory for 
Insulation Research, Massachusetts Institute of Technology 
(1959), p. 38. 
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break in logo vs (1/7) was found near 200°C. The 
high-temperature resistivity of ~ 10~-* ohm cm increased 
to ~1 ohm cm at ~220°K. Absence of a larger resis- 
tivity change at the transition could easily be due to a 
lack of stoichiometry. Evidence for electron pairing also 
comes both from magnetic-susceptibility and neutron- 
diffraction measurements. Shirane and Pickart® found 
no noticeable magnetic peaks in their powder neutron 
data taken at 295°K and 4°K. The magnetic-suscepti- 
bility measurements of Pearson differed in absolute 
magnitude from earlier measurements by Foex and 
Wucher”® and later measurements by Shirane and 
Pickart,”> but all these sets of measurements indicate 
that x drops by a factor of two on passing through the 
transition, the low-temperature phase exhibiting a 
nearly temperature-independent susceptibility. Carr 
and Foner”? have measured X,, and X, on a single 
crystal of Ti,O; and found them both small and tem- 
perature independent below 250°K.”* 


2. VA; 


On the other hand, VO; can have two transitions 
(V** has 3d*): a noncooperative transition at higher 
temperatures due to c-axis pairing, and a cooperative 
transition at lower temperatures due to bonding in the 
basal plane. The high-temperature transition is pre- 
dicted to have the following characteristics. (1) Below 
a critical temperature, bonding of the c-axis pairs sets 
in. Electrons participating in bonding contribute a 
reduced atomic moment and couple the atomic moments 
of the bonded pairs antiferromagnetically. However, 
the coupled antiferromagnetic pairs need not have any 
long-range magnetic order if the thermal energy is 
greater than the crystalline anisotropy. (2) As the 
temperature is lowered further, more pairs become 
coupled, the coupling of all pairs being virtually 
complete below some temperature interval of the order 
of 100°C. (3) Metallic-type conductivity occurs via the 
electrons in orbitals perpendicular to the c axis. How- 
ever, the transition should be marked by a resistivity 
maximum near the upper transition temperature since 
at those temperatures electron scattering is large both 
because of the large vibrations between nearly bonded 
pairs and because of the disorder caused by some 
bonded, some unbonded pairs. At lower and higher 
temperatures, the cation positions become stabilized. 
(4) Contraction of the distance between c-axis pairs is 
accompanied by a reduction in the pucker of cation 
hexagons in a (111) pseudoplane as a result of the 
electrostatic interaction between the anions and the 
cation d electrons in orbitals perpendicular to the ¢ 
axis. Such a simultaneous reduction in pucker could 
result in an increase in the c/a ratio on contraction of 
the c-axis pairs. 

%5 G. Shirane and S. J. Pickart (private communication). 

%¢ M. Foex and J. Wucher, Compt. rend. 241, 184 (1955). 


7 P. H. Carr and S. Foner, J. App. Phys. 31S, April (1960). 
8! and | refer to the c axis. 
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The lowest-temperature phase is predicted to have the 
following characteristics: (1) a small magnetic suscepti- 
bility resulting from impurities or lack of stoichiometry 
(both V* d electrons paired); (2) semiconducting 
properties; (3) distortion from hexagonal to ortho- 
rhombic symmetry”; all V**- -V**+ bonds perpendicular 
to the ¢ axis being oriented in the same direction so as 
to minimize the elastic energy. This introduces one 
short axis within the original hexagonal plane, a 
compensating expansion occurring perpendicular to 
this axis within the plane. Any simultaneous change of 
the ¢ axis should not, however, increase the separation 
of bonded c-axis pairs. 

Powdered and polycrystalline samples of stoi- 
chiometric V,O; have been examined by several French 
workers,” and they have found evidence of both 
transitions. Specific-heat measurements of Jaffray and 
Lyand indicate a second-order phase change between 
258 and 260°C that marks the onset (with decreasing 
temperature) of the first transition. They have inter- 
preted their data between 70°C and 210°C as indicating 
a transition at 110 to 112°C, the specific heat showing 
a broad maximum at this point. Magnetic susceptibility 
measurements by Wucher indicate a temperature- 
independent susceptibility in the temperature range 
110°C <T<260°C. Comparison of these data with the 
model suggests that the first transition extends over 
the range of temperature 110°C<7T<260°C, the 
temperature-independent susceptibility reflecting the 
reduction in moment of the bonded pairs; and that 
below 110°C all c-axis pairs are bonded. Carr and 
Foner” have measured X,, and X, for a single-crystal 
specimen.” In the range 170°K < T<300°K, X\,>X, 
and both susceptibilities decrease with increasing 
temperature. The temperature dependence is not 
compatible either with a paramagnetic Curie-Weiss 
law or with normal antiferromagnetism. Foex has found 
that in the temperature range 110°C < T< 250°C the 
thermal expansion coefficient is anomalously large. 
Newnham” has observed an increase in the c/a ratio 
through this same temperature interval. The first 
transition is also marked by a broad maximum in the 
electrical resistivity at about 235°C, the resistivity 
increasing from 10~'-” ohm cm at 25°C to 10” ohm 
cm at 235°C. This is compatible with a low-mobility, 
metallic-type conductivity via cation- -cation inter- 
actions and a maximum uncertainty in the cation 
positions just below the transition temperature. 

The low-temperature transition is a first-order 
transition,” the abrupt transition occurring at 168°K 
on heating, 150°K on cooling.”” Through the transition 
the resistivity changes by over five orders of magnitude, 
the low-temperature phase being semiconducting, the 

* A simultaneous tilting of the ¢ axis could reduce the symmetry 
to monoclinic. 

*M. Foex, J. Jaffray, S. Goldsztaub, R. Lyand, R. Wey, and 
J. Wucher, J. recherches centre natl. recherche sci. Labs. Bellevue 
(Paris) 4, 237 (1952). 

*% C. T. Anderson, J. Am. Chem. Soc. 58, 564 (1936). 
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high-temperature phase metallic-type.2 There is also 
an abrupt drop in X,, and X,. Below the transition X,, 
and X, are small and temperature independent.” 
Measurements” on a polycrystalline sample show a 
jump from 0.7X10-* emu to 1.1X10~* emu as the 
temperature is increased through the transition. These 
observations are compatible with a recent neutron- 
diffraction study by Paoletti and Pickart® that shows 
no positive evidence of antiferromagnetism in the low- 
temperature phase; and they all substantiate the 
hypothesis of electron pairing via cation- -cation 
bonding. Single crystals of VO; cooled below the 
transition temperature crumbled on heating to room 
temperature.”’ This is compatible with the observation® 
of a discontinuous thermal expansion of a polycrystalline 


‘bar on cooling through the transition, which is sug- 


gestive of a phase transition to lower symmetry. 
Warekois® has recently verified that the low-tempera- 
ture phase is monoclinic with dimensions compatible 
with the qualitative predictions based on V*t- -V* 
bonding in the basal plane. 


3. Cris and a-Fed; 


It follows from Table I that a-Fe,O; (Fe** has 3d®) 
should have a high 7 with antiferromagnetic coupling 
between cations whose octahedral interstices have a 
common anion corner (viz. +——-+ along c axis), and 
that Cr,O; should have a relativcly low Ty with weak, 
ambiguous cation-anion-cation and antiferromagnetic 
cation- -cation coupling (viz. +—+— along the c 
axis). In Cr,O, the cation- -cation (and perhaps also the 
cation-anion-cation) interactions are cooperative; in 
a-Fe,O; the weaker cation- -cation interactions in the 
basal plane are suppressed. 

Experimentally this antiferromagnetic order has been 
confirmed by neutron-diffraction studies.“** The Néel 
temperature of a-Fe,O; is 675°C,” of CrzO; is ~33°C.” 

Although the Cr**- -Cr** and Fe**- -Fe** interactions 
are weak, it is interesting to enquire whether there is 
any evidence that the weak interactions between 
c-axis pairs have a different influence on some physical 
property than the other interactions, and whether 
this difference manifests itself as some type of compen- 
sation temperature. In this connection it is perhaps 
significant that between —20°C and 675°C a-FeO; 
exhibits a weak, parasitic ferromagnetism that is 
correlated with atomic moments in, or nearly in, the 
basal plane. Below —20°C, the parasitic ferro- 
magnetism disappears* and the magnetic axis is the 
c axis™ just as it is in CrsO3. In Cr,O,; antiferro- 


* A. Paoletti and S. J. Pickart (private communication). 

*% E. P. Warekois, J. App. Phys. 31S, April (1960). 

* C. G. Shull, W. A. Strauser, and E. O. Wollan, Phys. Rev. 83, 
333 (1951). 

* B. N. Brockhouse, J. Chem. Phys. 21, 961 (1953). 

* R. Chevallier, J. phys. radium 12, 172 (1951). 

* J. Jaffray and J. Viloteau, Compt. rend. 226, 1701 (1948). 

* F. J. Morin, Phys. Rev. 78, 819 (1950). 
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magnetic-resonance studies” suggest that the crystalline 
anisotropy may be varying with temperature in an 
unusual way in an interval of ~ 100°C below Ty. 


4. Ilmenites 


The ilmenite structure is similar to the corundum 
structure except that there is ordering of the two 
different cations into alternate (111) planes of the 
rhombohedral cell. In MnTiO;, FeTiO3, and NiTiO; 
the Ti cations appear to be Ti*+. However, in FeTiO; 
there are a few physical properties that suggest there 
is some degree of Ti** present. Since the Fe*+- -Ti** 
pairs along a ¢ axis share a common octahedral face, 
the possibilities of direct electron transfer may account 
for these properties. 

Further, recent neutron-diffraction studies®! show 
that the magnetic order in antiferromagnetic FeTiO; 
and NiTiO; is similar: ferromagnetic Fe or Ni (111) 
planes are alternately coupled antiferromagnetically. 
In the ilmenite structure, the indirect magnetic inter- 
actions are relatively weak as they involve two inter- 
vening oxygen atoms. Thus 7'y for a natural crystal of 
FeTiO; was found to be only 68°K.” The observed 
magnetic order is compatible with the expected anti- 
ferromagnetic cation-anion-anion-cation interaction. In 
the case of Ni(t:,°), cation- -cation interactions are 
negligibly small, and in the case of Fe**(t.,") they are 
weak and ferromagnetic. However, in the case of 
MnTiO; the ¢,, orbitals are only half-filled so that 
antiferromagnetic Mn- -Mn interactions within a (111) 
plane can compete with the indirect cation-anion-anion- 
cation interactions. The fact that MnTiO; has a 
different magnetic order“ in which near-neighbor Mn 
atoms within (111) planes are antiferromagnetic may 
indeed reflect cation- -cation interactions that are 
stronger than cation-anion-anion-cation interactions.” 


C. Rutile-Type Compounds 


The rutile structure has a body-centered tetragonal 
sublattice of octahedral-site cations, the octahedra 
sharing a common edge along the [001] axes and the 
body-centered octahedron sharing common corners 
with the corner octahedra via a cation-anion-cation 


angle a~ 135°C. It follows from the symmetry that 
the cation- -cation and cation-anion-cation interactions 
can only be cooperative if the cation- -cation inter- 
actions are ferromagnetic 

Rutile (TiQ2) is an insulator. The Ti** ion has no 

*S. Foner, J. phys. radium 20, 336 (1959), 

© G. Shirane, S. J. Pickart, R. Nathans, and Y. Ishikawa, J. 
Phys. Chem. Solids 10, 35 (1959). 

“|G. Shirane, S. J. Pickart, and Y. Ishikawa, J. Phys. Soc. 
Japan 14, 1352 (1959). 

“ H. Bizette and B. Tsai, Compt. rend. 242, 2124 (1956). 

“Similar arguments also hold for the series of anhydrous 
chlorides MnCl, FeCle, CoCls, and NiCl». However, it should be 
noted that 90° cation-anion-cation interactions must also be 
significant since @= +68.2°K in NiCl, [C. Starr, F. Bitter, and 
A. R. Kaufmann, Phys. Rev. 58, 977 (1940)]. 
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outer d electrons and is located at the center of its 
anion interstice. With no outer d electrons, neither 
direct nor indirect metallic-type conductivity is 
anticipated. With small additions of Ti**, however, 
electrical conductivity can occur both via the cation- 
-cation interactions and via the Ti*-anion-Ti* 
interactions. 

The structure of VOz (V** has 3d'), on the other hand, 
is rutile-type only above 340°K. At room temperature 
the chains of octahedra along the [001] axis are 
puckered and the V* ions are shifted so as to form 
metal-metal pairs within the chains.“ The bonded 
V—V pairs are separated by 2.65 A whereas the other 
V—V distance along the chain is 3.12 A. Such a low- 
temperature structure immediately suggests that cation- 
-cation interactions have introduced covalent-type 
bonding between the vanadium pairs. (Crystallographic 
studies of several rutile-type systems have previously 
led Marinder and Magnéli* to propose metal-metal 
bonds along the « materials.) If this 
speculation is correct, then it follows from Table IT 
that (1) above 340°K VOz is metallic and perp~1.73u8 
at 7>>340°K; (2) at 340°K there is a semiconducting 

~metallic transition; (3) 340°K the para- 
magnetic susceptibility is smaller and temperature 
independent as a result of electron pairing. Experi- 
mentally a first-order*® semiconducting — metallic? 
transition is found with a 10°C thermal hysteresis about 
340°C. The abrupt change in resistivity at the transition 
appears to be as great as 10* ohm cm in stoichiometric 
samples. The molar susceptibility increases discon- 
tinuously through the transition from a temperature- 
independent 0.1X10-* emu to a 
temperature-dependent magnitude of 0.7K 10-* emu.” 
The effective moment increases above the 
transition to 1.58u, by 466°K.*’ Kasper found no 
magnetic scattering in neutron-diffraction experiments 
below room temperature. The fact that MoO2, WOs, 
TcOz, and ReO» have a similar distorted rutile-type 
structure at room temperature“ appears to eliminate 
the possibility that the Jahn-Teller effect is responsible 
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magnitude of 


atomic 


for the distortions. So does the shift of the cations from 
the center of anion-interstice symmetry. 

The rutile-type phase of CrO» has strikingly different 
characteristics. Below 7 
with a chromium 
+0.03u 5.” 
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metallic-type conductivity (p~10-* ohm _ cm).® 
Although Cr- -Cr interactions would be present if the 
tog level remains degenerate, the Néel temperature of 
Cr,0; (Ty ~33°C) shows that they would be weaker 
than the ferromagnetic interactions responsible for 
T.=121°C. It follows that the ferromagnetism of 
low-temperature CrO, is due to cation-anion-cation 
interactions. But ferromagnetic coupling is inconsistent 
with antiferromagnetic cation- -cation interactions. 
This suggests that the degeneracy of the Cr* ion 
(m= 2) is removed by an ordering of the /., electrons 
that empties the orbitals parallel to the [001] axis 
(see Fig. 2). This would remove the competitive cation- 
-cation interactions so as to permit a 7, as high as 
121°C. Further, the asymmetric cation-anion inter- 
actions are characterized by overlap of half-filled 
cation orbitals on one side of the anion, empty orbitals 
on the other (see Fig. 2); and this asymmetry would 
resuit in ferromagnetic coupling.’ A careful x-ray study 
to determine whether the individual cation-occupied 
interstices are slightly distorted to tetragonal symmetry 
would provide an important experimenial check on 
this suggestion. The metallic-type conductivity below 
T.. may be due to two effects: (1) lack of stoichiometry ; 
and (2) a maximum in the resistivity at 7,. It is 
difficult to prepare stoichiometric CrOe, and a minimum 
electrical resistivity for cation-anion-cation interactions 
is expected with perfect ferromagnetic order.” 

To complete the discussion of the rutile-type phases 
containing transition elements with m <5, it is interest- 
ing to contrast the magnetic properties of MnF; and 
MnO>z. In MnF, (M** has 3d) the antiferromagnetic 
cation-anion-cation interactions are strong relative to 
the cation- -cation interactions since the e, orbitals 
are half-filled; in MnO, (Mn* has 3d*) the antiferro- 
magnetic cation-anion-cation interactions are relatively 
weak as the ¢, orbitals are empty (see Table I). 
This fact is also reflected in the respective lattice 
parameters 4.8734, 3.3103* and 4.44, 2.89." The greater 
ionic character of F- (smaller ¢ in Table I) plus the 
cation- -cation competition must suppress Jy in MnF>», 
and indeed Ty~84°K. In MnO, the cation-cation 
separation along a [001] axis is considerably smaller so 
that cation- -cation interactions are expected to be 
stronger and therefore to be comparable to the relatively 


5! G. H. Jonker (private communication). 

@R. R. Heikes, Phys. Rev. 99, 1232 (1955). 

% M. Griffel and J. W. Stout, J. Am. Chem. Soc. 72, 4351 (1950). 
% W. Zachariasen, Strukturbericht 1, 213 (1931). 
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Fic. 2. Proposed electronic-order configuration 
for ferromagnetic CrOg. 


weak cation-anion-cation interactions. An antiferro- 
magnetic (a~ 135°) cation-anion-cation interaction of 
comparable magnitude to the antiferromagnetic cation- 
-cation interactions can lead to a complicated 
compromise magnetic order. Experimentally MnF; has 
antiferromagnetic order between body-centered and 
corner Mn** ions® (as is predicted given stronger 
antiferromagnetic cation-anion-cation interactions®*) 
and has properties that are reasonably quantitatively 
interpretable from the straightforward molecular-field 
theory of antiferromagnetism. On the other hand, 
MnO, appears to have a screw-type order in which 
positive corner spins and negative body-centered spins 
are spiralled along the ¢ axis with a screw-structure 
pitch 3.5¢, corresponding to J2/J,:=1.60, where J; is 
the antiferromagnetic (cation- -cation) exchange inter- 
action along the c axis, J; is the antiferromagnetic 
(cation-anion-cation) exchange between corner and 
body-centered cations.** Further, Bizette’s®’ obser- 
vation of a resistivity maximum at Ty is attributed to 
effects similar to those referred to for CrO». A relatively 
low resistivity for MnO, is attributed to the presence 
of some Mn** ions: Bizette points out that it is ex- 
tremely difficult to obtain stoichiometric MnO>. 


D. NiAs-Type Compounds 


There are many compounds with NiAs-type structure 
that have a complex magnetic behavior. Many of these 
properties appear to be complicated by the existence 
of cation- -cation interactions. Discussion of this large 
class of compounds is deferred to a later publication. 


s§ RR. A. Erickson, Phys. Rev. 9, 779 (1953). 
% A. Yoshimori, J. Phys. Soc {apan 14, 807 (1959). 
7H. Bizette, J. phys. radium 12, 161 (1951), 
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Determination of the Surface Tension and Surface Migration Constants for Tungsten* 
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A determination of the surface tension and surface migration constants of metals in the solid phase, based 
on the use of pulsed field emission microscopy, is discussed. The experimental technique is described. An 
application to field emission cathodes of Herring’s theory of transport phenomena in solids is given, which 
yields the necessary relations required for the determination of the basic physical constants from the experi 
mental data. Results are presented and discussed for the case of tungsten. The method is applicable to a 
number of other metals, several of which are currently under investigation. 





I. INTRODUCTION 


RANSPORT phenomena are known to occur in 

heated solids. Several physical processes may be 
involved, such as volume diffusion, evaporation and 
condensation, or plastic flow; the dominant process is 
determined by the experimental conditions, particularly 
the temperature and the size of the object under study. 
The experimental determination of the physical con- 
stants associated with transport phenomena provides 
basic information concerning the solid state; studies 
concerning refractory metals have a practical signifi- 
cance related to their use as cathode materials. 

The evaporation of tungsten was studied some time 
ago by Zwikker.' More recently, tracer techniques have 
been used to investigate the volume self-diffusion of 
various metals, e.g., tantalum.? The surface migration of 
numerous combinations of impurities on base metals has 
been investigated with field emission microscopy.* 

Recently, an intermediate temperature has been used 
to maintain the electrical stability and longevity of 
pulsed field emitters‘; under such conditions, the tung- 
sten emitter may change its shape by a transport mech- 
anism which has been identified as surface migration.® 
The choice of operating conditions requires a knowledge 
of the diffusion constants and surface tension. Each of 
these constants may be determined with good accuracy 
through the measurement of the rate of change of 
cathode geometry. In an early experiment Miiller® ob- 
tained an indirect determination of the geometric 
change from the corresponding change in the field 
emission current-voltage relationship, and deduced 
values for the activation energy and the diffusivity con- 
stant; uncertainties were introduced in these measure- 
ments by the lack of a sensitive method for the direct 
measurement of small geometrical changes, and by the 


* This work was supported by the U. S. Navy, Office of Naval 
Research, and was reported, in part, at the 1955 and 1956 Field 
Emission Symposia 

1 C. Zwikker, Physica 5, 249 (1925) 

2D. B. Langmuir, Phys. Rev. 86, 642(A) (1952). 

*R. H. Good, Jr., and E. W. Miiller, in Handbuch der Physik, 
edited by S. Fliigge (Springer-Verlag, Berlin, 1956), Vol. XXI, 
pp. 176-231. 

*W. P. Dyke et al. (to be published). 

§ J. L. Boling and W. W. Dolan, J. Appl. Phys. 29, 556 (1958). 

6 FE. W. Miller, Z. Physik 126, 642 (1949). 
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inability to determine the emitter geometry accurately 
by direct observation. 

Pulsed T-F emission microscopy’ provides a con- 
siderably more sensitive method by which the rate of 
surface migration can be directly measured during the 
transport of a sufficiently small volume of material that 
the gross cathode geometry remains essentially un- 
changed. Other advantages of the method include a 
controlled and favorable cathode geometry, excellent 
depth resolution and high magnification, and continuous 
monitoring through the emission pattern of the surface 
under study. The present paper reports the use of this 
method to obtain improved values of the activation 
energy and diffusivity constant for tungsten, and also to 
determine the surface tension from the effect on the 
surface migration rate of an electrostatic surface stress ; 
similar measurements are in progress for tantalum and 
molybdenum. The method is generally applicable to all 
materials from which field emission can be obtained, 
i.e., metals and semiconductors, and its use is particu- 
larly convenient in the case of refractory metals. 


II. EXPERIMENTAL TECHNIQUE 


The object selected here for the study of surface 
migration of tungsten-on-tungsten is the single crystal 
tip of a needle shaped field emission cathode (“emitter’’). 
Such cathodes have an approximately spherical tip 
smoothly fitted to a conical shank; a typical emitter 
profile is shown in Fig. 1. Cathodes are sharpened by 
electropolishing and then smoothed and cleaned by 
controlled heating in vacuum; the heating time and 
temperature can be adjusted to provide any desired 
value of the tip radius, within the approximate range 
10-* to 10~ cm. The detailed shape of the cathode near 
the tip is obtained from electron microscope shadow- 


Fic. 1. Electron mi- 
croscope shadowgraphs 
of a typical field emitter. 
B shows emitter rotated 
90° from position of A. 


a 3 


™W. P. Dyke and J. P. Barbour, J 
*W. P. Dyke et al., J. Appl. Phys 
? 


Appl Phys 27, 356 (1956). 
24.570 (1953) 
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graphs,® and cathodes with symmetry of revolution are 
selected for the measurements. The surface curvature is 
maximum at the apex, and the very large curvature 
gradients near the emitter tip lead to high surface 
migration rates; since the cathode has symmetry of 
revolution the direction of the curvature gradient is 
known, and its magnitude may be measured on the 
cathode shadowgraph. When the cathode is heated 
transport phenomena are activated and in the absence 
of electric field material migrates from the emitter apex 
toward the shank; in the present work migration rates 
are determined from the corresponding changes in 
emitter length. 

The field emission cathode is mounted in a projection 
microscope, with the emitter tip at the center of a 
spherical bulb coated with an aluminum-backed phos- 
phor. Field emission occurs at the tip when sufficient 
voltage is applied to the phosphor screen, and the 
emitted electrons strike the screen, yielding an emission 
pattern characteristic of the crystallographic structure 
of the cathode material.’ Observation of this pattern 
gives a ready determination of the crystal orientation at 
the emitter tip; it permits elimination of cathodes 
having crystal boundaries near the tip, and it provides 
an estimate of the degree of purity of the surface under 
study. Emission patterns have been extensively used for 
the study of metal surfaces, and particularly for the 
study of the adsorption, migration and desorption of 
foreign adsorbates.on a pure meial substrate,’ when such 
adsorbates affect the work-function and therefore cause 
visible changes in the emission pattern ; however, simple 
observation of the pattern does not allow the quantita- 
tive study of self-diffusion processes. 

The usefulness of the field emission projection micro- 
scope in the study of transport phenomena is greatly 
enhanced by the use of pulse techniques.’ When the 
screen voltage is applied in short pulses, a suitable com- 
bination of pulse length and repetition rate (e.g., one- 
microsecond pulses applied at a rate of 30 pulses per 
second) provides visual continuity of the emission pat- 
tern while minimizing the disturbing effect on surface 
migration of the electric field at the emitter tip. It is 
then possible to draw large pulsed current densities and 
to obtain patterns in which the emission from lattice 
steps of atomic height (e.g., 2.23 A for the (110) crystal 
planes of a tungsten emitter surface) can be detected by 
a corresponding bright ring. As surface migration pro- 
ceeds, atoms migrate from the apex toward the emitter 
shank, and a repetitive process occurs in which the 
uppermost atom layer is dissolved and the corresponding 
ring shrinks and disappears. It has been shown that each 
collapsing ring corresponds to the removal of a single 
atom layer from the emitter tip.” Thus the change in 
emitter length which occurs during a given period of 
time can be determined with high accuracy by counting 
the number of rings which collapse during the same 


° E. W. Miller, Physik. Z. 37, 838 (1936). 
J. K. Trolan et al., Phys. Rev. 100, 1646 (1955). 
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Fic. 2. Experimental field emission projection tube used in 
surface migration experiments (schematic illustration). A: glass 
envelope; E. aluminum back willemite phosphor anode; C: field 
emission cathode; D: cathode supporting filament. The emitter 
temperature is controlled through the variable voltage V4; the 
steady-state bias field /’» is controlied through the variable voltage 
Vo; a pulser supplies the low duty cycle voltage V, required to 
produce a visible emission pattern on the anode screen. 


period. The rate of change in emitter length and the 
corresponding surface migration rates are thus accu- 
rately determined by measuring the “ring rate” over the 
period required for the dissolution of about 50 atom 
layers at the emitter tip; since the emitter radius is 
large compared with this change, the observation is 
made at essentially constant geometry. This contributes 
considerably to the accuracy of the experiment in view 
of the sensitive dependence of migration rate on emitter 
radius, as will be developed in the next section. Also a 
series of successive measurements, e.g., to determine the 
variation with temperature of the migration rate and 
the corresponding activation energy, may be performed 
with the same emitter, thus allowing greater accuracy 
by eliminating the effect of small errors in the determi- 
nation of emitter geometry. In this case the initial and 
final values of the emitter radius are obtained directly 
from electron microscope shadowgraphs of the emitter 
profile, and intermediate values corresponding to suc- 
cessive measurements are determined from the relation- 
ship between screen voltage and emitted current. 

Thus the use of pulsed field emission microscopy and 
the ring method allow a sensitive and accurate determi- 
nation of the geometrical changes resulting from trans- 
port phenomena, which can be applied to a quantitative 
study of self-diffusion processes in single crystals of pure 
metals. 

The experimental tube is shown in Fig. 2. A very high 
vacuum is desired in order to maintain a high degree of 
surface purity throughout the experiment. There are 
well-known methods for obtaining vacuums of the order 
of 10-" mm Hg in sealed off tubes, and the methods used 
herein have been described in an earlier paper." At such 
pressures the emitter surface is cleaned initially by a 
brief heat flash and remains clean for several hours 
during which data are obtained. Cathode temperatures 
were measured at the emitter shank (within 0.5 mm of 
the emitter tip) by a micro-optical pyrometer, and the 


4 W. P. Dyke and J. K. Trolan. Phvs. Rev. 89, 799 (1953). 
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true tip temperature was then obtained from the calcu- 
lated temperature drop along the shank. The calculated 
temperature correction is quite small. In order to check 
the accuracy of the calculation and the possible effect of 
thermomotive forces on the surface migration, one of the 
experimental tubes was built with an additional cylin- 
drical electrode surrounding the emitter and maintained 
at the cathode filament temperature. Good agreement 
was found between the data obtained with both types of 
tubes. 

While the electric field at the emitter tip was high 
during the pulse (e.g., 7 10’ v/cm), the ratio of field-on 
time to total time (duty cycle) was 3X10~, i.e., suffi- 
ciently small that the pulsed electrostatic forces had no 
appreciable effect on the migration rate. This was 
confirmed by the observation that an increase in duty 
cycle to 3X 10~ produced no detectable change in the 
ring rate. 


III. THEORY 


Herring” has applied the principles of thermody- 
namics to the theoretical study of transport phenomena 
and of the associated geometric changes in heated crys- 
tals of pure metals. The resulting general expressions 
have then been applied to the conditions prevailing in 
field emission experiments, to provide the basis for the 
interpretation in terms of physical constants of the ex- 
perimental measurements presented in the next section. 


A. General Expressions 


Starting from energy considerations, Herring has 
established the condition for the geometrical equilibrium 
of the solid-vacuum interface at the surface of an 
isothermal single crystal of arbitrary shape. The equi- 
librium condition is simply that the difference us of the 
chemical potentials for atoms and lattice vacancies, 
evaluated at some point M just beneath the surface, be 
independent of the position of point M. Herring has 
derived the following expression for wy *: 


1 1 1 dy 1 dy 
par pot Oe of )+ ——4+— — = 
R, R 2 R, on ” R, 0 n 2? 


where {p is the volume per atom in cm‘, y is the surface 
tension in dynes/cm, R; and R, are the principal radii 
of curvature of the metal surface just about the point 
M, mn, and mz are the surface directions associated with 
the principal radii of curvature, and P,, represents the 
normal component of any externally applied surface 
stress in dynes/cm*; ua is expressed in ergs/atom, and 
wo is an arbitrary constant which represents the value 
of » below a stress-free plane surface. 

Conversely, if war is not a constant everywhere below 


2 C, Herring, in Structure and Properties of Solid Surfaces, edited 
by R. Gomer and C. S. Smith (University of Chicago Press, 
Chicago, 1953). 

3 C, Herring, in The Physics of Powder Metallurgy, edited by W. 
E. Kingston (McGraw-Hill Book Company, New York, 1951). 
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the solid-vacuum interface the metal surface will alter 
its shape when heated, as a result of one or several atom 
transport processes such as volume diffusion or surface 
migration. Scaling laws, i.e., a comparison of the time 
durations required for the same relative geometrical 
change to take place in two geometrically similar aggre- 
gates, other parameters being equal, have been derived 
by Herring" for four possible processes. As was noted 
earlier, these laws have been used at this laboratory® to 
show experimentally that surface migration is the pre- 
dominant transport process near the tip of tungsten field 
emission cathodes, under the conditions prevailing in 
the experiments described below; this results from the 
unusually small size and therefore high surface-to- 
volume ratio of the field cathode tip, and it permits a 
direct study of surface migration processes which in 
other experiments are often masked by volume diffusion. 

In cases of small departures from equilibrium, the 
basic assumption is made that the rate of kinetic change 
of the surface is everywhere proportional to the gradient 
of the chemical potential, and Herring derives the basic 
expression for the flux of atoms J. (in atoms/cm sec) at 
any point M on the surface: 


Doe?! 
Ju Vu), (2) 
{kT 


where D, is the diffusivity constant in cm*/sec for sur- 
face migration, Q is the activation energy in calories per 
mole, T is the crystal temperature in degrees Kelvin, Ao 
is the surface area per atom and (Vy) y is the gradient at 
point M of the quantity uy given by Eq. (1). 


B. Application to Field Emission Cathodes 


The purpose of this section is to apply the general 
expressions to the case of field emitters, and more 
specifically to relate the time rate of change dz/dt of the 
emitter length to basic physical constants. As noted 
previously the geometry of the field cathode is such that 
surface migration predominates, other transport phe- 
nomena such as volume self-diffusion having only a 
negligible effect on the geometrical changes of the 
emitter for the range of temperatures investigated. 

The previous equations show that the chemical po- 
tential ws, and therefore also the migration rates, may 
be changed by application at the cathode surface of an 
external stress which varies with position. The experi- 
mental! arrangement used makes it possible to apply a 
known electrostatic stress, simply by application of a 
relatively small dc bias voltage at the phosphor screen; 
the larger field required for emission is then super- 
imposed in the form of low duty cycle pulses. 

Although in a strict sense some of the physical 
quantities appearing in Eqs. (1) and (2), such as Ao, Da, 
Q or ¥, are anisotropic because of the crystalline struc- 
ture of the emitter material, the effects of this anisotropy 


“ C. Herring, J. Appl. Phys. 21, 301 (1950) 
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for the metals considered here are relatively small except 
for a few specific orientations such as (110) and (211). 
Thus, in the present experiments where over-all migra- 
tion rates are measured for surface migration paths 
involving large distances and a great number of surface 
orientations, the second order derivatives of the surface 
tension may be neglected to a good approximation in 
expression (1) for the chemical potential; assuming an 
external stress due only to electrostatic forces one ob- 
tains the simpler expression for the surface migration 
current Jy at some point M on the emitter surface: 


Qo? Doe @ ®T = a 
Ju=—- ne val 7( 7 )- | (3) 
Ay kT R, R:/+ & 


where Jy denotes the volume of material, in cm*/cm sec, 
which flows per unit time across a line of unit length 
perpendicular to the direction of the migration at point 
M, and Vy represents the gradient of the quantity in 
brackets, evaluated at point M. This gradient, and 
therefore also Jy, are directed along meridian curves on 
the emitter surface since the emitter has symmetry of 
revolution. Equation (4) below is a convenient alternate 
form of Eq. (3), in which ¢ is the radius of curvature of 
the emitter at the apex, Fy is the applied electric field at 
the apex, as, and cy represent dimensionless coefficients 
which may depend only on the details of the emitter 
geometry and the particular point M considered. 


ye? Doe 9 *®T 1 1 rF? 
J u= — - , - ou( 1 ). (4) 
Ag kT r CM 167ry 


1. Migration in the Absence of Applied Electric Field: 
Thermal Etch 


In the absence of electric field forces the surface 
migration is controlled by the surface tension forces, and 
atoms migrate from the apex toward the shank of the 
emitter; this is readily understood since migration in 
that direction will reduce the surface energy. Figure 3 
illustrates the position of the emitter surface at two 
successive instants; as surface migration proceeds the 
emitter length decreases and the emitter radius in- 
creases. It is observed experimentally that the rate of 
change of emitter length dz/dt is much larger than the 
corresponding rate of change of emitter radius dr/dt, a 
result expected in view of the emitter geometry. Thus in 
first approximation the rate of flow of material do/dt 
across plane P perpendicular to the emitter axis, which 
by definition of Js, must be equal to 2rryJ, is also 
related to dz/di by the expression: 


(dV /dt) = ary? (dz/dt), (5) 


and the following expression is obtained for the rate at 
which the emitter recedes in the absence of applied 
electric field : 


() 
dt _ 
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Fic. 3. Successive positions © and @ of the field emitter surface. 


Thus a value of the activation energy for the surface 
migration of tungsten on its own lattice can be obtained 
from the measured temperature dependence of the 
emitter receding rate; the determination of Q does not 
require precise knowledge of the emitter geometry. 

In addition, graphical curvature measurements have 
been performed on the electron microscope shadow- 
graphs of several emitters. Within the accuracy of the 
measurements it is found that the quantity 2ay/ry is 
independent of the point M considered, at least up to 
§=90°, and shows only little variation from one emitter 
to another. Thus for the purpose of determining the 
diffusivity constant Doan average value 2au/74¢&1.25/r 
may be substituted in Eq. (6), yielding the final 
expression : 


(“) YQ? Doe 2 8T 1,25 


——— —, (7) 
dt A, kT # 


2. Migration in the Presence of Applied Field 


If a dc bias field is now applied at the emitter surface, 
the surface energy is reduced by an amount proportional 
to the square of the electric field. In view of the emitter 
geometry the field is maximum at the emitter apex and 
decreases toward the shank; therefore electrostatic 
forces will oppose the surface tension forces and will 
reduce the migration rate. This is in agreement with the 
basic Eq. (3), and a straightforward derivation leads to 
the expression for the emitter receding rate in the pres- 
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ence of a dc electric field having the value Fo at the 
emitter apex : 


dz 1 rFe\ fdz 
gare: 8 
dl Fo Co 16ry dl 0 
where co is the value of the coefficient cy at the apex. 
Thus the theory predicts that tl. emitter receding rate 
will decrease with dc applied fi. d, by a relative amount 
proportional to the square of the field but independent 
of the field polarity."* The field distribution at the 
emitter surface can be calculated by electrostatic 
theory® for a given emitter geometry, and an average 
value co=0.5 is then obtained by comparing the curva- 
ture and field gradients near the emitter apex. Thus the 
surface tension for the emitter material is obtained from 
the expression : 
y= 1rF 02/84 (9) 


in terms of the minimum field Fo; required at the 
emitter apex to reduce the receding rate to zero. A 
practical significance is that when a steady-state field of 
this magnitude is applied the emitter may be heated to 
maintain electrical stability while avoiding emitter 
dulling. 

If the dc applied field is further increased, electrostatic 
forces predominate over surface tension forces, the net 
surface migration currents are reversed and are now 
directed toward the emitter apex. According to Eq. (8) 
one might expect the emitter to extrude under such 
conditions; however, simple extrusion does not occur 
because of the difficulty of nucleating new atom layers 
in certain crystallographic directions, which prevents 
growth of the emitter in these directions. As a result, a 
more complicated process called “build-up” takes place, 
in which the initially rounded emitter gradually as- 
sumes a polyhedral shape. A discussion and experi- 
mental study of the build-up process is forthcoming in 
another paper'*; in this case the simple theory given in 
this section, which treats the emitter material as being 
isotropic, does not apply. 

16 Tt may be noted that Eq. (8) is not strictly correct, because 
application of an electric field at the emitter surface causes a 
change not only in the chemical potential « but also in the activa- 
tion energy Q for surface migration. The latter effect arises because 
the activation energy is a measure of the difference between the 
potential energies of the migrating atom at a stable site and at the 
saddle separating two stable sites, and the migrating atom experi- 
ences a different electric field at the stable and saddle positions. 
This effect was first pointed out by J. A. Becker [Bell System 
Tech. J. 30, 907 (1951)] and was studied in more detail by M 
Drechsler [Z. Elektrochem. 61, 48 (1957)]. This variation of Q 
with applied field does not change the field which reduces the 
emitter receding rate to zero, and it does not invalidate the Eq. (9) 
from which the surface tension is obtained; however it will cause 
a slight departure from linearity in the relationship between dz/dt 
and F*. Calculations of the field effect on activation energy by a 
method similar to that of Drechsler show that the maximum varia- 
tion from the zero field activation energy is less than 0.02 ev/atom 
or 0.6% for the fields of interest in the present work (F»< 10’ 
v/cm), and may therefore be neglected without significant error in 
the derivation of Eq. (8); this is further confirmed by the experi- 


mental results shown in Fig. 5. 
16 P. C, Bettler and F. M. Charbonnier (to be published). 
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IV. EXPERIMENTAL RESULTS AND DISCUSSION 


The receding rate of heated tungsten field emission 
cathodes has been measured as a function of tempera- 
ture and dc applied field. The axis of the emitters used 
in these experiments coincides with a (110) crystallo- 
graphic direction, and the emitter receding rate is de- 
termined from the rate at which bright emission rings 
collapse at the center of the emission pattern. As noted 
in Sec. II, the collapse of each ring corresponds to the 
dissolution by surface migration of one atom layer at the 
emitter apex; the corresponding reduction in length is 
(v2/2)X3.16=2.23 angstroms, since tungsten has a 
body-centered cubic structure with a lattice parameter 
of 3.16 A. 

Figure 4 shows a typical plot of the time separation 
between the collapse of successive rings. At time é the 
emitter temperature was reduced from 7; to a smaller 
value T2, with a corresponding increase in the time 
separation between rings. Apart from small statistical 
fluctuations due to the random nature of diffusion 
processes the ring rate (i.e., the reciprocal of the time 
interval separating the collapse of 2 successive rings) has 
a well-defined and reproducible steady-state value, for a 
given temperature T and dc bias field Fy at the emitter 
tip; this steady state value (corresponding for instance 
to the segments A B or CD of the curve ABCD shown in 
Fig. 4) is used, in conjunction with Eqs. (7) to (9), for 
the determination of the surface migration constants 
and the surface tension. In addition, a transient BC is 
observed following the time /) at which a change is made 
in either T or Fo. The transient has a duration Af which 
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Fic. 4, Typical plot of the time separation s between the collapse 
of successive rings. At time f the emitter tip temperature is re- 
duced from 7,=2750°K to 7;=2315°K. Disregarding statistical 
fluctuations in the individual counts, the time separation s follows 
the curve ABCD. 
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is too long to be explained by the thermal inertia of the 
emitter tip; the transient corresponds to a number of 
rings which depends on the magnitude of the tempera- 
ture or field change but is otherwise reproducible. These 
characteristics of the transient may be explained by 
noting that the detailed shape of the emitter surface 
depends on the relative values of the surface energy at 
different points; since the emitter material is slightly 
anisotropic, changes in temperature or surface field will 
modify the relative values of the surface energy and 
cause local rearrangements of the surface to adjust to a 
new equilibrium geometry. Such rearrangements are ex- 
pected to be small in terms of the overall emitter 
geometry, and have therefore been ignored in the 
derivation of the expressions (7) and (8) for the steady- 
state migration rates (this view is supported by the good 
agreement between the functional relationships pre- 
dicted by the theory and those measured experimentally, 
particularly with respect to the effect of a surface field 
on the steady state migration rate). On the other hand 
these temporary local rearrangements of the surface 
would be expected to affect the ring rate appreciably, 
because of their effect on the size of the small (110) 
plane facet at the emitter apex, and the transient ob- 
served in the ring rate is thought to arise from this effect. 

The dependence of the receding rate on the magnitude 
of the de applied field is shown in Fig. 5 for a typical 
emitter. The percentage of zero-field receding rate is 
plotted vs the square of the dc electric field at the 
emitter apex. The experimental points fall on a straight 
line, in agreement with Eq. (8) derived from the theory. 

Using r=5.5X10~* cm as obtained from electron 
microscope shadowgraphs of the emitter and the value 
Fo, = 1.08X 10’ v/cm determined by the intercept of the 
experimental line with the x axis, one may calculate y 
from Eq. (9). This procedure has been used with several 
emitters, and yields values of 7 in the range 2700 to 3100 
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Fic. 5. Dependence of the emitter receding rate on the magni- 
tude of the dc electric field applied at the emitter apex, for a fixed 
tip temperature (2030°K). O—Run 1: bias field gradually in- 
creased from zero to a maximum value slightly larger than Fo. 
@—Run 2: bias field gradually decreased from this maximum 
value down to zero. 
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Fic. 6. Natural logarithm of the surface migration coefficient D 
in cm?/sec, as a function of reciprocal temperature in °K, for 
several runs of a typical tungsten field emitter. The least squares 
line D = Doe~@** is used to determine the values of Do and Q. 


dynes per cm. Thus the value: 
= 2900 dynes/cm (10) 


is proposed for pure tungsten in the solid phase at 
2000°K ; the uncertainty on this determination of ¥ is 
estimated at +10%, and results mainly from possible 
errors in ro and F9; due to microscope calibration and to 
approximations in the calculation of Fo. Due to the 
crystalline structure of tungsten, the value of is ex- 
pected to vary with crystallographic orientation and to 
be lowest for the (110) plane in the present case of a 
body-centered cubic crystal; however both theoretical 
and experimental considerations indicate that the varia- 
tions with crystallographic direction of the surface ten- 
sion probably do not exceed 10% of the average value. 
It is of interest to compare our value of y with the value 
2300 dynes/cm recently obtained"’ by the conventional 
liquid drop technique for tungsten at 3380°K. The 
values obtained by the two methods appear to be in 
reasonably good agreement, in view of the expected de- 
crease of the surface tension with increasing temperature. 

The experimental dependence of the emitter receding 
rate on temperature is shown by Fig. 6, which corre- 
sponds to several successive runs of a typical emitter. 
The coordinates have been selected to permit the de- 
termination of the surface migration constants D»y and 
Q. For this purpose each data point (corresponding to a 
measurement of dz/d/ at a given temperature T) is con- 
verted to the corresponding value of D= Dee~@/®T by 
means of Eq. (7); the appropriate values of r and T are 
used for each experimental point, a value y= 2900 
dynes/cm is used, 29= 1.57 X 10-* cm*/atom is obtained 
from the lattice parameter, and an average value 
A o=10-" cm*/atom is used for the surface area per 
tungsten atom. A plot of InD vs 1/T shows the straight 
line expected from the theory; the slope of the experi- 
mental line yields the activation energy Q, and the 


7 A. Calverley, Proc. Phys. Soc. (London) B70, 1040 (1957). 
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intercept of the line with the y axis (1/7=0) yields the 
diffusivity constant Do. Such data has been obtained 
from several emitters, leading to the following values: 


Q=3.14+0.08 ev/atom, or 72 kcal/mole, 


Do=4 cm?/sec. 


(11) 


These values correspond to pure tungsten in the solid 
phase at an average temperature of 2000°K. The error 
shown for Q is simply the statistical probable error 
measuring the scatter in determinations of Q for various 
emitters. The value of Do is probably reliable within a 
factor 2, the main uncertainty in Dp resulting from the 
uncertainty in Q. 

The values obtained by the present technique for the 
physical constants Do, Q, and y are well defined and 
reproducible. However they require interpretation since 
the crystalline structure of tungsten leads one to expect 
a variation of its physical properties with crystallo- 
graphic direction. In the course of an experiment the 
overall recession of the emitter tip may exceed one 
thousand atom layers, and atoms removed from the 
apex of the rounded emitter must migrate over large 
distances and on surfaces corresponding to a variety of 
crystallographic orientations. The migration rate is a 
sensitive function of the activation energy and the rate 
of the overall process must therefore be controlled by 
that portion of the total surface migration path with the 
highest activation energy, at least for the condition of 
steady flow during which the emitter receding rate is 
measured. In body-centered cubic crystals directions of 
the [111] family and planes of the (110) family play a 
special role as they correspond to the densest packing of 
atoms. It follows that surface migration in the [111] 
direction corresponds to an exceptionally low activation 
energy and occurs most readily ; however this direction 
of migration is possible only on crystal planes such as 
(110) or (211) for which the sum of Miller indices is zero. 
In general migration must proceed in a general direction 
other than [111] or over surfaces which do not contain 
[111] directions, and a higher activation energy would 
be expected. 

Stranski and Suhrmann'*® have proposed a simple 
method for estimating the potential energy of surface 
atoms as a function of location: it is assumed that in 
first approximation the binding energy between two 
atoms is a function of their distance only, and is inde- 
pendent of the presence of other neighboring atoms. If 
¢: represents the binding energy between nearest neigh- 
bors (separated by r;=av3/2, where @ is the lattice 
parameter, for a body-centered cubic crystal), ¢2 repre- 
sents the binding energy between second nearest neigh- 
bors (r2=a), etc., Stranski and Suhrmann have found 
$20.5, and ¢3<0.05¢, for tungsten. Similar values 
have been obtained by Miiller® assuming a Van der 
Waals type of interaction obeying a (1/r*) law. The 


18 J, N. Stranski and R. Suhrmann, Ann. Physik 1, 153 (1947). 
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known heat of sublimation of tungsten (8.7 ev/atom at 
2000°K) may then be used to obtain ¢:21.6 ev. The 
surface migration of an atom occurs in a succession of 
individual steps, in each of which the atom leaves a 
stable site where its potential energy has a minimum E, 
and must go over a saddle where its potential energy is 
E, in order to reach the next stable site. The corre- 
sponding activation energy is simply 0=2(£,—E£,). 

This method has beer used to compare the activation 
energies over the various migration paths in the present 
experiments where tungsten atoms migrate from the 
apex toward the shank of a rounded field emitter with 
its axis parallel to the (110) direction, assuming ¢.<0.5¢, 
after Stranski and Suhrmann and ¢,=¢2(a/r,)* for 
n>2. It is found that the initial step in the over-all 
migration, in which an atom is removed from the edge 
of the uppermost (110) atom layer, corresponds to an 
activation energy Qo2¢:; the atom then migrates 
readily over the underlying (110) layer (with Q&¢1) 
until it becomes attached to the edge of this second 
layer. However, as the atom proceeds further away from 
the apex it must migrate over a large number of 
crystallographic plane facets, such as (100) and (211), 
for which the activation energy Q is of the order of 2.39; 
and therefore somewhat larger than Qo. Such regions 
determine the over-all migration rate and therefore the 
activation energy measured for the process, since ma- 
terial cannot accumulate anywhere under the condition 
of steady-state migration prevailing during the meas- 
urements. 

The measured activation energy 0=3.14+0.08 ev/ 
atom thus represents an effective activation energy for 
the surface migration of tungsten on its own lattice, 
which is applicable in the general case where the direc- 
tion of migration does not coincide with a [111] 
direction and where the crystal surface includes several 
crystallographic orientations; it also holds approxi- 
mately for surfaces consisting of a single plane with 
orientation other than (110). The measured activation 
energy is somewhat smaller than the calculated value 
QO=2.3¢:3.7 ev/atom. This discrepancy may be ex- 
plained by the fact that the calculated value corresponds 
to the case of an isolated atom migrating over the sur- 
face of an ideal crystal, whereas in the experimental case 
the migration is facilitated by the fact that a large 
number of atoms participate at a given time, and fur- 
thermore experimental evidence indicates that the ac- 
tivation energy for surface migration is reduced by 
the presence of crystal imperfections such as screw 
dislocations. 

Field emission techniques have been applied to the 
determination of the physical constants for surface 
migration. The same techniques may be used in the 
study of other transport phenomena such as volume 
self-diffusion, under experimental conditions where vol- 
ume diffusion predominates. The same general con- 
siderations apply, and an expression can be derived for 
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Fic. 7. Comparison of surface 
migration and volume diffusion 
rates, for tungsten field cathode. 
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the emitter receding rate due to volume self-diffusion : 


dz\’ Doe @'' FT 1.25 
dt kT ‘a 


(12) 


The relative magnitude of surface migration and 
volume diffusion may be estimated from the ratio x of 
the respective emitter receding rates, given by Eqs. (7) 
and (12): 


(dz/di)am. Qo Do 
2 —$— = — — oP -oar_. (13) 
(dz, ‘di)v.p. A 0 Dy! r 


where the primed quantities correspond to volume self- 
diffusion. It is seen that the relative importance of 
volume self-diffusion increases as the emitter tempera- 
ture or radius are increased, since the activation energy 
Q’ for volume diffusion is of course larger than Q. Using 
the approximate values Do’ = 11.5 cm?/sec and Q’ = 140 
kcal/mole=6.1 ev/atom obtained by Van Liempt” for 
the volume self-diffusion of tungsten, the curves of 
Fig. 7 are obtained for the ratio x of surface migration to 
volume diffusion rates. The shade area represents the 
range of values of r and T used in the present experi- 
ment; it falls as expected in the region where surface 
migration predominates. The study of volume diffusion 
by the present method would be difficult in the case of 
tungsten, as it would require both very large cathodes 
(with correspondingly high emission voltages) and very 


J. A. M. Van Liempt, Rec. trav. chim. 64, 239 (1945). 
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high surface temperatures, for which evaporation rates 
would become significant ; however the study of volume 
diffusion by field emission techniques would be possible 
for materials having a lower ratio of volume diffusion to 
surface migration activation energy. As noted previ- 
ously, the process which predominates under given con- 
ditions can be identified in a preliminary experiment by 
the use of Herring’s scaling laws. 


Vv. CONCLUSIONS 


The pulsed field emission projection microscope is an 
effective tool for the quantitative study of self-diffusion 
processes occurring in single crystals of pure metals. The 
method can be used for all materials from which field 
emission can be obtained, and it has the advantage of 
providing a well-known and controllable geometry as 
well as criteria for the evaluation of the degree of purity 
and the crystallographic orientation of the surface under 
study. Surface migration will usually be the dominant 
process under the experimental conditions most readily 
achieved. From the measurement of the receding rate of 
the field cathode, which can be obtained rapidly and 
accurately by the ring method, the surface tension y and 
the surface migration constants Q and Dg can be deter- 
mined with satisfactory accuracy. 
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An important unanswered question concerning the sidewise 
motion of 180° domain walls in single crystal BaTiO, is the 
mechanism by which the boundaries move. This paper considers 
two possible models. One model assumes that the wall motion 
results from the repeated nucleation of steps along existing parent 
180° domain walls anc that the nucleation rate is the controlling 
factor in the propagation of the wall. The second model investi- 
gated involves paired screw dislocations of opposite sense which 
propagate the wall in a manner analogous to certain types of 
crystal growth. 

Many features of the experimental data are consistent with the 
nucleation model. The nucleated steps are assumed to be triangular 
slabs along the wall and about one lattice constant thick. For a 
field of 300 v cm™, the critical nucleus is calculated to be 7X 10~* 
cm wide (along the electroded crystal surface) and 16 10~* cm 
high (along the ferroelectric axis). For limited ranges of field, the 
model gives a wall velocity dependence on field of » « exp(—é/E), 


INTRODUCTION 


HERE are considerable experimental data in the 

literature on the sidewise motion of 180° domain 
walls in single crystal BaTiO;; however, the measured 
characteristics of the wall motion have not been 
described in terms of a specific mechanism. The present 
paper discusses two possible mechanisms for the wall 
motion, one of which is shown to be compatible with 
many of the important features of the experimental 
data. 

Before discussing the two models, some of the 
important aspects of the data will be summarized. The 
wall velocity » as a function of the applied electric 
field E has been measured! over a velocity range of 
about eight decades, 10-7 cm sec to 10 cm sec~. The 
field dependence of the velocity over a range of several 
decades in velocity is described by 


v=, exp(—6/E), (1) 


with »,, and 4 field independent. However, »v,, and 6 are 
not constant over the entire range. In fact, —d Inv/ 
d(i1/E) increases slightly with field.' There is no 
evidence of a well defined coercive field, i.e., a field E, 
below which the wall will not move. Equation (1) has 
been found to apply for velocities as low as a few 
angstroms per second.? There is likewise no evidence 
that the wall velocity depends on the size of the 
domains. The data include domains whose widths vary 
from about 5X 10~ cm to 10-* cm.'# Data of a prelimin- 
ary nature show that the wall velocity for a given 
field depends to some extent on the impurity content 
of the crystal.’ Limited data! indicate that the tempera- 


C. Miller and A. Savage, Phys. Rev. 115, 1176 (1959). 
. Miller and A. Savage (unpublished). 
. Miller and A. Savage, Phys. Rev. 112, 755 (1958). 
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which agrees with experiment. The magnitude of the calculated 
activation field 5 agrees with experiment if the energy of the 
additional wall consequent on a nucleation is set equal to 0.4 ergs 
cm. The calculated temperature dependence of 8 is through 
PT," and is in fair quantitative agreement with experiment. 
The approximately square domains observed in the low field 
region are consistent with the model, and the change in shape of 
the domains observed at higher fields can likewise be explained 
if slightly different wall energies are assumed for the edges of the 
nucleated steps on the two different types of 180° domain walls. 

The screw dislocation model does not predict a wall velocity 
va« exp(—é/£) in a straightforward way. It is only with certain 
unrealistic restrictions on the dislocation density or the wall 
mobility that this model will give the correct form of ». However, 
it is suggested that this mechanism may contribute to the wall 
motion with fields of a few thousand volts per centimeter or higher. 


ture variation of the activation field 6 is 1% °C in 
the neighborhood of room temperature. 

It has been found that there are at least two types 
of 180° domain boundaries which move under the 
influence of an applied field.' The intersections of these 
boundaries with the crystal surface are either parallel 
or at 45° to the crystalline a axes. The relative ease 
with which the two types of boundaries move is field 
dependent. The published quantative data'* on the 
field dependence of the wall velocity pertain to the 
walls which are at 45° to the @ axes. Lastly, under 
certain conditions, the 180° domain walls do not 
appear to be parallel to the ferroelectric axis of the 
crystal.~7 A complete theory should, of course, be 
capable of explaining in a convincing way the body of 
experimental facts mentioned above. Unfortunately, 
a theory encompassing all the data has not been found; 
however, one of the two models proposed in this paper 
is consistent with much of the data. 

It is generally agreed that the 180° domain wall 
does not move sidewise in a continuous manner as a 
unit parallel to itself on an atomic scale. This type of 
motion is excluded on the basis of energy considerations 
which arise out of the high value of the estimated wall 
energy, 1-10 ergs cm™, and the estimated one to a few 
lattice constants thickness of the wall.*-** Nakamura” 
has suggested that screw dislocations may permit 
sidewise 180° wall motion to take place with applied 


*W. J. Merz, Phys. Rev. 95, 690 (1954). 

SE. A. Little, Phys. Rev. 98, 978 (1955). 

*D. P. Cameron, IBM J. Research Develop. 1, 2 (1957). 

7R. C. Miller, Phys. Rev. 111, 736 (1958). 

*W. Kanase and H. Takahasi, J. Phys. Soc. Japan 12, 464 
(1957). 

*V. A. Zhirnov, J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 1175 
(1958) (translation: Soviet Phys. JETP 35, 822 (1959) ]. 

” T. Nakamura, J. Phys. Soc. Japan 9, 425 (1954). 
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MOTION OF 180° 
fields of the magnitude of those employed in recent 
experiments.' It will be shown that over the measured 
field range screw dislocations probably do not play an 
important role, if any at all, in the sidewise motion of 
the domain walls. 

It has been pointed out that the wall may move 
through a nucleation type mechanism™” and that 
nucleation may be more favorable adjacent to an 
existing 180° domain wall over points in the crystal 
remote to the wall.” The emphasis of the present paper 
is on a nucleation model for the wall motion, a model 
which will be shown to be consistent with a number of 
the salient features of the experimental data given 
earlier. The initial considerations which led to this 
model were put forth by Anderson in 1953." 

In a recent paper“ Abe has considered the growth 
of 180° domains in BaTiO;. The analysis includes some 
features which are somewhat similar to those described 
in the present text. Abe assumes that the depolarizatioa 
energy can be neglected in the solution of the problem; 
however Abe does not justify this assumption with 
rigorous considerations. In the present treatment, the 
depolarization energy is not neglected and it is found 
that the depolarization energy does indeed affect the 
form of the solution of the problem. 


NUCLEATION MODEL 


Several investigators‘: have shown that the electric 
field dependence of the probability for the nucleation 
of reversed domains can be of the form exp(—const/£). 
This field dependence is of the same form as that found 
for the sidewise wall motion where »« exp(—const/£) 
and therefore suggests that a nucleation mechanism 
may control the wall motion, i.e., nucleations occur 
along a 180° domain boundary and serve to propagate 
the boundary in a sidewise direction. In the following 
analysis, it is assumed that the wall moves through a 
nucleation mechanism and that the rate controlling 
process is the nucleation of steps along a wall, and not 
the subsequent growth of the nucleated steps. 

The energy change consequent on the formation of a 
nucleus of volume V and domain wall area A can be 
written as 


AU =—2P,EV+o,AtV a, (2) 


in which o, is the wall energy per unit area, P, the 
spontaneous polarization and U, the depolarizing 
energy. The theory of the nucleation of reversed 
domains in BaTiO; at points remote to existing domain 
walls gives very large energies for the critical nucleus.” 
The energies estimated are of the order of 10°&7. 
Therefore one seeks nuclear shapes and situations which 
appear to be capable of giving much smaller energies 


uP. W. Anderson (private communication). 

2 R. Landauer, J. Appl. Phys. 28, 227 (1957). 
3G. H. Wannier (private communication). 

4 R. Abe, J. Phys. Soc. Japan 14, 633 (1959). 

6 A. G. Chynoweth, Phys. Rev. 110, 1316 (1958). 


DOMAIN WALLS 


IN BaTiO, 








Fic. i. Schematic drawing of a triangular step on a 180° 
domain wall. The applied electric field is parallel to the sponta- 
neous polarization on the left side of the figure. 


for the critical nucleus. Consider the nucleation of 
steps on a 180° domain wall. The additional domain 
wall consequent on the nucleation of steps of certain 
shapes may be made quite small. It will be shown that 
nucleations of this sort can lead to energies which are 
many orders of magnitude less than 10®*T and which 
are consistent with a thermal activation process for the 
formation of the critical nucleus. 

It is assumed that the plane of the 180° domain wall 
is parallel to the ferroelectric axis of the crystal and 
that the steps are triangular in shape as shown in 
Fig. 1. Other shapes investigated by the authors, e.g., 
semicircular and square, were less successful than the 
one shown in Fig. 1. The dimensions of the step will be 
determined by a balance between the energy terms 
given in Eq. (2). The only additional domain walls 


_ which must be created during the nucleation event are 


the two edges, each of area c(P+-a*)'. For ease of 
calculation, the crystal thickness d is taken to be much 
larger than the height / of the nucleus. It will be shown 
that this condition is easily satisfied. The assumption is 
also made that the 180° domain wail is very thin, an 
assumption which is in agreement with all the theoreti- 
cal estimates**” of the wall thickness. 

The shape of the nucleus shown in Fig. 1 is not one 
of the family of general ellipsoids so that the calculation 
of the depolarizing energy term in Eq. (2) cannot be 
carried out in the usual manner in which a depolarizing 
factor is used. Furthermore, the dimension c¢ will 
eventually be taken to be about one lattice constant so 
that an approximation of the nucleus by one of the 
general ellipsoids is not justified. The depolarizing 
energy has been calculated using a method suggested 


by Anderson,” 
Pip2 
ua f f —drjdr. (3) 
12 


In this expression p; and p, are charge densities in 
volumes dr; and dr_ separated by a distance rj. The 
dielectric constant of the medium is «. In the present 
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case, the only uncompensated charge will be that 
arising from the finite divergence of the spontaneous 
polarization on the two edges of the nucleus. Since these 
walls are assumed to be very thin and narrow, p; and p2 
will be replaced by a linear charge density 2P,c sin 
where 28 is the apex angle of the nucleus. The dielectric 
constant in ferroelectric BaTiO, is anisotropic so that in 
order to carry out the calculation indicated in Eq. (3), 
it is necessary to make a transformation” which changes 
the ratio of the z to the x and y dimensions by a factor of 
(€a/€-)4. The quantities z and ¢, refer to the dimensions 
and dielectric constant, respectively, along the ferro- 
electric axis, while x, y, and ¢, refer to the @ axes which 
are normal to the ferroelectric axis. After the trans- 
formation has been made, the medium can be treated 
as isotropic. U’, is found to be 


Ua=8P/? . (4) 


The lattice constant b comes into the expression as the 
lower limit of r;2. The portion of Eq. (4) which involves 
In2 arises from the interaction between charges on the 
two opposite sides, while the remaining part, In(a/ed), 
is twice the interaction of the charges along one side. 
The total energy change consequent on a nucleation 
along the wall, given by Eq. (2), can now be written as 


AU = —2P,Ealc+26,c(a@+P)! 
+8P2(ca?/eqgl) In(2a/eb). (5) 


The dimensions a* and /* of the critical nucleus as well 
as the activation energy AU* are determined by the 
conditions 


dAU/da=0 and dAU/dl=0. (6) 
The width of the step c¢ is taken to be as small as 
possible, one lattice constant, so that the minimum 
activation energy determined. The small 
variation of AU with a through Ina will be ignored. 
For ease of presentation, it is convenient to rewrite 
Uz in the form 


can be 


Ua=20,ba’/I, (7) 

where 
op= (4P7b/e€q) In(2a/eb). (8) 
The conditions given in Eq. (6) applied to Eq. (5) yield 


Tw (Fwt+2e,) 
(9) 


PLE (ou+3o5) 


o..! (o,, +20») 
(10) 

} \o +30» ; 
In the calculation, a?/2? and higher order terms have 
been neglected compared to unity. It will be shown 


that this is a good approximation. Then AU* can be 


AND G. 


WEINREICH 


1h o j 
PI Cot+3e 


p 


written 


AU* (11) 


Anticipating a little, it will turn out that ¢,>¢c, so 
that Eqs. (9), (10), and (11) can be approximated by 


a*=3(o,,/P,E), 
I* ig ,4/V3P.E, 


(12) 
(13) 


and 


AU* 8b/3v3 Tp Ow! PE. (14) 


The rate of nucleation is proportional to exp(—AU*/ 
kT) so that if the sidewise wall motion is controlled by 
nucleations of this sort and if the number of nucleations 
per unit length of wall is not field dependent, the wall 
velocity can be expressed by 


¢ exp(—AU*/kT), 


8b gpa i 
1 -exp( ) 
3V3 PERT 


Equation (16) is appealing since it is consistent with 
some of the experimental data. For limited ranges of 
E, i.e., several decades in velocity, Eq. (16) predicts a 
wall velocity which should vary with E as exp(—const/ 
E). The small variation of ¢, with E through Ina* 
will result in a theoretical activation field, 


d Int 1 dAU* 

~ ; (17) 
d(i/E) kT d(i/E) 

which decreases slightly with increasing field. However, 
nucleation steps of nb, n>1, become more probable as 
the field increases so that one might expect that this 
effect tends to increase 5, with field. It will be shown that 
in the measured field range steps with m>1 are unlikeiy 
and therefore probably do not contribute to the wall 
motion. The data! show that —d Inv/d(1/£) increases 
by about 30% as the field from several 
hundred volts per centimeter to about 1500 v cm™. 
In any case, for limited ranges of electric field, the 
field dependence of the velocity given by Eq. (16) is in 
agreement with the data. 

One would not expect a well-defined coercive field 
with a nucleation mechanism for the wall motion. 
This is in agreement with experiment. 

Equation (16) also explains the shapes of the single 
domains observed in the low field region. It has been 
found that the 180° domain walls can move in a 
direction parallel to the a axes more easily than in any 
other direction.’ In the low field region where 6,/E is 
large, motion of the wall in the direction in which 6, 
is a minimum should be highly favored. This direction 
is parallel to the @ axes where the minimum step is 3, 
one lattice The activation energy for a 
minimum step, for example, in a direction 45° to the 


increases 


constant. 
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a axes is 2! as large as the activation energy for a 
minimum step parallel to the a axes. 

The experimental data on the temperature depend- 
ence of the wall velocity which cover a range of 12°C 
give a change of 1% in 6 per degree centigrade.' Several 
theoretical investigations’* have concluded that the 
180° domain wall energy varies as P,?. Therefore, if it 
is assumed that the temperature dependence of the 
wall energy is through a dependence of ¢, on P,?, then 
6 will vary with temperature as P7~'e,~4. With the 
data for P, and €, as a function of temperature given 
by Merz,'*:"? (d/dT)(P2Te,-) results in a change of 
5, equal to 0.6% °C. Thus, there is fair agreement 
between the temperature dependence of the experi- 
mental and theoretical values of 6. 

So far no mention has been made of the magnitude of 
51, Tp, Tw, etc. If the model is correct, the magnitude of 
6, should, of course, be equal to the experimental value. 
One difficulty in estimating 6, is the value to use for 
the wall energy oa». Theoretical values of the 180° 
domain wall energy range from about 1 to 10 ergs 
cm~ and pertain to large area walls which are in the 
plane of the ferroelectric axis.‘-** In the present case, 
the wall is very small in area (only one lattice constant 
wide) and the wall is not in the plane of the ferroelectric 
axis. Therefore, there is no assurance that the theoretical 
estimates of the wall energy are relevant to the walls 
under consideration here; however, one would guess 
that the order of magnitude was correct. The approach 
which has been taken is to equate the experimental 
and theoretical values of 6 and solve for the wall energy. 
The experimental values of 6 apply to the walls which 
are at 45° to the a@ axes so that the minimum nucleation 
step is not one lattice constant 5, but bv2. Therefore, 
the 6 which appears in Eqs. (8) and (16) should be 
replaced with 5v2. The experimental value of 6 will 
be taken as 4000 v cm™ (13.3 esu) which is the figure 
obtained from measurements in the low field region on 
thick crystals where surface layer effects should be 
minimized.? The equation 

a*v2\! 
In— ) 
€0 


16 2: 5 Tw! 
6= 13.3 =6,= “( 
1 
x(1+ —-— ) (18) 
2 In(a*v2/eb) 


3 v3 kT 4 
with a* given by Eq. (12) is then solved for o,. The 
appropriate dielectric constant ¢, is the clamped 
crystal value, 2000." The lattice constant } is 4A. 
For an applied field of 300 v cm™, one finds ¢,,=0.42 
ergs cm™ which is as expected with in an order of magni- 
tude of the theoretical estimates. Other relevant 
quantities are a*= 3.6 10~* cm, /*= 16 10~* cm and 
o,=2.7 ergs cm~. The ratio of the wall energy term in 


16 W. J. Merz, Phys. Rev. 91, 512 (1953). 
17 W. J. Merz, Phys. Rev. 76, 1221 (1949). 
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Eq. (2) to the depolarizing energy term is 3. The total 
energy AU* is 5X10-" ergs, or about 12 kT. The 
assumption made earlier that /*/d<1 is a good approxi- 
mation as d is of the order of 10-* cm. Also, $(a*//*)* 
is smail compared to unity as assumed earlier in 
determining AU*. 

The possibility of steps nb with m>1 was suggested 
as an explanation for the increase of —d Inv/d(1/E) 
with field. From Eqs. (8) and (14) it follows that for 
small n 

AU,*=n'AU;*, (19) 
where AU’;* is the activation energy for the minimum 
step and AU’,* the value of AU’* for a step m times the 
minimum. With steps of nb, the wall velocity becomes 


»=constLexp(— AU */kT) + 2exp(—244U1*/kT) 


+3 exp(—3!AU\*/kT)+---]. (20) 
Even with the largest field for which data are available, 
about 5 esu, the second term is only 7% of the first one. 
Thus, in the measured field range steps greater than 
the minimum probably do not occur with sufficient 
frequency to have much effect on the wall motion. 
Therefore, the theoretical value of 6 is described by 
Eq. (18) which predicts a decrease of 5, with field of 
about 20% as E goes 1 to 5 esu. The small increase of 
the experimental value of 6 with field remains unex- 
plained by the model. 

With applied fields of about 1000 v cm, octagonal 
shaped domains have geen observed.' Thus, in this 
field region, the walls which are parallel to the @ axes 
and those which are at 45° to the a axes move with the 
same velocity. This means 

v2 exp(—AU 45*/kT) =exp(—AUo*/kT), (21) 
with 
E= 1000 v cm“. 


Equation (21) requires that the wall energy be slightly 
different for nucleations on the two types of 180° 
domain walls. The wall energy for nucleations on the 
wall which is parallel to the a axes must be about 30% 
larger (o¢,.=0.56 ergs cm™*) than the o, calculated 
earlier. 

What can be said regarding the subsequent growth 
of the activated nucleus? The ratio of l/a, which is 
about 4 for the critical nucleus, in most cases cannot 
possibly remain constant as the step attains its final 
size. The final value of @ cannot be greater than the 
width of the parent domain which can, of course, be 
several orders of magnitude less than the crystal 
thickness. Since the data show that the wall velocity 
does not depend on the size of the parent domain, it 
seems likely that the final value of a is the same for all 
domains, therefore less than the smallest ones measured, 
several microns in diameter. On the other hand, / most 
likely approaches d as the step grows. In addition, there 
are theoretical considerations which also indicate that 
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Fic. 2. Step in a 180° 
domain wal! which occurs when 
*the wall is pierced by a screw 
dislocation normal to the wall. 





the width @ should not remain constant as /—>+ d. The 
depolarizing energy can decrease, and therefore tend to 
increase the value of a beyond a*, as the nucleus ap- 
proaches the opposite side of the crystal for at least 
two reasons. First, the interaction of the polarization 
charge on the sides of the nucleus with the opposite 
electrode will reduce the depolarizing energy; and 
secondly, as the nucleus grows, the polarization charge 
in the side walls may be partially compensated by free 
charge within the crystal. Another important point is 
that sidewise motion of a wall moving in a continuous 
manner parallel to itself is considered to be very 
unlikely. Therefore, the activated nucleus would prefer 
to grow in such a way that the amount of sidewise 
motion of the edges was kept small. This would favor 
a final value of a not much larger than a*. The edges of 
the full grown nucleus are probably parallel, or nearly 
parallel, to the ferroelectric axis since there is less 
energy associated with a wall which has no polarization 
charge on it, i.e., parallel to the ferroelectric axis, than 
a wall which is slanted with respect to the ferroelectric 
axis. For the reasons given above, it therefore seems 
likely that the final shape of the grown nucleus is 
that of a thin narrow slab, one lattice constant thick, 
d in length and something larger than a* in width. 

The nucleation model described above explains 
many aspects of data ; however, the model is not entirely 
satisfactory. Some of the data have not been explained 
and in addition, several assumptions of uncertain 
validity have been made, e.g., the large area domain 
wall is a plane parallel to the ferroelectric axis and the 
fields given in the data (the applied voltage divided by 
the crystal thickness) are the local fields in the region 
where nucleations are thought to occur. The dislocation 
model described’ below has also been investigated in 
some detail since it provides another mechanism for 
sidewise wall motion with small applied fields. 


DISLOCATION MODEL 


In the following analysis the crystal will be treated 
as an isotropic medium, and the depolarizing energy 
will be ignored. These two approximations permit a 


WEINREICH 


brief presentation and do not significantly affect the 
qualitative conclusions presented. 

It was suggested by Nakamura” that the presence 
of a screw dislocation could materially affect the motion 
of the domain wall. The reason is basically that if the 
wall is pierced by a dislocation whose Burgers vector has 
a component perpendicular to the wall, it becomes 
impossible for the wall to be flat. As shown in Fig. 2, 
there must exist a step in the wall which extends outward 
from the dislocation. motion can then be 
accomplished by merely “screwing’’ the step around the 
dislocation in the appropriate sense, and one might 
expect an activation energy for this process considerably 
below that required for the bodily motion of the wall. 

Now it is to consider the 
presence of but one dislocation; but it is necessary to 


Sidewise 


not, of course, realistic 


consider only those dislocations whose direction and 


Burgers vector both 
the wall (thus pure edge dislocations perpendicular to 


have a component perpendicular to 


the wall are ruled out). Let there be 28 such dislocations 
per unit area of the wall, of which half are right-handed 
screws and half left-handed. Each one of these is then a 
terminal point of a wall step of the type shown in 
Fig. 2; but these steps, instead of running out indef- 
initely, now end on another dislocation of opposite 
sense. 

In the discussion which follows, it will be important 
to know the distribution in length of the steps. Note 
that the energy of a step of length / is ob/, and that two 
different types of distributions are possible. If the 


temperature or the dislocation density is low, each 


step will proceed to the nearest opposite dislocation 


available, with (/)4~8~*; whereas at high temperatures 
or densities the average / will be thermally determined, 
with (l)mw~kT/ob. 

Consider now Fig. 3, which shows what will happen 
to a wall step connecting two dislocations when an 
electric field is applied. In this case the straight line is 
no longer the equilibrium curve for the step. For the 
isotropic case it is easily to show that if the depolarizing 
energy is ignored, the step will be a circular arc whose 
radius of curvature is given by 


R=a/2EP,, (22) 


Fic. 3. Effect of an electric field on the shape of the step 
produced in a 180° domain wall by paired screw dislocations of 
opposite sense. The 180° domain-boundary is in the plane of the 
figure. For R > |, there are in general two circular arcs which con 
nect the ends of the step. The smaller one gives a stable configur 
ation, while the larger one is unstable and expands out 
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with the direction of bowing determined so as to increase 
the volume of energetically favored polarization. As 
Fig. 3 indicates, there are in general two possible arcs 
of given curvature connecting two points; it turns out 
that of these the shorter one is stable, whereas the 
longer one is unstable. In other words, once the larger 
arc is reached, it becomes energetically favorable for 
it to expand without limit. 

Now it is an important feature of this configuration 
that if R<I the construction of Fig. 3 is impossible; 
that is, a step of length 2/ possesses no stable form if 


E>«/2P,l. (23) 


Instead, the wall will expand in the sequence of Fig. 4, 
continually sending out “ripples” which give rise to a 
continuous advance of domain wall into or out of the 
plane of the drawing. This mechanism bears an obvious 
similarity to some processes of crystal growth and of 
mechanical yield.'* 

Consider the consequences of such a mechanism. 
Assume first that 

B-tcb>>kT, 

so that each wall step goes from its initial dislocation 
to the nearest available dislocation of opposite sense. 
If these are randomly distributed, the probability p(/)dl 
of a step having a half-length between / and /+-dl is 
given by 


(24) 


(25) 


p(l)dl= —d[exp(—4x6P)]. 


Therefore the fraction f{(£) of “active” sources, that 
is, of steps whose length is greater than the critical 
value given by Eq. (23) is 


f(E)= -f dlexp(—4x6P) ] 
l=o/2EP, 


=exp(—2fo7/E*P,’). (26) 

Now this f(£) may be taken as the approximate 
form of the dependence of wall velocity on applied field 
for the present mechanism. Since the experiments 
reveal a dependence whose exponent contains E~ 


hehded 


(8) (b) 


Fic. 4. Motion of the step in a 180° domain wall when the 
applied field is sufficiently large so that the step possesses no 
stable form. This mechanism serves to propagate the wall into 
or out of the plane of the figure. 


18 See, for example, W. T. Read, Jr., Dislocations in Crystals 
(McGraw-Hill Book Company, Inc., New York, 1953). 
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rather than E~*, one must choose among the following 
three conclusions. 

(I) The distribution of dislocations is not random, 
but such that the integration in Eq (26) yields an 
exp(—6/E) law. 

(If) The concentration of dislocations is so low that, 
even at the lowest experimental fields, all the sources 
are active; so that the rate-limiting process in the wall 
motion is actually in the spreading of the “ripples.” 

(III) The concentration of dislocations is so high 
that, even at the highest experimental fields, virtually 
none of the sources are active, and wall motion occurs 
by some other process. 

Regarding conclusion I, an EZ exponent can be 
obtained if one assumes a preference of dislocations of 
opposite sense to be close together. In particular, it is 
required that given a dislocation piercing the wall, the 
probability per unit wall area of finding a dislocation of 
opposite sense be inversely proportional to the distance 
between the two. Such a distribution, if it existed, would 
have to arise during the original process of crystal 
growth. Although it is true that dislocations of opposite 
sense attract each other, there appears to be no plausible 
reason for assuming that a very exact inverse distance 
distribution results. 

Regarding conclusion II, the experimental measure- 
ments? go down to about 100 v cm™ so that according 
to Eq. (23) the average distance between dislocations 
would have to be well above 4 10~* cm. This would be 
somewhat surprising in a crystal grown under such 
drastic nonequilibrium conditions. In any case, one 
would expect the “ripples” to move out according to a 
mobility-type law rather than an exponential of inverse 
field. 

Accordingly, conclusion III is left as the most 
plausible one. With fields of a few thousand volts per 
centimeter, Eq. (25) requires an average distance 
between dislocations less than about 10~* cm. It should 
be noted that this is approximately the length of step 
that would be thermally excited near room temperature, 
so that regardless of the density of dislocations, some 
active sources should appear at a few thousand volts 
cm~. This may possibly explain the slight wall velocity 
increase over the ordinary exponential law which has 
been observed at higher fields. 

It remains to consider the possibility that, even 
though few or no “active” sources exist, the “passive” 
ones might occasionally be thermally excited to the 
unstable position of Fig. 3 and thus act as nucleation 
centers. Now it is easy to see that at the lower experi- 
mental fields such a process is not likely to contribute 
appreciably to the wall motion. The reason is that if the 
wall energy in the step is very small compared to the 
activation energy required to reach the unstable state, 
the step has no particular advantage as a nucleation 
center over other points of the crystal. At very high 
fields, on the other hand, such an activated process may 
begin to contribute, thus providing a continuous 
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transition with increasing field to the mechanism of 
the previous paragraph. 


SUMMARY 


Two mechanisms have been investigated to explain 
the experimental data on the sidewise motion of 180° 
domain walls in single crystal BaTiO;. A nucleation 
model which assumes that the wall motion is controlled 
by the nucleation of triangular steps along existing 
180° walls satisfactorily explains much of the data. 
Over limited field ranges, the model predicts a wall 
velocity v«exp—6/E, as observed. The theoretical 
and experimental values of 6 agree if the wall energy 
o» is set equal to 0.4 ergs cm™, a value in order of 
magnitude agreement with theoretical estimates of the 
wall energy. The shapes of the domains observed in the 
low field region are in agreement with the model. 
Furthermore, provided that slightly different wall 
energies are assumed for nucleations on parent walls 
parallel and at 45° to the crystalline a axes, the model 
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accounts for the change in domain shapes observed with 
field in the neighborhood of 1000 v cm. The measured 
temperature dependence of the wall velocity is in fair 
agreement with the nucleation mode! which gives a 
variation of the activation field 6 with temperature 
through P,?7-"e,-}. 

A screw dislocation mechanism has also been dis- 
cussed. If it is assumed that the screw dislocations of 
both senses are randomly distributed in the crystal, and 
that they are not too close together, then the expected 
form of the wall velocity is »< exp(—const/E*) which is 
not in agreement with experiment. The possibility that 
screw dislocation sources may become active at higher 
fields is suggested. Such a process may account for the 
-d \nv/d(1/E) with field. 


observed small increase in 
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Extension of the Madelung Method for the Evaluation of Lattice Sums 


F. G. Fumi anv M. P. Tost 
Istituto di Fisica Teorica, Universita di Pavia, Pavia, Italy 
(Received August 20, 1959) 


The Madelung formulas for the electrostatic potential of a linear or planar Bravais lattice of ions, 
neutralized by a uniform distribution of charge, are extended to the lattice sums over a linear or planar 


Bravais lattice involving two-body interactions of the type R™ (R, interatomic 
at points outside the lattice. The application of these generalized Madelung formulas ir 
the specific face energy for neutral planes of an ionic solid of composition MX is briefly 


1. INTRODUCTION 


WELL-KNOWN method for the evaluation of 

electrostatic lattice potentials is the so-called 
Madelung method.’ In essence, the method involves the 
expansion of the electrostatic potential of a Bravais 
lattice of point charges, neutralized by a uniform 
distribution of charge, into a Fourier series of complex 
exponentials with the required periodicity. The series 
that one obtains do not converge rapidly inside the 
lattice itself, and thus the relevant results of the method 
are the formulas for the electrostatic potential generated 
by a neutralized linear or planar Bravais lattice in its 
surroundings. We will show that these formulas can be 
easily extended to the case of lattice sums over a linear 
or planar Bravais lattice involving interactions between 
pairs of atoms which decrease with some power of 
the distance, such as the van der Waals interactions, 
evaluated at points outside the lattice. In effect the 


1 See, e.g., M. Born, Alomtheorie des festen Zustandes (B. G. 
Teubner, Leipzig, 1923), Sec. 37 and G. Leibfried, Handbuch der 
Physik (Springer-Verlag, Berlin, 1955), Vol. VII/1, p. 104, Sec. 26. 


istance; n >0), evaluated 


the evaluation of 


ais ussed 


formulas given by Hove and Krumhans' for interaction 
energies of this type between a semi-infinite cubic or 
square lattice of atoms and an atom outside it, as well 
as the expressions given by Benson and his co-workers*® 
for various lattice sums of interest in the theory of the 
surface energy of ionic crystals, can be regarded as par- 
ticular applications of the generalized Madelung method. 


2. LINEAR BRAVAIS LATTICE 


We consider a linear Bravais lattice of period a 


along the x axis with lattice points in the positions 
x,= la (i, integer) and a point (x,r), a distance r from 
the line of the lattice (r>0). To evaluate the sum 
1 
(1) 


- x1)" 4. 2 }n/2 


a J. Hove and J \. Krumhansl, Phys. Rev. 92, 569 (1953). 


2B. M. E. van der Hoff and G. C. Benson, Can. J. Phys. 31, 
1087 (1953); G. C. Benson and H. P. Schreiber, Can. J. Phys. 
33, 529 (1955); H. P. Schreiber and G. C. Benson, Can. J. Phys. 
33, 534 (1955); F. van Zeggeren and G. C. Benson, J. Chem. 
Phys. 26, 1077 (1957) 





EXTENSION 


with n>0 we expand it into a Fourier series of complex 
exponentials e***, x= (2x/a)k; (k:, integer), having 
period a: 


1 +2 +2 ec 
S,(z,7)=- > ow f aa dx. (2) 


a~--« (x?+-77)”/2 


The integrals in Eq. (2), which are invariant with 
respect to the sign of x, can be expressed through known 
functions. Indeed for k=|x|=0 one has, using a 
well-known formula involving the [’-function,‘ 


(~ dx _mT[(n—1)/2] 1 


ence) te th (3) 
I'(n/2) 


Fug (at--r2)n/2 sins 


For k>0O one has instead 


+n exikz Qxt k (n—1)/2 
f os —dx = —— -(-) K (n—1/2(hr) 
an (x2 +9?) /2 I'(n/2)\2r 


‘ (k>0), (4) 


a particular form of integral representation of the 
modified Bessel functions of the second kind. The final 
expression of S,(x,r) is thus 


mT[(n—1)/2] oe 2x! (-)" n 
aI'(n/2) \2r 


S,(x,7) =———— 
al (n/2) yr 


+ 
x >’ RVR oy _1y2( kre (n> 1). (5) 
For n<1 the sum S,(x,r) diverges. However the terms 
of Eq. (5) for x0 are valid also for these values of 
n. In effect for n= 1 these terms give simply the Made- 
lung formula for the electrostatic potential of a neu- 
tralized, linear Bravais lattice of unit point charges, 
whose Fourier expansion does not contain the term 
x=0 owing to Laplace’s equation and to the boundary 
conditions that the potential must satisfy. 


3. PLANAR BRAVAIS LATTICE 


We consider a planar Bravais lattice of periods a, 
and a, lying in the plane z=0 with lattice points in the 
positions m=/,a;+/sa, (i, i, integers) and a point 
(r,z), a distance z from the plane of the lattice (20). 
To evaluate the sum 

1 
S,(r,2)= 2, —— (6) 
~ C(r—-n pat} 
with »>0 we expand it into a Fourier series of complex 
exponentials e*** of periods a; and a;. The vectors 
k= k,a;*+ k,a,*, with a;-a;*= 275 ;; and ki, ke integers, 
are the reciprocal vectors of the planar lattice. The 


* See, e.g., W. Magnus and F. Oberhettinger, Special Functions 
of Mathematical Physics (Chelsea Publishing Company, New York, 
1949), p. 4. 
5G. N. Watson, Theory of Bessel Functions (Cambridge 
University Press, Cambridge, 1944), Sec. 6.16. 
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expansion reads 


cr 


1 
—> a | — —dr, (7) 
| a, X ay! * lane (r°+27)"? 


P 


and the integrals in it can be expressed through known 
functions. For k=0 one has immediately 


7 1 
San aha — (m>2). (8) 
(+ y+st)™® (m/2)—1 |2|"* 


On the other hand for k#0, assuming in particular 
that the component &, of k in a Cartesian frame x, y in 
the plane of the lattice is different from zero, Eq. (4) 
gives 


+2 +2 
f cindy - 


—@ : —2 


ce tkezdy 


(2-4-9422) "2 n/2 


nt | kp] \ D2 pte 
aa 
I'(n/2) 2 —2 


Kw »/2(| Rel Ly” +2 ")) 
rice dtiinnclltan ke ™ 


(y+2* jor 1)/4 


(ke¥0). (9) 


However® 


[* by Kin y/2(| k, Ib?) | 
gs - 
- (y?+27)' n—1)/4 


soe 


where k= |k|. Thus 


e* © or k (n/2)—1 
f ARP wean --) 
(r24 +27)”/2 I'(n/2)\2|2| 


plane 


bi pame i(k|z|) (Rex), (10) 


X Kinjzy1(k|2|) (kx). (11) 


The final expression of S,(r,z) is 


rT 1 
S,(r,2) =——— -——- 
| ai Xae|[(n/2)—1] |z|? 


ar 1 (n/2)—1 
nal) 
ia Xa| I'(n/2)\2|2! 


XE’ RMAK ca _s(k| 2] )e®*® (m>2). (12) 
a 


For n<2 the sum S,(r,2) diverges. However, the terms 
of Eq. (12) for k#0 are valid also for these values of n 


and in effect for n=1 they give simply the Madelung 
formula for the electrostatic potential of a neutralized, 


*G. N. Watson, footnote 5, Sec. 13.47. 
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planar Bravais lattice of unit point charges whose 
Fourier expansion does not contain the term k=0. 
Indeed K_,(k|z|)=Ky(k|2|)= (4/2k|2|)4e-*'*!, 


4. APPLICATIONS 


(a) Let us consider a square lattice of atoms with 
parameter a lying in the plane z=0 and extending from 
y=O\to — ©, and an atom located in the point (£a,na,0) 
(n>0O) with reference to a Cartesian frame x, y, 2. For 
interactions of the type \R~* (R, interatomic distance), 
the interaction energy between the atom and each of the 
linear Bravais lattices in the x direction which compose 
the semi-infinite planar crystal is given immediately 
by Eq. (5). Thus the total interaction energy between 
the atom and the semi-infinite crystal is simply 


®, (£a,na,0) 


d w'TL(n—1)/2] 


=i > S,Léa, (m +n)a | = 
m4) 


a” I'(n/2) 
AN 4n" «@ 1 
= - 


x b> + y 7 . os os 
1 a” I'(n/2) m=0 (m+n)("-?? 


m) (m-t-n)” 


XE kK oa_yl Qeki (m+n) ] 


kyl 


Xcos(2rkit) (m>2). (13) 
Equation (13) includes the various formulas given in 
Sec. III of the paper by Hove and Krumhansl.? 

It is easy to see that the formulas given by Schreiber 
and Benson® for the lattice sums of interest for the 
calculation of the specific energy of the cube edge in 
the alkali halides with the NaCl structure are also an 
immediate consequence of Eq. (5). Thus, in particular, 
their expression for the lattice sum entering the electro- 
static contribution coincides with that obtained 
originally by Born and Stern’ using the Madelung 
formula for the electrostatic potential of a neutral 
linear crystal. 

(b) Let us consider an ionic crystal of composition 
MX as formed by neutral planes of ions of periods a; 
and a; stacked with period a;. The calculation of the 
specific face energy for the neutral plane a;, a, requires 
the evaluation of the interaction energy between a 
semi-infinite crystal bound by the plane and a column 
of unit cells of sides a;, a2, and a; sticking out of it 
along the a, direction.’ For interactions of the type 
AR" (R, interionic distance) for which the coefficient 
Xiz depends on the nature of the interacting ions, it is 
relevant to distinguish the interactions between ions 
of the same sign and of opposite sign. These can be 
easily expressed through Eq. (12). We take the a, a3 


7M. Born u. O. Stern, S. B. Preuss. Akad. Wiss. Berlin 48, 901 
(1919). 
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plane as x, y plane of a Cartesian reference frame 
x, y, 2. The total interaction energy between ions of 
the same sign is then given by: 


wo 
> lySn(ls@32,ladsy,!30 :) 


ly 


x 3 


- . i = 
. . _ 
[(n '2)—-1 @3,| *~? txt 1,"-* 


~ 1 
A. Ss : 
: ! , f 4 
I'(n/2)| a, ae! (2| as, 1 tg—i [,("/2)-2 


XE! ROMAK ayy 1(Rlg| a, 
k 


eils keagrt+kyasy) 


(n>4), (14) 


apart from the obvious factor \,,+A_. The factor 
l; in the left-hand side of Eq. (14) accounts for the 
fact that the interaction between a planar Bravais 
lattice of positive ions and a positive 
(or negative) ion a distance /;a; from it occurs /, times 
in the total interaction energy. The total interaction 
energy between ions of different sign is given, apart 
from the obvious factor 2\,_, by an entirely analogous 
expression in which /;a3, and /,a3, are replaced by 
I3032+x— and 1;a3,+ y_, x_ and y_ being the coordinates 
of the negative ion relative to the positive ion in the 
planar unit 


or ne gative } 


interactions 
(m=1), the total interaction energy between the semi- 
infinite crystal and the column of unit cells is simply 
given by twice the difference between the terms with 
k+0 in the expressions of the interaction energies 
between ions of equal and opposite sign, times the 
square of the ionic charge. 

Equation (14) and the analogous equation for ions 
of different sign include all the special formulas for the 
NaCl and CsCl structures given by van Zeggeren and 
Benson,’ and they actually correspond to a more general 
formulation of the problem than that given in their 
paper. In particular the expressions that one obtains 
for the electrostatic contributions to the specific 
energies of the (100) and (110) planes in the NaCl 
structure coincide, as must expect, with those 
derived originally by Born and Stern,’ using the 
Madelung formula for the electrostatic potential of a 
neutral planar crystal, apart from obvious printing 
errors in their formula for the (110) plane. Van Zeggeren 
and Benson* simply rewrite these expressions by 
performing the summation over /; to give a closed form. 

It is a pleasure to acknowledge the comments that 
we have received from G. C. Benson, J. A. Krumhansl, 
G. Leibfried and B. R. A. Nijboer. 

Note added in proof—Dr. A. A. Maradudin has 
pointed out to us that a formula closely related to 
Eq. (5), giving the field of a row of atoms exerting 
forces of the form R~*, has been reported by M. M. 
Nicolson, Proc. Roy. Soc. (London) A228, 490 (1955). 


cell For the electrostatic 


one 
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Piezoresistivity in the Oxide Semiconductor Rutile (TiO,) 


Lewis E. Hotianver, Jr., T. J. Dreset,* anp Gerap L. Vick 
Lockheed Aircraft Cor poration, Sunnyvale, California 
(Received September 11, 1959) 


The piezoresistive effect in single crystals of the oxide semiconductor rutile (TiO:) has been studied. 
The fourth-rank piezoresistive tensor for tine D,, tetragonal symmetry of rutile may be expressed in terms 
of seven piezoresistive coefficients. Room-temperature values for these coefficients are presented for different 
resistivity material in the range from approximately 1000 to 0.1 ohm cm, resulting from various concentra- 
tions of oxygen deficiency in the nonstoichiometric TiO; lattice. Some of these coefficients were also measured 
at 77° and 380°K. The measured piezoresistive coefficients are of the order of +10-" cm*/dyne. The 
longitudinal piezoresistive coefficient measured along the “c’”’ axis, 3, diminishes with increasing oxygen 
deficiency, while that along the ‘‘a”’ axis, +;;, increases with oxygen deficiency. This trend is interpreted in 
terms of the impurity band conduction model proposed for rutile. 


INTRODUCTION 


UTILE, one of the three crystal modifications of 
titanium dioxide, is an oxide semiconductor 
whose electrical properties are dependent on the 
amount of oxygen deficiency in the TiO, crystal lattice. 
A complete transition from a good insulator (10% ohm 
cm) to a conductor (10~' ohm cm) can be achieved by 
changing the stoichiometric composition of TiQ:. By 
hydrogen reduction, rutile samples from 0.15 to 1000 
ohm cm can readily be prepared. The decomposition, 
or reduction, of titanium dioxide, and the resulting 
semiconductor properties, have been studied in detail.’~® 
Measurements by x-ray techniques indicate that the 
rutile structure is maintained for a weight loss of less 
than 2%.’ The optical and photoconductive properties 
of rutile have been studied by Cronemeyer, who 
reports the energy gap to be 3.05 ev.** Breckenridge 
and Hosler have made measurements of the electrical 
resistivity and Hall coefficient of reduced rutile, both 
single crystal and ceramic.” Grant, in a recent review 
paper, summarizes the nature of the band structure 
of rutile.’ In addition, he considers impurity band 
conduction in rutile, where it has been estimated that 
overlapping of the impurity wave functions is suffi- 
ciently large for the formation of impurity bands. 
Conduction in rutile exhibits large effective electron 
masses and low carrier mobility which is characteristic 
of impurity band conductivity. 
Due to the very low electron mobility (un is the 
order of 0.1 to 1.0 cm?/volt-sec),” a characteristic of 


* Present address: University of Colorado, Boulder, Colorado 

1 F. Grant, Revs. Modern Phys. 31, 646 (1959). 

2M. Earle, Phys. Rev. 61, 56 (1942). 

*B. Boltaks, F. Vasenin, and A. Salunina, Zhur. Tekh. Fiz. 
21, 532 (1951). 

*L. Connell and R. Seale, Phys. Rev. 85, 745 (1952). 

5 For historic interest, see U. S. Patent No. 879062. 

*S. Zerfoss, R. Stokes, and C. Moore, J. Chem. Phys. 16, 1166 
(1948). 

7P. Assayag, M. Dodé, and R. Faivre, Compt. rend. 240, 1212 


* D. Cronemeyer, Phys. Rev. 113, 1222 (1959). 

*D. Cronemeyer, Phys. Rev. 87, 886 (1952). 
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the oxide semiconductors, Hall effect and magneto- 
resistance measurements are very difficult. It was 
hoped that a knowledge of the effects of strain on the 
conduction process in rutile would be helpful. To the 
authors’ knowledge, they are the first to report piezo- 
resistivity in materials of low carrier mobility or in 
crystals possessing a tetragonal symmetry."-” 

Rutile is the most stable modification of TiO, and 
the only one that can exist at temperatures very much 
above 900°C. A unit cell is tetragonal with a Dy 
symmetry. The lattice constants for rutile are a= 4.594 
+0.003 A and c= 2.959+0.002 A.” It has a density of 
4.26 g/cm’. The static dielectric constant, k, in stoichio- 
metric rutile in the “c’’ direction is 173 and in the “a” 
direction is 89.' The crystal lattice for the rutile 
modification of TiO, is composed of somewhat distorted 
TiOs octahedra. 

For crystals with a center of symmetry, such as 
rutile, the electric field components may be expressed 
in a Maclaurin series as functions of the current 
density components, /;, and stress components, 7',;," 
which reduces to: 


Ex= pigl pt tiga jT et. 


The piezoresistive coefficient, rijx1, is a fourth-rank 
tensor consisting of 81 components. It can be shown in 
general that 


Wight Wiki Tijik Wjitky 


reducing the number of components to 36 forming a 
6X6 matrix. The number of components may be 
further reduced by considering the symmetry of the 
crystal. The resulting matrix arrangement of the fourth- 
rank piezoresistive tensor for tetragonal crystals with 
the Schonflies symmetry Dy, is presented in Table I. 
For rutile there are two longitudinal coefficients 1; 
and 233; three transverse coefficients, x12, #13, and 331; 


4 LL. E. Hollander, Phys. Rev. Letters 1, 370 (1958). 

2. E. Hollander, T. J. Diesel, and G. L. Vick, Bull. Am. Phys. 
Soc. 4, 463 (1959). 

4“ W. Baur, Acta Cryst. 9, 515 (1956). 

“W. P. Mason and R. N. Thurston, J. Acoust. Soc. Am. 29, 
1096 (1957). 
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TaBie I. The matrix arrangement of the fourth-rank piezoresis- 
tive tensor for the tetragonal crystals with the schonflies symmetry 
Dw (longitudinal coefficients r;; and #33; transverse coefficients 
12, Fis, and w3,; shear coefficients wa, and 7¢e). 


0 
0 
0 
Waa 
0 
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and two shear coefficients m44 and ae. These a coeffi- 
cients have been divided by resistivity and are reported 
in this paper as Ap/pT in units of cm?/dyne. 


EXPERIMENTAL PROCEDURE 


Single-crystal samples approximately 2X2x15 mm 
were cut from x ray oriented boules of stoichiometric 
rutile.'® Spectrographic analysis indicated no detectable 
impurities in these crystals.'® The maximum total error 
in the orientation of the cut samples was estimated at 
+ 2°. 

The crystals were reduced or oxidized in a quartz-tube 
oven, by circulating either hydrogen or air at various 
temperatures from 450° to 1100°C for various time 
intervals. The oxidation-reduction process was com- 
pletely reversible, and the measurements were repeat- 
able within experimental error, even though the 
crystal in question might have been reduced and 
oxidized several times. 

Considerable difficulty was encountered in securing 
good ohmic contacts to the reduced material. Best 
results were obtained by cleaning the samples in a 
solution of H.SO, and K»Cr.O; and then soldering 
with pure, clean indium metal. Mechanical clamps 
were attached to the soft indium current electrodes, 
which deformed when assuring a good 
mechanical and contact to the soldered 
crystal. All the longitudinal measurements were made 
by the four-contact method ; however, only two contacts 
were used for the transverse measurements. 

The experimental procedure was similar to that 
previously described.'*~*' In order to obtain values for 
all seven of the coefficients for the D4, symmetry, 
samples were cut in four crystal orientations as follows: 
[100 }, [001], [110], and [111]. Seven configurations, 
four longitudinal and three transverse, were utilized. 
The crystal directions in which the current is measured 
and the stress is applied are tabulated in Table II 
for each of the seven measured x coefficients. A tensile 
load was applied in each case to the sample by means of 
a beam balance. The potential drop across the electrodes 
was measured with a Leeds & Northrup Type K 


clamped, 
electrical 


16 Obtained from Linde Air Products. 

16 Detectable level in the order of 0.005%. 

17C. S. Smith, Phys. Rev. 94, 1, 42 (1954) 

1 R. F. Potter, Phys. Rev. 108, 652 (1957) 

’ M. Pollack, Rev. Sci. Instr. 29, 42 (1954) 

* A. J. Tuzzolino, Phys. Rev. 109, 1980 (1958) 

1 F. Burns and A. Fleischer, Phys. Rev. 107, 5, 1281 (1957). 
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potentiometer. A constant current was maintained 
through the crystal by including a current-limiting 
resistor in the external circuit, very large with respect 
to the sample resistance. The procedure was to load the 
crystal, observe the voltage, AV, then 
unload the crystal and again observe AV. An average of 
about 


change in 


ten determinations was made for each datum 
point. A load of 800 to 900 grams was applied, giving 
stresses of about 2.510’ dyne/cm*. Values of AV/V, 
which are equal to AR/R for a constant current, were 
of the order of 10-*, where R is the measured sample 
resistance. The piezoresistive effect in rutile was linear 
over the measured range and exhibited a reversal in 
sign with a change in the direction of stress. No 
hysteresis was observed. 


CORRECTIONS 


The quantity AR/RT must be corrected for the 
stress-induced dimensional changes in order to obtain 
Ap/pT. This longitudinal and transverse dimensional 
change per unit stress may be expressed in terms of the 
elastic compliances. The corrections for the seven 
configurations employed are presented in Table II. 
Values for the six elastic moduli of rutile from which 
these compliances were calculated are also listed. These 
moduli were measured by the authors and reported 
elsewhere.” The difference between the elastic moduli 
for oxidized and reduced rutile were determined to be 
negligible for purposes of computing the corrections to 
the r coefficients. 

The transverse coefficients, #12, 713, and m3;, have not 
been corrected for nonuniform current distribution at 
the electrodes.’ The transverse electrodes were approxi- 
mately 2 mm long and 2 mm wide. 


ACCURACY OF MEASUREMENT 
Considerable care was exercized to obtain samples 


which were uniform in oxygen deficiency throughout 


TABLE II. A tabulation of the direc 


d the 


tions in which the current is 


measured ar stress is applied 


Magnitude of 
correction in 
cm?*/dyne 


Piezoresis 
tive 
coefficient orrection* 


-1.6x10°" 


* Elastic n li for rutile ¢ ressed in 10% dynes/cm? (Cy =2.8, Cas 
=4.6, ( 1 I l compliances for 
rutile calculated 107" cm?/dyne 
(Su =0.9, Ss 0.3 1.6, Sus l ) See = 0.6). 

G. Vick, I Holl ler \ ‘ gull Phys. Soc. 4, 463 
(1959) 


2 R. F. S. Hearmon, Supp! 
%3 Measurements were n 
10-Mc/sec acoustic waves. 


Mag. 5, 323 (1956). 
determining the velocity of 
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Temp. 
°K mi,” Fiz Pa Wis Pa 
295 (d) 10.2 12 0.28 g) —25 04 
295 (b) 4.7 oe is i3 j .- 
2905 (mn) 4.2 ’ ee cee eee eee 
295 (a) 3.1 5. " 3.7 40 
295 (c) 06 93 cee eee 0% — 
77—s (8) 13.0 : 14 

77 eee eee eee 
380 §=6(b) 40 1.2 
380 (c) 14 420 


(g) 0.7 
(f) 3.9 


(h)79 65 
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TABLE III. Piezoresistive coefficients in partially reduced rutile. Both * and p were measured at indicated temperatures.* 


Piezoresistive coefficients in 10-" cm* dyne™ and resistivity in ohm cm 
waz Pe Fai Pe 


Fili10} P1100} 


Fit 


0.17 ++ tee (q) 9.4 0.5 (r) 58 

(m) 4.7 ‘ 
(7) 46 15 
2.4 81 


Pi) 
0.46 Za ree (i) 68 2 
(k) 49 42 (s) 
(fj) 5.2 563 * 
(i) 24 0.56 0.64 

vee 0.54 


(1) 19 
pase one 06s (m) 20 
0.5 : eos (6) 5 1.4 (@) 2 
nae ‘on, (k) 45 40 owe 
(j) 4 390 


* Alphabetical indicators denote a series of measurements on a specific sample at a specific state of reduction. 
> x coefficients have been divided by resistivity and are reported as Ap/pT in units of cm*/dyne 


their volume. All samples were left in an inert atmo- 
sphere at a temperature slightly above the reaction 
temperature for some time after the crystal was 
oxidized or reduced. Some of these samples were cut, 
polished, and visually inspected to assure uniformity. 

The effect of misalignment of the clamps, resulting 
in nonuniform stress distribution, was minimized by 
clamping to the soft indium soldered to the crystal. 
The markedly anisotropic resistivity exhibited by 
rutile makes correlation between the coefficients at 
various oxygen deficiency levels difficult. The resistivity 
values associated with 2,3 and m3; are only approxima- 
tions, since no four-contact measurements were made 
along the pertinent crystal axes of the specific samples. 
However, the resistivity, pi, associated with the m2 
coefficient, was measured by the four-contact method. 
The longitudinal resistivity values were all determined 
by the four-contact method and are believed to be 
within +5%. 

Measurements performed at 77°K and 380°K were, 
in general, subject to a greater limit of error than the 
room-temperature-values, due to increased drift, noise, 
and difficulty in measurement. 

The total estimated error of the room-temperature 
longitudinal piezoresistive coefficients is of the order of 
+1X10-" cm?/dyne. Since no four-contact measure- 
ments were made for the transverse coefficients, it is 
difficult to assign a confidence level for these values. 
Strain at the contact, contact resistance, and non- 
uniform current distribution at the contact must all 
be considered. To evaluate the magnitude of these 
effects, the hydrostatic coefficient was determined in 
both the “c” and the “a” crystal directions. These values 
indicate that the corrected transverse coefficients should 
in general be larger than those reported in Table III. 
These corrections should not exceed 10-" cm?/dyne. 


EXPERIMENTAL RESULTS 


The longitudinal piezoresistive coefficients along the 
“a” axis, #1, and along the “‘c” axis, +33, are presented in 
Figs. 1 and 2, respectively, as a function of the appro- 
priate resistivity at room temperature. These figures 
show that, as the density of oxygen vacancies is 


decreased (that is, as resistivity is increased), the 
piezoresistive coefficient in the “a” direction, ru, 
diminishes, while the coefficient along the “‘c’’ direction, 
33, becomes larger. Measurements at 77° and 380° K 
indicate that ,, is approximately proportional to the 
reciprocal of the absolute temperature, whereas this 
effect was not noted for ,;. The transverse coefficients 
involving the ‘“‘c’”’ axis, 41; and 73), are small, while the 


_ m2 Coefficient is considerably larger. All the measured 


piezoresistive coefficients are summarized in Table III. 

Longitudinal measurements of AR/RT were made on 
samples oriented in the [110] and the [111] crystal 
directions. These values are included in Table III. 
The shear coefficients may be obtained from these by 
the following relations 


F i110) = } (mitmiet 6) 
and 


mii) = (Lit+ my) m+ yra3t- 212m? (912+ 16) 
+ (men?+leny*) (wists t 204). 
The direction cosines for the [111] direction in 
Rutile are, in the notation of Mason and Thurston"; 
L= m= 0.62, n\= —().48. 


In order to select the correct values of the piezoresistive 
coefficients to insert into these equations, it is necessary 
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Fic. 1. Room-temperature longitudinal piezoresistivity along the 
“a” axis, w1:, as a function of resistivity. 
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2. Room-temperature longitudinal piezoresistivity along the 


“c” axis, 333, aS a function of resistivity. 


to know, in considerable detail, the degree of anisotropy 
of resistivity as a function of oxygen deficiency. There 
are at present no such resistivity data available. The 
selection of reasonable resistivity values indicates that 
the shear coefficients do not differ greatly in magnitude 
from the values of the longitudinal and transverse 
coefficients. 

Measurements of the hydrostatic coefficients were 
made at pressures up to 200 atmospheres. In the 
**c” direction, 

¥ 17(001) = 33+ 2931, 


and was determined to be +(18+3)10-" cm*/dyne 
for a resistivity, p., equal to 0.17 ohm cm. In the “a” 
direction, 


TH (100) = Fut+ti2t 13, 


and was determined to be +(32+5)X10-" cm?/dyne 
for a resistivity, p., equal to 0.28 ohm cm. Both measure- 
ments were made by the four-contact method. 


DISCUSSION 


The observed longitudinal piezoresistive measurement 
in rutile seems in reasonable agreement with a simple 
impurity band conduction model. The lack of good 
data on the dielectric constant, and the anisotropy of 
resistivity in partially reduced rutile, greatly inhibits a 
careful analysis of the piezoresistive effect. Assuming 
the dielectric constant is not significantly altered in 
reduced material, and considering the longitudinal r 
coefficients along the “c” axis of rutile, Fig. 2, where 
k.=173, there appears to be considerable orbital 
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overlap even in 1000 ohm cm material, giving rise to a 
positive piezoresistive coefficient which diminishes with 
increasing oxygen vacancy density. Along the “a” 
axis, where k,=89, the orbital overlap seems weak in 
the high resistivity range and only becomes significant 
in the fully-reduced samples. The positive sign of the 
transverse coefficients is difficult to explain with this 
simple orbital concept. 

Another explanation for the observed piezoresistive 
effect in rutile could be based on the migration of 
defects in the lattice. This migration would be character- 
ized by a relaxation time which should be long compared 
with that for the electronic process, and should therefore 
be experimentally observable. 


CONCLUSIONS 


The piezoresistive effect in rutile has been studied in 
the resistivity range from 10~' to 10° ohm cm. The 
results indicate that there is a strong overlapping of 
the impurity wave functions in the “c’’ direction and 
very little in the “a” direction. More detailed informa- 
tion of the dielectric properties and the resistivity- 
temperature dependence of partially reduced rutile is 
necessary for a better understanding of this conduction 
process. The fourth-rank piezoresistive tensor has been 
analyzed for a Dy, symmetry with anisotropic resis- 
tivity. It appears that considerable information cou!d 
be obtained from a study of piezoresistivity in the 
oxide semiconductors, and in other materials where 
the conduction process is characterized by low carrier 
mobility. Also, piezoresistivity studies at very low 
temperatures may yield valuable information on 
impurity band conduction mechanisms in the higher 
mobility semiconductor materials 
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Electrical conductivity and post-bombardment conductivity induced in MgO crystals by electron irradia- 
tion have been investigated following exposure to neutrons in the Brookhaven pile (integrated epi-cadmium 
fluxes of 4.2 10"* n/cm? and 5.1 10" »/cm*, respectively). A change in carrier lifetime was observed. No 
change in the temperature dependence of the yield was detected, indicating that the mobility of the charge 
carriers is unaffected by these irradiations. The 1.4-ev shallow trap previously observed was split into two 
levels by the neutron bombardment. This supports the association of this level with the 2.2-ev optical 
transition. Optical absorption measurements were conducted in the 0.6 to 3.0-ev range, and a previously 


unreported peak has been observed at 0.74 ev. 





I. INTRODUCTION 


HEN a single crystal of MgO is bombarded by 

high-energy electrons, an electrical conductivity 
is induced.' Electrons lifted into the conduction band 
(and corresponding holes in the filled band) act as 
mobile charge carriers until they are captured by 
trapping centers. Measurements of this bombardment- 
induced conductivity have yielded information about 
carrier lifetime and mobility.? 

Furthermore, under certain conditions, it has been 
observed that a conductivity persists following the 
cessation of the electron bombardment. This post- 
bombardment conductivity, which decays at a rate 
depending upon temperature, is a consequence of the 
re-emission into the conduction band of carriers 
captured in shallow traps. These carriers eventually 
recombine, or are captured by deeper trapping centers. 
From measurements of the temperature dependence of 
the rate of decay of the post-bombardment conduc- 
tivity, the thermal energy level of shallow trapping 
centers can be determined.’ 

The purpose of the present work was to investigate 
the effects of neutron irradiation upon the afore- 
mentioned phenomena in MgO. Previously, Day* had 
measured the photoconductivity induced in MgO by 
neutron bombardment, and concluded that displace- 
ment effects saturate at neutron doses of 10° n/cm?’. 
More recently, Clarke’ has investigated the optical 
absorption induced in MgO by neutron irradiation. 
He studied the region 1.2 to 6.0 ev quite thoroughly. 
In the present experiments, optical absorption measure- 
ments were made in conjunction with the observations 
of electron-bombardment effects, with particular 
emphasis upon the 0.6 to 3.0-ev region. 


* Assisted by the Office of Ordnance Research, U. S. Army. 

t Present address: Philco Corporation, Research Division, 
Philadelphia, Pennsy!vania. 

1M. A. Pomerantz, R. A. Shatas, and J. F. Marshall, Phys. Rev 
99, 489 (1955). 

2 J. F. Marshall, M. A. Pomerantz, and R. A. Shatas, Phys. Rev. 
106, 432 (1957). 

*R. A. Shatas, J. F. Marshall, and M. A. Pomerantz, Phys. Rev. 
109, 1953 (1958). 

*H. R. Day, Phys. Rev. 91, 822 (1953). 

5 F. P. Clarke, Phil. Mag. 2, 607 (1957). 


Il. LIFETIME AND MOBILITY EFFECTS 


The phenomenon of electron bombardment-induced 
conductivity in MgO is represented by the following 
relationship : 


m=duarV ./d, (1) 


where m=1,/I, is the ratio of induced current to the 
primary electron beam current, 6 is the number of 
internal secondary electrons (or holes) raised into the 
conduction band by one primary electron per unit 
path, wa is the average carrier drift mobility, V. is the 
potential across the sample of thickness d, and r is the 
mean lifetime of the carrier in the conduction band. 

Previous measurements of m at a number of tem- 
peratures yielded values of r~5X10-" sec for un- 
irradiated MgO samples.’ The relationship between 
lifetime and density of trapping centers is 


N=1/vr, (2) 


where JN is the number of traps per cm’, 09 is the average 
thermal! velocity, and ¢ is the average capture cross 
section of the trapping centers. Taking @ to be 10-* 
cm? gives V= 10'* cm™, which is in agreement with the 
impurity content of these crystals as determined 
spectrographically.* This analysis shows: Ca-100 parts 
per million, Fe-20 parts per million, Si-10 parts per 
million, Mn, Ta, Cu, and Ag-lesser quantities. 

An MgO crystal’ typical of a number investigated 
previously was subjected to two successive neutron 
irradiations in the Brookhaven pile, and the bombard- 
ment-induced conductivity was measured after each 
exposure. The epi-cadmium integrated fluxes were 
4.2 10" n/cm?* and 5.1 10" n/cm’, respectively. The 
experimental procedures for observing bombardment- 
induced conductivity have already been described. 

As seen in Table I, duer [see Eq. (1) ] decreased only 
slightly during the first irradiation. However, the 
second irradiation reduced the bombardment-induced 
conductivity by a factor of 10. Furthermore, the 


* Spectrographic analysis was performed by the University of 
Missouri Spectrographic Service. 

™The MgO crystal was identical with that described in 
reference 2. 


1473 





1474 SCHIEVE, 
TaBLe I. Summary of effects of neutron irradiation upon 
bombardment-induced conductivity in MgO. 


Experi- 
mental 
estimate of 
total trap 
density 
(cm™*) 


Theoretical 
estimate 
of neutron- 
produced trap 
density (cm™~*) 


Integrated Experimental 


flux value of duar 
(n/cm?*) 


at 294°K 
0 1.5 +0.2 10'* 
4.2 10'* 1.1 +0.1 
5.1 10" 0.16+0.01 


8x 10" 
1x 10” 


10” 
bombardment-induced conductivity at all temperatures 
over the range covered (200°K to 525°K) was one- 
tenth the corresponding pre-irradiation value. Thus, 
the form of the bombardment-induced conductivity 
vs temperature curve’ is unaffected by the neutron 
irradiations. 

As has been reported previously,? the mobility of 
charge carriers is influenced by more than one scattering 
mechanism. Any change in the relative effects of these 
scattering mechanisms would alter the form of the 
aforementioned curve. It is unlikely that different 
scattering effects should be changed by a constant 
ratio at all temperatures. Hence, the present results 
reveal that the mobility is unaffected by neutron 
irradiations of the magnitude cited. Consequently, the 
decrease in m is ascribed to a change in the lifetime, r, 
arising from neutron-produced trapping centers. 

After the first irradiation, the density of such traps 
was of the same order of magnitude as that of the 
trapping centers originally present in the raw crystal. 
Following the second irradiation, the number of traps 
was increased tenfold, thus decreasing the lifetime by a 
corresponding amount. This quantitative conclusion is 
based upon the tacit assumption that the average 
capture cross section of trapping centers (impurities) 
in the raw crystal itself is nearly the same as for centers 
produced by neutron irradiation. 

Unfortunately, information concerning the energy 
spectrum of neutrons to which the specimen was 
exposed was not available. However, a rough estimate 
of the damage can be arrived at if it is assumed that the 
epi-cadmium flux is entirely in the fission neutron 
spectrum. On the basis of the theory of Khinchin and 
Pease,’ displacement densities of 8X10'* cm™~* and 
1X10” cm~ are produced by the two irradiations. With 
the above assumptions, this represents a theoretical 
estimate of the upper limit of the displacements 
produced by these irradiations. 

The hole temperature during irradiation was 70°C. 
Annealing effects were carefully watched for following 
the irradiation. The measurement of the bombardment- 
induced conductivity at room temperature after the 
specimen was received at our laboratory indicated no 


* G. H. Khinchin and R. S. Pease, Reports on Progress in Physics 
(The Physical Society, London, 1955), Vol. 18, p. 6. 
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detectable annealing for periods as long as 99 days. 
Any room temperature annealing of displacements 
must effectively have taken place during the two 
irradiations in the pile. As far as annealing is concerned, 
the relative conditions of the crystals were the same 
during and after the two irradiations. During the high 
temperature measurements of the bombardment- 
induced conductivity, the measurements were repeated 
at low temperatures to guard against spurious effects 
due to annealing. A similar procedure was applied 
later during the post-bombardment conductivity 
measurements. Some annealing was observed at tem- 
peratures above 450°K, but this proceeded at a rate 
which did not interfere with the measurements. 

These results are not in accord with Day’s estimate 
that the damage saturates at 10'® n/cm? irradiation in 
MgO. The number of displacements is still increasing 
at 10!’ »/cm?*. Day’s conclusion has also been criticized 
by Khinchin and Pease. 


III. POST-BOMBARDMENT CONDUCTIVITY 


A detailed discussion of post-bombardment conduc- 
tivity has been presented previously.’ In particular, 
since this phenomenon represents the transfer of 
electrons from shallow traps into the conduction band, 
measurements of post-bombardment conductivity pro- 
vide information about the properties of these centers. 
At high temperature, experiment and theory reveal that 
the post-bombardment conductivity of an MgO crystal 
decays in accordance with an exponential law. The 
density, m, of electrons in the conduction band is 
given by 

n=C exp(—t/r), (3) 
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Fic. 1. Effect of 4.2 10"* /cm? neutron irradiation upon 
post-bombardment conductivity in MgO. 





EFFECTS OF NEUTRON BOMBARDMENT ON MgO CRYSTALS 


where C is a function of parameters relating to the 
energy level scheme of the trapping centers, and r is a 
characteristic decay time constant. If the post- 
bombardment conductivity is associated with more than 
a single predominant level at a particular temperature, 
the decay would be represented by a sum of exponen- 
tials with different characteristic decay times. 

In the case of a single level, the time constant for the 
decay of the post-bombardment conductivity depends 
upon temperature in the following manner: 


r= 79 exp(E/kT). (4) 


Here, ro is also a function of the parameters relating 
to the center, and depends only weakly upon tempera- 
ture, and £ is the thermal ionization energy of an 
electron in a particular shallow center. 

A level characterized by a thermal activation energy 
equal to 1.4 ev has previously been investigated. A 
semilogarithmic plot of post-bombardment conduc- 
tivity as a function of time at 400°C is shown in Fig. 1 
(circles). The straight-line relationship indicates the 
predominance of a single level, tentatively identified 
with the 2.2-ev photoconductivity peak.’ 

Clarke® has made a detailed study of the absorption 
spectra of MgO crystals following neutron irradiations, 
and has observed that with integrated fluxes of 10" 
n/cm* and larger, the 2.2-ev level becomes two levels 
separated by about 0.1 ev. It appeared desirable to 
explore this effect by the post-bombardment conduc- 
tivity technique, and, as is shown in Fig. 1 (squares), 
neutron irradiation of 4.210" n/cm* produces a 
significant change in the 1.4-ev level. The decay can 
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Fic. 2. Effect of 4.2 10'* n/cm? neutron irradiation upon tem- 
perature-dependence of decay time-constant. 
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PHOTON ENERGY (ev) 
Fic. 3. Induced absorption coefficient vs photon energy following 


5.110"? n/cm* neutron irradiation. Detailed plot of 2.2-ev peak 
is shown. 


no longer be described by a single exponential function. 
However, the experimental curve can be fitted by two 
exponentials with different time constants. 

Similar measurements of the variation of post- 
bombardment conductivity with time were obtained 
at various temperatures. Figure 2 reveals the effect 
of neutron bombardment upon the temperature 
dependence of the characteristic decay times of carriers 
trapped by the 1.4-ev level. The single level present 
initially (curve 1) having energy E; has been split 
into two levels (curves 2 and 3) having an energy 
difference E;—E, of the order of 0.1 ev. This adds 
weight to the earlier hypothesis that the 1.4-ev thermal 
energy gap disclosed by the post-bombardment con- 
ductivity method corresponds to the 2.2-ev optical 
transition observed in absorption and photoconduc- 
tivity measurements. 


IV. OPTICAL ABSORPTION 


In order to check the splitting of the 1.4-ev level 
described above, optical absorption data were obtained 
concurrently on the irradiated samples. The measure- 
ments of absorption induced in the 3.0- to 4.3-ev range 
agree with those already reported by Clarke. Figure 3 
shows absorption changes in the 0.6- to 3.0-ev region 
produced by an irradiation of 5.110" n/cm?. It is 
evident in the expanded plot of irradiation-induced 
absorption coefficient vs photon energy that the splitting 
of the 2.2-ev peak is not detectable by this method. 
However, this is not in disagreement with the obser- 
vations of Clarke. His results indicate that the doublet 
is brought out only by more intense irradiation. Thus, 
the post-bombardment conductivity technique for 
investigating the electron energy level scheme of 
trapping centers appears to be more sensitive, at least 
in the present example, than the optical absorption 
measurements at room temperature. 

It is also of interest to point out the existence of a 
peak at 1.27 ev, which has also been reported by Clarke. 
Photoconductivity associated with this level has been 
investigated by Day. This absorption peak presumably 
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corresponds with the 0.7-ev level determined earlier 
by the post-bombardment conductivity method. 
Finally, it is seen in Fig. 3 that an additional peak 
is present at 0.74 ev following neutron irradiation. 
This has not been reported previously. This peak is not 
observed in annealed unirradiated crystals. Further- 
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more, it is enhanced by subsequent electron bombard- 
ment, and is observed to decay afterward. 
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Measurements were made of the critical magnetic field for the 
transition from the superconducting to the normal state in 
polycrystalline rods of the substitutional solid solution In-Hg, 
containing 0-7 atomic percent Hg. The treatment given these 
alloys was designed to assure homogeneity in composition in which 
case the transitions to the normal state were found to be similar to 
those for pure elemental superconductors. It was, moreover, pos 
sible to distinguish between properties that are characteristic of 
the ideal alloy system and properties which arise from structure 
within the specimen. 7, the transition temperature at zero field, 
was measured as a function of composition and was found initially 


INTRODUCTION 


HE characteristic properties of a pure elemental 

superconductor, relatively free from strains and 
inhomogeneities, are usually found to embody a dis- 
continuous change in resistance at the critical tempera- 
ture, a well-defined, reproducible, and unique critical 
field, and exclusion of magnetic flux upon entering the 
superconducting state.' Experiments with alloys, im- 
pure or strained elements, and compounds frequently 
reveal, in contrast to pure elemental materials, strikingly 
different properties.'~ For example, high magnetic fields 
may be required for the restoration of the full normal 
state resistance, the Meissner-Ochsenfeld effect is often 
incomplete and does not coincide with the loss of 
electrical resistance, the transition between states fre- 
quently takes place only over large field and/or tem- 
perature intervals, and currents flowing in the specimen 
often affect the transition, as measured by resistance 
techniques, in a manner which suggests that the super- 
current is localized in smail regions of the specimen. 
Such behavior has, more often than not, been inferred 
to be the normal inherent behavior of alloys.! 


* This work was supported in part by the Department of 
Defense. 

1 For a general discussion of the properties of pure elemental and 
alloy superconductors see D. Shoenberg, Superconductivity (Cam- 
bridge University Press, New York, 1952). 

*W. J. deHaas and J. Voogd, Commun. Phys. Lab. Univ. 
Leiden No. 208b (1930). 

*P. R. Doidge, Proc. Roy. Soc. (London) A248, 553 (1955). 

*B. G. Laserew and A. A. Galkin, J. Phys. (USSR) 8, 371 


to decrease (up to a concentration of 1.75 atomic percent Hg) after 
which it began to increase with added Hg concentration. The width 
of the transition to the normal state, as measured by the variation 
of specimen resistance in a longitudinal magnetic field, was found 
to show a regular dependence upon composition, and also reached 
a minimum value at 1.75 atomic percent Hg. The superconducting 
properties of pure indium were measured and used as a standard. 
For indium it was found that: 


T= 3.407 +0.002°K ; 
and (dH,/dT)\|7 


Ho=293542% oersted ; 


155.54+3% oersted/°K 


On the other hand, not all alloys are found to behave 
in the manner described above. Stoichiometric com- 
pounds and certain alloys,5~’ when prepared with great 
care have occasionally exhibited transition charac- 
teristics similar to those of pure elemental supercon- 
ductors. This suggests the possibility that homogeneity 
of the system might be a significant factor in making a 
solid solution alloy behave like a pure elemental 
superconductor. 

We have attempted to investigate this possibility by 
a careful study of the indium-mercury alloy system, 
chosen because of its convenient critical temperature 
and critical field range, and the ease with which the 
material could be cold worked and annealed. Moreover, 
both elements are available in extremely pure form and 
it was therefore hoped that detrimental effects due to 
the presence of unknown impurities would thereby be 
avoided. 


EXPERIMENTAL PROCEDURE 


The alloys used for these measurements were pre- 
pared from 99.9999 pure indium® and triple-distilled 
mercury. The materials were weighed, placed in a Pyrex 
tube, sealed off in vacuum, melted, mixed vigorously, 
and quenched in an oil bath. Quenching was of particu- 

* D. Shoenberg, Nature 142, 874 (1938 

*B. G. Laserew and I. E. Nakhutin, J 
(1942). 


7J. W. Stout and L. Guttman, Phys. Rev. 79, 396 (1950). 
* Johnson Matthey & Company, Catalog No. 380. 


Phys. (USSR) 6, 116 
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lar importance in achieving the goal of homogeneity. 
The process of making single crystal specimens by 
slowly cooling through the liquid plus solid region usu- 
ally leads to long-range segregation of the constituents. 
The distances involved are such that it is impossible for 
normal solid diffusion to decrease significantly the 
variations in compositions through subsequent anneal- 
ing. The quenching process, on the other hand, results 
in a fine grained polycrystalline specimen with segrega- 
tion limited to variations within the individual crystal- 
lites. After quenching, the 19-mm diameter alloy block 
was extruded through a 1.2-mm die which was polished 
with 0.1-micron abrasive powder. This working of the 
specimen further reduced the distances over which 
diffusion would have to take place by mechanically 
mixing the solution while in the solid state. The resulting 
specimen was a rod approximately 5 meters long. It was 
found, by chemical analysis of sections cut periodically 
from the rod, that there was a monotonic change in 
composition along the rod which amounted to less than 
2% of the Hg content. Thus the variation in composi- 
tion along a 75-mm sample was expected to be less than 
0.04% of the impurity added. 

The specimens were annealed at 90% of the Kelvin 
solidus temperature (in an evacuated tube) for varying 
periods of up to 2000 hours. It was found, by x-ray 
analysis of the annealed specimens, that there was a 
great variety of crystallite sizes, and that the lattice 
constants agreed with those reported by Tyzack and 
Reynor.® 

Transitions from the superconducting to the normal 
state, at constant temperature, were measured by 
plotting continuously the variation of specimen resist- 
ance as a function of longitudinally applied magnetic 
field on an X—YFY recorder. The term resistance transi- 
tion will be used for convenience in referring to tran- 
sitions measured by means of this technique. In addi- 
tion, for some specimens, the variation of susceptibility 
through the transition was measured using a technique 
similar to that employed by Doidge,’ and transitions 
measured in this way will be called flux transitions. 

Groups of four specimens, including a pure indium 
specimen as a standard, were mounted in V grooves in 
anodized aluminum blocks. A carbon resistor imbedded 
in the block was used as the control element in a tem- 
perature regulating scheme similar to that described by 
Sommers.” This system, in conjunction with a bellows 
type manostat, was designed to keep the specimen 
temperature constant to 10~* °K during the course of a 
single measurement. The longitudinal magnetic field 
was supplied by a coil wound according to a method 
described by Garrett" and the field obtained was 
calculated to be uniform to one part in one thousand 
over the volume occupied by the samples. The over-all 


°C. Tyzack and G. V. Raynor, Trans. Faraday Soc. 50, 675 
(1954). 

” H. S. Sommers, Jr., Rev. Sci. Instr. 25, 793 (1954). 

uM. W. Garrett, J. Appl. Phys. 22, 1091 (1951). 
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accuracy of the field measurement was approximately 
4% of the applied field, the limit being set by the 
accuracy with which the field coil current was measured, 
and the accuracy with which the relation between field 
coil current and magnetic field was established. 

The critical field at O°K was determined from an 
analytic expression obtained by a least squares fit of the 
data points using an IBM 704 computer. The form 
chosen for the expansion was H,=C,+>0.2C,T' 
where H, is the critical field, T is the temperature, and 
the C,’s are determined by the fitting procedure. The 
expansion was ended at i=3 since expansions of higher 
order gave no better fit according to Gauss’ criterion.” 


EXPERIMENTAL RESULTS 
1. General Behavior 


Measurements of the resistance of the specimen at 
300°K (R) and at 4.2°K (Ry) enabled the ratio 
p= Ro/R—Rop to be calculated for the alloys. According 
to Mathiesen,” the total resistivity is equal to the sum 
of the temperature dependent lattice scattering and the 
temperature independent impurity scattering. Within 
the precision of the measurement, no change in resist- 
ance could be detected at temperatures below 4.2°K, 
except for the pure In specimen. Consequently, Ro is a 
measure of the impurity scattering alone and hence is 
proportional to the Hg concentration up to the limit of 
solid solubility, assuming, of course, that the alloying 
element is added homogeneously. Measurements of the 
resistance at nitrogen temperatures allowed for an 
estimate of the Debye temperature, which within the 
limits of accuracy, did not change with alloying. 


2A. G. Worthing and J. Geffner, Treatment of Experimental 
Data (John Wiley & Sons, New York, 1943), pp. 260. 

4A. H. Wilson, The Theory of Metals (Cambridge University 
Press, New York, 1953), 2nd ed., p. 310. 
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Fic. 2. A typical resistance transition of an alloy. 

Examination of Fig. 1, which contains a plot of the 
change in resistivity ratio with increasing Hg content, 
shows that p was linear with Hg concentration up to 5 
atomic percent Hg. For groups of adjacent specimens 
cut from the same rod and given different annealing 
treatments, the variation in p was less than 2%, inde- 
pendent of annealing. This variation can be accounted 
for by a change in composition of 0.04% of the impurity 
along the length of a 75-mm sample. 

The resistance transitions in general took the form of 
an abrupt introduction of resistance over a field interval 
of less than 0.008 H, followed by a further increase to 
the resistance R, of the normal state in a field interval 
that was often a large fraction of H,."* One such typical 
transition is shown in Fig. 2 and others in Fig. 3. 

The broad fraction, fx, of the transition is defined 
here as the fraction of resistance not introduced ab- 
ruptly (see Fig. 2). fg was sensitive to many variables 
some of which can be described at least in qualitative 
terms. The effect of measuring current on fg (see Fig. 3) 
was particularly important and in all cases fs decreased 
with increasing measuring current. Thus in those cases 
where an initial abrupt increase of resistance could not 
be observed it was possible to produce one by suffi- 
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Fic. 3. The effect of measuring current on the resistance transition. 
x=(0.066; annealed at 296°K for 100 hours. 


“ Transitions of a similar form were also observed in Ta speci- 
mens by D. P. Seraphim and R. A. Connell, Phys. Rev. 116, 606 
(1959). 
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ciently increasing the specimen measuring current. The 
almost completely broad transition shown in Fig. 3 
(0.005-ampere curve) is a typical example of this be- 
havior. As shown in the figure, increasing the measuring 
current to 0.5 ampere produces the initial abrupt in- 
crease in resistance. A careful examination of the toe of 
the 0.005-ampere transition will also reveal the presence 
of this abrupt increase. Expanding the scale by a factor 
of 20, as in the inset of Fig. 3, shows that even at 0.005 
ampere the abrupt increase in resistance is present. 
Sufficient amplification was available to observe the 
abrupt increase in resistance for all specimens. 

fre also depended upon the reduced temperature, 
t= T/T, at which the transition was measured. Although 
variable for different specimens, fg consistently de- 
creased rapidly as the measuring temperature ap- 
proached the critical temperature, as shown in Fig. 4. 

Annealing the specimen was always effective in de- 


Fic. 4. The dependence of fg on thermal history. ¢,,=0.10 amp, 
x=0.0188, curve (1): 296°K for 24 hours; curve (2): 296°K for 66 
hours; curve (3): 383°K for 44 hours; 4): 383°K for 1440 
hours. 


curve 


creasing fz. For specimens with compositions of less 
than 2 atomic percent Hg content, fx could, by an- 
nealing, eventually be reduced to zero. Above 2 atomic 
percent Hg, fs increased with increasing impurity con- 
tent and could not always be reduced to zero. In fact, 
prolonged annealing (about 3000 hours) increased te in 
some of the higher concentration alloys, and the possi- 
bility exists that in a lengthy anneal the mercury tends 
to segregate out at the grain boundaries. This was 
dramatically illustrated by a high concentration (10 
atomic percent), large polycrystal sample that, following 
a lengthy anneal at room temperature, fell apart. The 
grain boundaries of this sample were liquid, indicating 
a Hg content at the boundaries of greater than 30 atomic 
percent. 

In contrast to the sensitive variation of the broad 
fraction with measuring current and annealing treat- 
ment, the sharp portion of the transition occurred at a 
well-defined value of the magnetic field independent of 
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the specimen current and annealing treatment. That is, 
changing the annealing treatment or measuring current 
did not shift the sharp portion of the transition along the 
field axis, as is illustrated in Figs. 3 and 5. The non- 
sensitive behavior of the sharp portion of the transition 
suggested that perhaps the greater fraction of the ma- 
terial was involved in the sharp portion of the transition. 
To investigate this possibility, simultaneous resistance 
and flux transitions were measured, and a series of these 
are shown in Fig. 6. Examination of the curves will 
reveal that where a sharp step in the resistance transi- 
tion can be observed, the smallest magnetic field for 
which R is unequal to zero is the same field at which 
approximately 50% of the magnetic flux is excluded 
from the superconductor. This defines the critical mag- 
netic field, H., which separates the superconducting 
from the normal state. Curve VII of Fig. 6, because of 
the scale used, does not appear to have a sharp step. If 
the resistance scale were expanded as in the inset of 
Fig. 3, the step would appear at the point marked //,, or 











225 
WETIC FIELD, H (OERSTEDS 
Fic. 5. Resistance transitions for specimens with different 
thermal history. x=0.0498, t=0.62; i,=0.10 amp, curve (1): 
296°K for 725 hours; curve (2): 368°K for 100 hours; curve (3): 
383°K for 100 hours. 


alternatively, the step could be observed by increasing 
im. According to the Silsbee hypothesis,’® increasing i,, 
from 0.005 ampere to 0.5 ampere at a critical field of 185 
oersted will shift the critical field in this particular 
sample by only 0.01%, which is well below the limit of 
sensitivity of the field measuring apparatus. Figure 3 


shows no discernable shift in H, for the sharp portion of - 


the transition. Consequently, it is possible to identify 
the broad portion of the resistance transition with small, 
nonuniform regions of the specimen, and the sharp 
portion with the bulk of the alloy. This experiment also 
emphasizes the difficulties involved in the often used 
criterion for the critical field of the specimen, that is, 
the field at which 50% of the normal resistance is re- 
turned. Using this criterion, one would say that the 
critical field of the specimen in Fig. 3 had shifted by 
more than 10%, even though the critical field of the 
great majority of the specimen has not changed. For 


6 F. B. Silsbee, J. Wash. Acad. Sci. 6, 597 (1916). 
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MAGNETIC FIELD, 4 (OERSTED) 
Fic. 6. Comparison of flux and resistance tzansitions. ¢,,=0.05 
amp, x=0.068, solid curves: R/R,; broken curves: the fraction of 
material in the normal state. 


this reason, alloy behavior as exemplified by the In-Hg 
system was investigated by means of the sharp portion 
of resistance transitions. 

The change in resistance at the sharp step was not 
discontinuous, however. Over the resistance interval 0 
to 1— fg this change appeared to be linear with field, as 
a consequence of which a AH could be defined as the H 
interval over which R would change from 0 to R, if fs 
were equal to zero (Fig. 2). The width of the transition 
can be expressed in terms of AH//H,, a quantity which is 
roughly independent of measuring current and reduced 
temperature for a well-annealed specimen. The transi- 
tion width defined in this way showed a regular depend- 
ence on composition (Fig. 7), with a minimum at 1.75 
atomic percent Hg. For specimens of this shape the 
width of the transition due to demagnetizing effects was 
calculated to be AH/H =0.0010. The sharpest transition 
in the presence of field occurred with AH/H=0.0015, 
while in the absence of a field the temperature interval 
required was less than 0.4K 10~-* °K (Fig 8). 


MATERIAL PROPERTIES 
Pure Indium 


The measured value of 7’, for indium, 3.407+0.002°K 
(1958 temperature scale'*) is compared with the values 





Fic. 7. The width of the resistance transitions for 
dilute In-Hg alloys. 


6H. van Dijk, M. Duriex, J. Clement, and J. Logan, Pro- 
ceedings of the Kammerlingh-Onnes Conference on Low-Temperature 
Physics, Leiden, 1958 (Suppl. Physica 24, 5129 (1958)]. 
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Fic. 8. The transition to superconductivity of indium with 1.85 
atomic percent mercury at 1 =0. i,,=0.010 amp. 


reported in the literature after 1952'*-* and listed in 
Table I. Clement and Quinnell’s are the only results that 
differ by more than the stated experimental error. The 
discrepancy probably arises here because of the rela- 
tively impure indium used by them (1000 ppm impurity 
content; an impurity content which, by interpretation 
of the present results and those of Lynton, Serin, and 
Zucker,”' could depress T, by 0.02°K). The high value 
of Hy reported here may have resulted from the long 
extrapolation used to obtain it, since the temperature 
measurements extended no lower than ‘=0.4. This high 
value of Hp» gives rise to the high value of y. 


Indium-Mercury Alloys 


The addition of Hg to In initially depresses T, 
(Fig. 9). Although the depression is not linear, the 
initial slope as a function of reciprocal mean free path is 
—1.9+0.610~* deg-cm which agrees with other re- 
sults on In alloys.” Increasing the amount of mercury 
further depresses 7, until a minimum is reached at 1.75 
atomic percent Hg, 7, having dropped 0.064°K. 7, then 
rises as the Hg concentration is increased beyond 1.75 
atomic percent and with 5 atomic percent Hg it is 
0.020°K above 7, for pure In. 


TABLE I. Comparison of recently reported constants for 


pure indium. 


x10 


(df'c/dT)\|re 
< al/mole,/deg? Ref 


e 
K (1958 ve /deg 


387 +0.005 ) 4.33 (cal) 17 
409 +0.002 less tl 5 275 4.0 (mag) 18 
404 +0.003 » 5 19 
408 + 0.005 uy 7 20 
407 +0.002 this 
work 


17 J. R. Clement and E. H. Quinnell, Phys. Rev. 92, 258 (1953). 

18 E. Maxwell and O. S. Lutes, Phys. Rev. 95, 333 (1954). 

1” N. L. Muench, Phys. Rev. 99, 1814 (1955). 

*” H. Meissner and R. Zdanis, Phys. Rev. 109, 681 (1958). 

| E. A. Lynton, B. Serin, and M. Zucker, J. Phys. Chem. Solids 
3, 165 (1957). 

#2 G. Chanin, E. A. Lynton, and B. Serin, Cambridge Conference 
on Superconductivity, Cambridge, 1959 (unpublished). 
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If the analytic form of the critical field curve is ex- 
pressed as h=1—af+(a—1)@, then the curve fitting 
procedure which determined Hp also determines a. For 
all the specimens tested, a varied in a random manner 
by less than 4%. The slope of the critical field at T, 
remained constant at —155.5+3% oe/deg. Thus within 
the limits of experimental accuracy, the reduced critical 
field curves were invariant. 

The variation in Hy» with Hg concentration was 
similar to the variation in 7'., and showed a minimum at 
the same Hg concentration. 

The coefficient of the linear term of the electronic 
specific heat in the normal state, y, was calculated using 
the relation™ 


O0.17H eV m 
calories/mole-deg’. 
T 24.186 108 


The scatter was appreciable, as can be seen from Fig. 


temperature with 


ndium 


mercury 


but all the experimental points fell within 2% of the 


line drawn in the figure. Thus y appears to be increasing 
at the rate of approximate ly 3 10* cal mole-deg? per 
unit change in p. 


Discussion 


A conclusion that can be drawn from this work is that 
the two portions of the resistance transition can be con- 
sidered separately. The sharp portion of the transition 
can be identified with the bulk transition of the speci- 
men, and is the property of a homogeneously distributed 
alloy of the given composition. The simultaneous sus- 
ceptibility and resistance measurements confirm this by 
showing that the nearly discontinuous appearance of 
resistance corresponds to the penetration of magnetic 
field throughout the volume of the alloy. Even in the 
In+6.6 atomic percent Hg alloy the penetration of field 
was 98% complete in a field interval of 1 oersted at 


3 J. Bardeen, L. N. Cooper, and J. R. Schrieffer, Phys. Rev. 108, 
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H,.= 248 oersted and resistance (although only a small 
fraction of the normal resistance) appeared abruptly at 
this field. 

Since the magnitude of fg is dependent upon an- 
nealing, it is doubtful that fg is an intrinsic property of 
the alloy system. fz is probably due to irregularities, 
possibly in composition, which exist throughout the 
specimen. Data on specimens with different numbers of 
grain boundaries and defects remaining after plastic 
deformation show that these two effects are of minor 
importance in producing the broad transition. This 
behavior indicates that a homogeneous distribution of 
the solute is of major importance in achieving sharp 
transitions. 

Doidge’ has measured similar transitions in a different 
system, tin-indium, and has interpreted his results as 
evidence for the existence of a critical mean free path 
below which alloy behavior becomes evident. Since the 
electronic mean free path for a given indium content in 
tin is an order of magnitude smaller than that for the 
same mercury content in indium, it is difficult to com- 
pare the two systems directly. However, for In-Hg 
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Fic. 10. The variation of the coefficient of the normal electroni: 
specific heat in the normal state with mercury concentration in 
indium. 


samples with small differences in mean free path, fz 
showed no dependences on mean free path. Annealing 
treatment, on the other hand affected fg strongly with- 
out changing the resistivity ratio or the mean free path. 

The argument for a mean free path dependence of 
alloy behavior is based on the concept of an interphase 
surface energy between normal and superconducting 
regions.™ This surface energy presumably becomes less 
positive as the alloy content increases until finally it is 
energetically favorable for the specimen to form a large 
number of interphase surfaces under conditions of field 
and temperature for which full superconductivity is 
unstable. Such concepts can be used successfully to ex- 
plain the stability of small superconducting regions 
(filaments). The question that is raised here is if nega- 


tive interphase surface energy can justifiably be as- 


sociated with the bulk of the alloy. An alternate 
possibility is that the negative interphase surface energy 
is associated with regions of inhomogeneity in the alloy. 
In this respect it is interesting to note that in tin- 


“ T. E. Faber and A. B. Pippard, Progress in Low-Temperature 
Physics (Interscience Publishers, New York, 1955), Vol. 1, p. 159. 
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indium the separation between resistance and flux 
transitions occurred at approximately the same atomic 
composition as the appearance of a broad fraction that 
could not be annealed out occurred in indium-mercury. 

The evidence presented here does not indicate that 
there is no surface energy dependence on alloying, but 
rather that one must be extremely careful in interpreting 
the available data to avoid confusing effects due to 
inhomogeneity. 

The change in width of the sharp portion of the re- 
sistance transition with Hg content is logically explained 
if we realize that there is a slight (0.04%) change in 
composition along the length of a single sample. We can 
consider our specimen as a number of superconductors, 


with slightly different superconducting properties, in 


series. Using this approach, the width of the transition 
should depend on the total change in composition along 
the sample and the rate of change of the superconducting 
properties with composition. The transition width curve 
(Fig. 7) shows a general increase proportional to com- 
position which arises from the increased difficulty of 
maintaining homogeneity for higher concentration 
alloys. Superimposed on this is a decrease in width which 
varies with the slope of the T, vs Hg content curve. It 
should be noted that the minimum transition width 
occurs at that composition for which dT,/dx equals zero. 
The transition in zero field for a specimen of this com- 
position was measured, and it occurred in less than 
0.4X10-* °K, which compares favorably with the 
sharpest transition on record.** This is particularly in- 
teresting in view of the fact that this was a polycrystal- 
line specimen. 

The determination of the coefficient of the electronic 
specific heat from critical field data appears at first 
glance to be a straightforward affair. A simple thermo- 
dynamic treatment together with some very reasonable 
assumptions'”* yields 


Vo d Hé 
y= ——— lim——_-H 2=a—, 
8nrT 7 dT I¢ 


where a is proportional to the coefficient of the quad- 
ratic term in the expansion of H,(T). As measurements 
are extended to lower temperatures, the coefficient of 
the quadratic term that gives the best power series fit to 
the data changes. Consequently this method of deter- 
mining y is unsatisfactory unless measurements are 
carried out to extremely low temperatures. If the form 
of the superconducting electronic specific heat, C,,, is 
known as a function of temperature, then this together 
with critical field data can be used to de*ermine 
accurately.” Unfortunately, this function is not known 
accurately for In. 

A value of y can be determined in the absence of de- 
tailed knowledge of C,, and in the absence of extremely 

**W. J. deHaas and J. Voogd, Commun. Phys. Lab. Univ. 


Leiden No. 214c (1931). 
* DP. E. Mapother (unpublished). 
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Fic. 11, The nonlinear portion of the change in critical temperature 
as a function of composition. 


low-temperature measurements by using the BCS ex- 
pression for y. This will not give the correct answer 
since it is based on the assumption that the low of 
corresponding states is valid, but the number obtained 
can be easily revised when the BCS theory is improved. 
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The various alloys, however, all have the same reduced 
critical field within the range of temperature over which 
the measurements extend. The variation of y with 
composition will thus be independent of the specific 
formula that is used to calculate y. Unfortunately, the 
measurement of critical field did not extend to low 
enough temperatures to allow for an accurate determi- 
nation of Ho, and consequently there is considerable 
scatter in the plot of y vs composition. Thus no attempt 
will be made to draw any conclusions from this data. 

The variation in 7, with composition, while not unlike 
that of other dilute In alloys,” nevertheless cannot be 
described in the terms used by Lynton, Serin, and 
Zucker.'* If one writes as they do, that the total change 
in critical temperature, AT,=ApAT,’, where p is the 
resistivity ratio and A is constant then AT,’ does not 
increase monotonically as Lynton et al., suggest. This is 
illustrated in Fig. 11 where A7’.’ is as large as —0.027°K, 
which is an order of magnitude larger than the experi- 
mental error of the determination. 
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Photovoltages were obtained in CdS crystals using inhomogeneous excitation ; that is, the « 
electrode was much larger than at the other electrode. Voltages in the range of 200 millivolts 
with the region of high excitation always becoming positive. Two types of electré 
Some crystals were contacted directly with electrodes, others were insulated fr 


I xcitation at one 
were obtained, 
“le arrangements were used. 


tl trodes by thin 


Mylar sheets. In the first arrangement the photovoltages were permanent, in the md transient. The 


photovoltage showed only a weak dependence on intensity, and only wavelengths near 
corresponding to the absorption edge were effective. With metal electrodes the photovol 
However, with jelly electrodes contacting the crystals photovoltages were almost as 


crystals. 


A. INTRODUCTION 


HOTOVOLTAGES in semiconductors normally 
arise at the metal-semiconductor interface or at a 
transition region such as an n-p junction between two 
differently activated sections of the semiconductor. 
The photovoltages to be discussed here, however, are 
* This investigation was supported by Geophysics Research 

Directorate, Air Force Cambridge Research Center. 
t Also with Physics Department, Hunter College, Bronx, New 


York. 


or shorter than that 


were small 


| r the insulated 


due primarily to the inhomogeneous excitation of the 
samples, which produces a concentration gradient of 
free charges in the material. Photovoltages due to 
concentration gradients (Dember effect) have also been 
given some attention in the literature.’ 

The measurements which comprise the subject 
matter of the present paper were designed to dis- 

1. Bergmann and F. Ronge, Physik. Z. 41, 349 (1940); L. Berg- 
mann, ibid. 33, 209 (1932) ; H. Dember, ibid. 32, 554 (1931) ; 32, 
856 (1931). 
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criminate between the different effects which contribute 
to the production of a photovoltage, namely, the effect 
of the electrodes, and the effect of the concentration 
gradient. Therefore two different lines of investigation 
were pursued. In the first, electrode contacts were 
made directly to CdS crystals with electrode jelly, 
silver paste, and indium. In the second, in order to 
eliminate the influence of the electrodes, the surfaces of 
the crystals were coated with thin sheets of transparent 
insulating material with a semitransparent aluminum 
backing. 


B. EXPERIMENTAL PROCEDURE AND RESULTS 
1. CdS Crystals with Electrode Contacts 


Table I lists results obtained with five CdS crystals 
with electrode contacts. All except S-44 were grown by 
the Eagle Picher Research Laboratories using a method 
which is an adaptation of that first reported by Czyzak 
et al.2 This was the sublimation of CdS in a neutral 
atmosphere over a period of approximately 100 hours 
with crystal deposition occurring on a polished quartz 
substrate maintained at a slightly lower temperature 
then the volatilizing charge. Crystal S-44 was grown 
from the vapor phase at 900°C according to the method 
of Frerichs and Warminsky** and copper activated 
with CuCl, both growth and activation having been 
carried out by the Hupp Corporation. The electrodes 
were Cambridge Electrode Jelly. The choice of this 
particular material was suggested by the observation 
that water electrodes behave differently from metal 
electrodes in that they seem to facilitate the exchange 
of positive holes.’ Jelly was found to have the same 
properties as water and was much easier to work with. 
The electrodes were applied to the two ends of the long 
dimension of the crystal for those crystals listed in 
Table I. [Some flat thin crystals similar to those used 
with insulated electrodes (Sec. 2) had the jelly electrodes 
placed on opposite surfaces with the thin dimension 
between them, so that there were clearly bulk rather 
than surface effects when the flat sides were illuminated. 
These crystals gave results similar to those which had 
the electrodes at the ends.] Voltages were measured 
with a Keithley electrometer No. 220 with infinite 
input resistance. The short circuit current was measured 
with a Leeds & Northrup galvanometer, Model 2430-D. 

In each case there was a marked increase in voltage 
when only half the crystal was illuminated compared 
to the voltage obtained when either the entire crystal 
was illuminated, or when there was no illumination at 
all. Approximately the same photovoltage, but of 
opposite polarity, was obtained when the other half of 


? Czyzak, Craig, McCain, and Reynolds, J. Appl. Phys. 23, 932 
(1952). 

3 R. Frerichs, Naturwissenschaften 33, 281 (1946). 

*R. Warminsky, Ph.D. thesis, Technical University of Berlin, 
1948 (unpublished). 


5 Daniel, Schwarz, Lasser, and Hershinger, Phys. Rev. 111, 


1240 (1958). 
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TABLE I. Photovoltages of several electrode contacted CdS 
crystals under various conditions of illumination. 


Crystal 

S-44 

(20cm 0.1 cm 
0.05 cm) 


Crystal 
5-43 


(2.5cem X1.0 cm 
0.25 cm) 


ItHlumination® 





Open circuit 
voltage in 
volts® 


Dark 

Fully itlum. (vis.) 
Fully ium. (uv) 

Half illum. (vis.) 

Half illum, (vis.) ND1 
Half itlum. (vie.) ND2 
Half illum. (vis.) ND3 


Half illum. (vis.) +fully 


illum. (uv) on other 
side 
Dark 
Fully illum. (vis.) 
Fully illum, (uv) 
Half illum. (vis.) 
Half illum. (vis.) ND1 


0 
0.030 
0.210 
0.190 
0.165 
0.09 


0.050 
0.006 
0.011 
0.005 
0.230 
0.240 


0.004 
044 


Short circuit 
current in 
units of 10-* 
amp 


to 0.008 


to 0.030 
to 0.024 
to 0.064 


Half illum. (vis.) ND2 
Half illum. (vis.) ND3 
Half illum. (vis.) ND4 
Half illum. (vis,) +full 
illum. (uv) on other 
side 
Dark 
Fully illum. (vis.) 
Half illum. (vis.) 
Half illum. (vis,) 
+2-64 Corning filter 
(A > 6500) 
+2-60 Corning filter 
(A >6100) 
+2-62 Corning filter 
(A > §900) 
+3-66 Corning filter 
(A > 5600) 
+3-67 Corning filter 
(A >5400) 
+3-68 Corning filter 
(A >5300) 
+3-72 Corning filter 
(A > 4400) 
Crystal Dark 
S-41 Fully illum. (vis.) 
Half illum. (vis.) 


0.160 
0.073 
0.045 


0.110 
0,002 
0.032 
0.150 


Crystal 
5-42 


(3.0cem X0.6 cm 


0.25 cm) 0.028 


0.032 
0.042 
0.058 
0.070 
0.085 
0.145 
0.024 to 0.045 
0.014 
0.225 
(3.0 cm 0.6 cm 
0.3 cm) 


Crystal 
S-40 


Dark 
Fully illum. (vis.) 
Half illum. (vis.) 


0.001 
0.020 
0.183 
(2.0cm 0.3 cm 

<0.5 cm) 





* Visible—tungsten illumination—5.7 milliwatts/cm* total uv—1t 
milliwatt/cm* primarily at 3600 A. 

> The polarity in the dark or under full illumination varies, but under 
half illumination the illuminated side is always positive 


the crystal was illuminated. With no illumination a 
residual, slowly decaying, veltage was observed which 
overnight reached the value in the table. The small 
voltage obtained under full illumination or in the dark 
is probably due to some asymmetry either in the crystal 
or at the electrodes. 

To investigate the dependence of photovoltage on 
intensity, a series of Wratten neutral density filters 
were used. Although these filters doe not attenuate 
properly at wavelengths longer than 7000 A, it was 
of little consequence in these measurements, since the 
absorption of CdS crystals in this region is very low. 
In the two cases where the intensity was investigated, 
in crystals S-43 and S-44, there was only a small 
decrease in voltage with large decreases in intensity. 
For instance, with S-44, when the intensity was reduced 
by a factor of 100, the voltage decreased by only 21%. 
The short circuit current, however, was considerably 
lower at this intensity, 3% of the value at the highest 
intensity. With S-43, the results were similar. The 
voltage was reduced by 30% when the intensity was 





KALLMANN, 


KRAMER, 


SHAIN, AND SPRUCH 


TABLE II. Photovoltages of several insulated CdS crystals under various conditions of illumination. 





Crystal Illumination (Side A) 


Blue light* 
Blue light +-31.5% filter 
Blue light +-6.5% filter 
Blue light +-0.6% filter 
Tungsten source-+ Corning 
2-64 (A>6500) 
Tungsten source+ Corning 
7-56 (A>8000) 
Blue light 
Blue light+-31.5% filter 
Blue light +6.5% filter 
Blue light +-0.6% filter 
Tungsten source+Corning 
2-64 filter (A >6500) 
None 
None 


G-1 


Blue light 
Blue light 
Blue light 
Blue light 


Blue light 
Tungsten source+Corning 


Blue light 

Tungsten source+ Corning 
7-56 (A> 8000) 

Tungsten source+ Corning 
3-68 (A> 5300) 

Tungsten source+ 1-56 
(4000 << 7000) 

Tungsten source-+- Corning 
2-64 (A>6500) 

Tungsten source+ Corning 


7-56 (A> 8000) 


Photovoltage peak 
(Polarity of A with 
respect to B) 
+0.100V 
75% of value without filter 
42% of value without filter 
8% of value without filter 
Fluctuating between 
None —0.010 and +0.050V 
None 0 
None +0.135V 
None 95% of value without filter 
None 84% of value without filter 
None 50% of value without filter 
None Fluctuating between 
—0.015 and +0.010V 
—0.135V 


+0.010V 
+-0.060V 
+0.060V 
+-0.100V 


+-0.200V 


None +-0.170V 


2-64 (\>6500) 
None 
None 


None 
Blue light 
Tungsten source+ Corning 


+0.010V 
0.160V 


2-64 (A>6500) 


Blue light 

Tungsten source+ Corning 
2-64 (A >6500) 

None 

None 


Blue light 
Tungsten source + Corning 
2-64 (A>6500) 


+0.020V 
+0.140V 
Fluctuating between 
—0.030 and +0.020V 
0.160V 
uctuating between 
0.020 and +0.020 


None 


None 


® SO watt tungsten source with CuSO, solution and Corning 5-61 filter, 6g watts/cm* passing through mylar with 4 <5200 A. 


decreased by a factor of 100, while the current was more 
markedly reduced. 

The spectral response of crystal S-42 was obtained 
using a series of Corning glass filters with different 
cutoffs. The photovoltage increased as the wavelength 
region extended to shorter wavelengths. For Corning 
filter 2-64 (A>6500) only 0.028 volt was obtained, 
but for Corning filter 3-72 (A>4400) the photovoltage 
was almost as great as when no filters were interposed. 
Thus, only wavelengths near or on the short side of the 
absorption edge are effective, since the other wave- 
lengths are absorbed only weakly. This is quite different 
from Reynold’s results,* where appreciable photo- 
voltages were also observed in the 6000 A to 8000A 
region. 

The addition of excitation to the other side of the 
crystal over that entire surface decreased the photo- 
voltage, as can be seen from the last lines in Table I 
for crystals S-44 and S-43. This effect was observed 
whether the second side was illuminated with uv or 


® Reynolds, Leies, Antes, and Marburger, Phys. Rev. 96, 533 
(1954). 


with visible light. uv excitation on only half the crystal 
gave photovoltages of approximately the same magni- 
tude as when visible excitation was applied to the same 
half. 

When metal electrodes (indium or silver paste) were 
used instead of the jelly electrodes, the photovoltages 
were markedly reduced, and the results were not as 
constant, although polarity effect (irradiated 
portion positive) still obtained. 


the 


2. Insulated CdS Crystals 


These flat, thin crystals were grown in the same 
manner as crystal S-44. They were sandwicked between 
sheets of Mylar 0.001 cm thick, which were backed 
with a commercially deposited, semitransparent, alumi- 
num layer. The aluminum coated Mylar transmitted 
about 5% of the incident light in the visible and near 
infrared regions of the spectrum; with no filters between 
the source and crystal about 500 ywatts/cm? passed 
through the Mylar and were incident on the face of the 
crystal, as measured by a thermopile. 

The impedance changes as a function of illumination 
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of these crystals had been studied previously.’ In the 
series of measurements described here only the photo- 
voltaic effect was investigated, using an electrometer 
tube as a high impedance converter between the sample 
and an oscilloscope. 

The photovoltages obtained were always transient 
because the final voltage appears across the Mylar 
insulator. Temporarily, part of the voltage appears 
across the electrometer grid resistance, which discharges 
at a rate determined by that resistance and the input 
capacitance. With high grid resistances the decay of the 
voltage at the scope was much slower than the change 
in photovoltage at the crystal. The crystals were 
illuminated until the voltage at the electrometer had 
decayed. The voltages observed on the oscilloscope 
usually reached a maximum shortly (<75 sec) after 
the beginning of illumination. The peak heights of 
the voltage pulses obtained under various conditions 
of illumination are given in Table II. As will be shown 
below, the actual photovoltage produced in the crystal 
was about twice this value. Just as was the case with 
the electrode contacted CdS crystals the excited side 
always showed a positive polarity. The inhomogeneous 
excitation in this case arose from the use of strongly 
absorbed radiation (A<5100A) which produced a 
large number of free charges only at the illuminated 
side of the crystal. When light of wavelength greater 
than that corresponding to the absorption edge was 
used, so that both sides of the crystal were uniformly 
illuminated, the photovoltage was greatly reduced and 
the polarity was no longer dependent upon the direction 
of illumination but rather to assymetries in the crystals. 

Using blue light with crystals G-1 and G-2 the 
dependence of the photovoltage on intensity was rather 
small; even when the intensity was reduced to 0.6%, 
the peak was reduced to 8% for G-1 and 50% for G-2. 

The addition of illumination to the side opposite 
the side irradiated with blue light led to some interesting 
effects. When the “nonblue” side was irradiated with 
wavelengths that cause excitation, the photovoltage 
peak was reduced, but when infrared radiation was 
used on this side, the photovoltage peak was increased. 
Although results for only four crystals are given in 
Table II, preliminary measurements on four additional 
CdS crystals produced by Eagle Picher duplicated the 
results reported here. The infrared enhancement effect, 
however, was lacking in two crystals, indicating that 
for these two crystals the infrared caused some 
excitation. 


Cc. DISCUSSION 
1. Insulated Crystals 


We will consider first the case of the insulated 
crystals, since this seems to be the simpler one. If a 
photovoltage, V,», is developed across the crystal, then 


7H. Kallmann, B. Kramer, and G. M. Spruch, Phys. Rev. 116, 
628 (1959). 
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a voltage V,; appears at the input of the electrometer, 
which is given by Va=Vynl1—Ca/(CatCmy) ] where 
Ca is the capacitance of the electrometer and Cyy is the 
capacitance of the two Mylar sheets in series. With the 
Mylar capacitance roughly equal to C., one obtains 
Va~V>n/2. This voltage appears at the electrometer 
when the time constant of the electrometer is long 
compared to the time the photovoltage requires to be 
established. Photographs of the photovoltage appearing 
at the oscilloscope show that this latter condition was 
fulfilled. 

We assume that the photovoltage in the insulated 
case is only a diffusion voltage, which comes about by 
the movement of the more mobile charges into the less 
excited region. Since in CdS the positive holes have a 
very small mobility, one can carry out the calculation 
as if only the electrons diffuse, and obtain in this manner 
Von= (RAT /e) In(n,/na), where n; and nq are the densities 
of free electrons in the excited and unexcited regions, 
respectively. (The effect of trapping enters this equation 
only through the concentration ratio of free carriers. 
If, however, the traps are not saturated, this ratio is 
independent of the number of traps.) The ratio m,/nqa 
can be obtained from photoconductivity data. When 
one estimates that under the given illumination this 
ratio is of the order of 10‘, a photovoltage of about 150 
millivolts is obtained. This value corresponds closely 
to the experimental results. 

It might be of interest to consider the effect of the 
possibility. that the surface layers have properties 
different from those of the bulk material. If, for instance, 
at the illuminated surface particularly strong re- 
combination would occur, this would result in a decrease 
in photovoltage, since the concentration of free electrons 
at the illuminated side would decrease. 

The experiments show the typical weak dependence 
of photovoltage upon intensity of illumination. See the 
results for crystal G-2 in Table II, for example. This is 
due to the In term in the equation for V,,. The experi- 
ments with illumination on both sides of the crystal 
give credence to the idea that there is a diffusion 
voltage which depends upon the ratio of the densities of 
excited electrons at the surfaces. With visible light 
applied simultaneously with blue light but on the side 
opposite to the blue illumination the V, is decreased, 
because at the “nonblue” side mq is increased. How- 
ever, with quenching light on this side the V,» is 
increased, probably because the ratio n,/mgq is increased 
by the quenching radiation. This might appear strange 
at first sight, since the quenching radiation penetrates 
the entire crystal, but one must consider that the degree 
of quenching of strong excitation is much smaller than 
that of weak excitation.’ In the excited region the 
quenching may amount to a factor of 2 or 3, while in 
the unexcited region it is much larger. This is apparently 


* H. Kallman and B. Kramer, Phys. Rev. 87, 91 (1952). 
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responsible for the increase in photovoltage from 0.135 
to 0.200 volt in crystal G-2. 

The experiments indicate that quenching on one side 
of the crystal influences the photovoltage. It would 
seem that the converse might also be true, namely, if a 
crystal which exhibits different recombination rates 
in different sections is uniformly excited, a photovoltage 
will develop. 


2. Crystals with Electrodes 


The experiments with electrodes applied to the 
crystals can be interpreted in a similar way except that 
the change at the electrodes brought about by the 
illumination must be taken into account together with 
the diffusion voltage. This voltage change cancels the 
diffusion voltage exactly if the Maxwell-Boltzmann 
distribution prevails and if only one carrier type is 
active. The first condition was pointed out by Landau 
and Lifshitz.’ If both positive holes and electrons 
participate in the conductivity phenomenon there is a 
particle current flowing into the electrode, but the 
electric current is zero (open circuit voltage measure- 
ment) so that the flow of electrons and the flow of holes 
are equal. Because of the particle current the concen- 
tration near the electrodes changes, as does the potential 
gradient, and the Maxwell-Boltzmann distribution is 
no longer valid. The voltage is dependent upon the 
mobility of the two carriers ; therefore it is not necessary 
that the diffusion voltage compensate the voltage 
change at the electrodes. 

The fact that the illuminated electrode is always 
positive as was the case with insulated crystals, and 
that the observed photovoltages are of the order of 
0.2 volt, slightly smaller than those observed for the 
insulated crystals although the exciting intensity was 
larger, certainly indicates that the diffusion voltage 
is not fully compensated by the change in potential near 
the electrode. Apparently a positive charging of the 
illuminated electrode takes place which prevents a 
larger change in electrode potential. Since appreciable 
photovoltages occurred only with jelly electrodes and 
not with the indium or silver paste electrodes, we 
conclude that the jelly electrodes in some way favor 
the exchange of positive holes with the electrodes. 

The photovoltages for full illumination were small 
in crystal S-44 (this is to be expected since then the 
situation is the same at both electrodes and no concen- 
tration gradient exists). It was observed, however, that 
in spite of the small photovoltage there was a large 
current. This is probably due to the small photo- 


i * 
(1936). 


Landau and E. Lifshitz, Physik. Z. Sowjetunion 9, 477 
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voltage developed with uniform excitation when there 
is a small accidental difference between the two elec- 
trodes, combined with the relatively low total resistance 
under full illumination. One could also interpret this 
current as having been produced purely by an electro- 
chemical voltage between the two electrodes, which 
shows up more strongly under illumination because of 
the higher conductivity, without illumination 
this small voltage cannot produce such currents. In the 
case of the half illuminated sample this purely chemical 
interpretation is impossible because the sign of the 
the illumination. Here the 
large voltages occur because of the nonuniformity of the 
illumination. 

The voltage with intensity of 
excitation is typical of photovoltages brought about by 
a concentration gradient in a single cell. 

The drop in voltage 


while 


voltage is determined by 


slow change of 


with increasing wavelength 
means that absorption in the valence band is by far the 
predominant factor in producing photovoltages. A 
comparison of the results obtained for various wave- 
lengths with those obtained for different neutral density 
filters makes this quite evident. Cutting out the wave- 
length range between 4400A and 5400 A caused the 
photovoltage to decrease to 0.085 volt. An VD 2 filter 
(10~* transmission) made the photovoltage drop from 
0.230 to 0.160 volt. Therefore the drop to 0.085 volt 
caused by cutting out the above wavelength range is 
equivalent to an intensity drop of more than a factor 
of 100. 

Finally, it may be of interest to discuss the question 
of how to increase the power output of these crystals. 
The low power output is due to the relatively high 
resistance of the 
order of 210’ ohms. Probably the entire photovoltage 
lies across this nonilluminated part of the crystal in the 
short circuit experiments. To the resistance, 
experiments were performed in which the crystals were 
half illuminated on one side and fully illuminated on 
the other side with a different wavelength. It was hoped 
that this would reduce the without in- 
fluencing the photovoltage. Apparently the latter is 
not the case, however. The full illumination reduced the 
photovoltage as well as the resistance, because the 
asymmetry between the two sides of the crystal was also 
reduced. But it is worth noting that the current was 
reduced less than the photovoltage was; certainly this 
was due to a reduction in resistance. 

Another means of reducing the resistance and in- 
creasing the power output would be to raise the dark 
conductivity of the 
This must be done in such a way as to increase the 
number of free electrons. But 
influence the photovoltage. 


nonilluminated side, which is of the 


re¢ duce 


resistance 


sample by introducing impurities. 


such an increase would 
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Electric Field Induced Light Absorption in CdS 


RicHarRD WILLIAMS 
RCA Laboratories, Princeton, New Jersey 
(Received October 13, 1959) 


A shift of the band edge in CdS has been brought about by application of a high electric field to CdS 
crystals. High fields are produced at the rectifying junction between a conducting CdS crystal and an 
electrolyte solution. A shift of the band edge of 70 A was observed for an applied emf of 120 volts. The effect 
is reversible and the absorption spectrum of the crystal after removing the field is identical with that before 
the field was applied. The absorption parallel to the crystal ¢ axis and the absorption perpendicular to the 
c axis are affected in the same way by the applied field. The enhanced absorption at the band edge is believed 
to be the result of photon-assisted tunneling of electrons from valence band to conduction band in the 


high-field region within the crystal. 





INTRODUCTION 


HE effect of a strong electric field on the absorp- 
tion of light by a crystal of an insulator has been 
discussed by Franz and by Keldysch.' They predict 
that the electric field will cause the band edge for 
fundamental absorption to shift toward longer wave- 
lengths. Some recent experiments reported by Béer, 
Hansch, and Kiimmel? have demonstrated a shift of 
the absorption edge within localized regions in CdS 
crystals when an electric field was applied. In these 
experiments two gold electrodes were used and the 
crystals were photographed by transmitted light which 
was monochromatic and whose wavelength was slightly 
longer than that where fundamental absorption begins. 
On the application of an emf of about 1000 volts there 
appeared dark ringlike regions which moved from 
cathode to anode as the voltage was increased. These 
were attributed to the type of field induced absorption 
discussed by Franz and Keldysch. This paper describes 
some experiments which demonstrate a similar field 
induced light absorption. The technique used here for 
producing high fields gives a uniform darkening of the 
crystal with much lower applied voltages and facilitates 
quantitative study of the effect. 

Application of a high electric field to an insulator has 
the result that electrons with a given total energy exist 
in states which lie in the filled band at one point in 
space and in the conduction band at another point in 
space. This is the situation which leads to Zener 
emission.’ A barrier to electron motion is set up but 
the barrier may be traversed by quantum mechanical 
tunneling under certain conditions. There is then a 
finite electron density in states lying in the forbidden 
energy gap. Figure 1 is a schematic illustration of this 
state of affairs, using the conventional one-dimensional 
band picture of an insulator. The slope of the bands 
shows the effect of an externally applied electric field. 


1W. Franz, Z. Naturforsch. 13a, 484 (1958); L. W. Keldysch, 
J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 1138 (1958) [translation : 
Soviet Phys. JETP 7, 788 (1958) ]. 

2K. W. Boer, H. J. Hansch, and U. Kiimmel, Z. Physik 155, 
170 (1959); K. W. Béer, Z. Physik 155, 184 (1959); also unpub- 
lished experiments of W. Ruppel. 

*C. Zener, Proc. Roy. Soc. (London) A145, 523 (1934). 


An electron in the filled band at point A has available 
to it states of the same energy which lie in the con- 
duction band but are spatially limited to coordinates 
lying to the right of point B. Free motion of the electron 
from A to B along the line of constant total energy is 
prevented by the triangular potential barrier, ACB. 
Tunneling into the barrier gives a finite electron density 
at points in the forbidden zone such as D. Light absorp- 
tion by such an electron may occur, raising the electron 
to state E. The electron then moves through the con- 
duction band as indicated. 


Use of Electrolyte Solution to Obtain 
High Fields 


Observation of field induced absorption requires 
electric fields within the crystal of 10° volt/cm or 
larger.’ It has been found possible to obtain high fields 
in CdS crystals by making use of the rectifying contact 
which occurs between CdS and a water solution of an 
ionic salt such as KCl. A study has been made of the 
properties of such contacts and a full account will be 
given elsewhere. The brief discussion which follows will 
suffice to explain the general features of the observed 
behavior. The CdS crystals which were used contained 
small amounts of chlorine which was incorporated 
during their growth in an atmosphere containing HCI. 
Chlorine in CdS forms a shallow donor level lying 


Fic. 1. Energy bands of an insulator in an electric field. 
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Fic. 2. Experimental arrangement for obtaining high 


electric fields in CdS crystals. 


0.04 ev below the conduction band.‘ The chlorine con- 
centration was sufficient to give the crystals resistivities 
around 10 ohm-cm. When the crystal is in contact 
with a metal the current across the boundary is carried 
by electrons just as in the interior of the crystal. This 
is no longer the case when the crystal makes contact 
to an ionic solution since the current in the solution is 
entirely due to the transport of ions. There must be a 
change in the mechanism of conduction at the boundary 
in this case. Conduction is accompanied by the trans- 
port of ions from the crystal into the solution along 
with the formation of neutral atoms on the surface. 
An illustration of this behavior is the experiment shown 
in Fig. 2. A platelike crystal of conducting CdS is 
immersed halfway into an ionic solution and forms a 
portion of an electric circuit such that negative charge 
flows into the top of the crystal through an ohmic 
metal-CdS contact® and out the bottom of the crystal 
through a CdS-solution contact. The transport of 
charge from the crystal into the solution is by negative 
ions so sulfur ions from the crystal must go into solution. 
This leaves an excess of cadmium ions on the crystal 
at its surface. These would soon stop the flow of current 
were it not for the fact that they may be readily neutral- 
ized to cadmium metal by the free flow of electrons 
through the crystal from the external circuit. The 
result of the experiment is that with a battery of several 
volts and the polarity illustrated, the portion of the 
crystal in the solution blackens with a deposit of 
metallic cadmium as soon as the switch is closed. If the 


polarity of applied voltage is reversed, then the situation ° 


is quite different. Electrons now flow upward through 
the crystal and out into the external circuit. There is, 
however, no ready supply of electrons which can enter 
the crystal at the contact with the solution. Removal of 
electrons from negative ions in the solution is a possible 
source, but there is no evidence of electrolysis even 
when 140 volts is applied by the battery. This is in 
agreement with estimates which show that the energy 
levels of electrons bound to chloride and hydroxy] ions 


‘R. H. Bube, Proc. Inst. Radio Engrs. 43, 1836 (1955) 
'R. W. Smith, Phys. Rev. 97, 1525 (1955). 
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in solution lie quite deep.* A more likely source for the 
electrons seems to be Zener emission from the filled 
band to the conduction band in a high field region 
within the CdS near the solution boundary. The fact 
that no electrolysis of the water occurs with high 
applied voltage suggests that the greater part of the 
voltage drop occurs within the crystal. In any event, 
the CdS-solution contact biased in this way has a high 
resistance of the order of 10° ohms. (Note that the CdS 
crystal has a resistance of about 100 ohms between 
ohmic metal contacts and the solution has a resistance 
of a few hundred ohms. For the calomel electrode, 
resistance is not well defined since it is not an ohmic 
conductor. The potential drop across the electrode is 
approximately independent of the current carried so its 
differential resistance, dV /di, is negligible.) It appears 
that the field is concentrated in an exhaustion barrier 
which is adjacent to the solution and similar to that in 
a metal-semiconductor rectifying contact. Thus the 
direction of the field is perpendicular to the surface of 
the crystal. For observation of the effect of the field on 
the absorption spectrum of the crystal it is, of course, 
a great advantage that the solution contact is com- 
pletely transparent. 


EXPERIMENTAL 


The crystals of CdS used were in the form of flat 
plates about 2100.1 mm in their dimensions. They 
were quite transparent to wavelengths longer than that 
corresponding to the band edge which lies at about 
5200 A. The apparatus shown in Fig. 2 was used with 
the positive terminal of the applied voltage connected 
to the CdS crystal through the ohmic indium dot con- 


Fic. 3. Photographs of CdS immersed halfway in KCI solution. 
Left: No applied voltage. Right: 120 volts applied. Top half of 
crystal is out of focus because the water makes the apparent 
distance of the bottom half from the camera less than that of the 
top half. 

*R. W. Gurney, Jons in Solution (Cambridge University Press, 
New York, 1936), p. 189; W. Ruppel, A. Rose, and H. J. Gerritsen, 
Helv. Phys. Acta 30, 238 (1957) 
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tact. An image of the slit of a Bausch and Lomb mono- 
chromator was focussed on a ground glass plate mounted 
1 cm behind the crystal. The uniformly lighted glass 
plate was viewed through the crystal and was masked 
so that only light passing through the crystal was 
observed. For a given wavelength the intensity of the 
light transmitted with no applied voltage was compared 
to that transmitted when the voltage was applied. 
Light intensity measurements were made with a Spectra 
spot photometer consisting of a photomultiplier and 
optical system for focussing on the light coming from a 
small area which was less than that of the crystal face. 
Monochromator slit widths were 0.3 to 0.5 mm in 
different measurements giving wavelength bandwidths 
of 5 to8 A. The electrolyte was 0.1-molar KC] in water. 
A saturated calomel electrode was used as the second 
contact to the solution. For the small currents found 
here the potential drop across the calomel electrode- 
solution interface is independent of the magnitude or 
direction of the current. 

CdS crystals have hexagonal structure and the c axis 
lies in the plane of the platelike crystals. Near the band 
edge the absorption differs for the two polarizations, 
parallel and perpendicular to the c axis. A sheet polarizer 
was placed between the exit slit of the monochromator 
and the crystal and separate observations were made 
for light of the two different polarizations. 


RESULTS AND INTERPRETATION 


Figure 3 shows a photograph of a crystal mounted as 
in Fig. 2. Monochromatic light of wavelength 5110 A 
provides the illumination. The two photographs com- 
pare the crystal, viewed by transmitted light, without 
applied voltage and with applied voltage. It can be 
seen that the portion of the crystal below the surface 
of the water darkens uniformly on applying the voltage. 
The darkening occurs within a tenth of a second on 
applying the voltage and disappears in a comparable 
time on removing the voltage. Some crystals deteriorate 
on the surface after repeated application and removal 
of the voltage but several showed no apparent change 
after approximately 100 cycles of applying and re- 
moving the voltage. The darkening cannot be explained 
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Fic. 4. Percent trans- 
mission for light of vari- 
ous wavelengths through 
a CdS crystal, with and 
without applied volt- 
age. Separate curves are 
shown for light polar- 
ized parallel and per- 
pendicular to the crystal 
c axis. 
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by Joule heating of the crystal due to current flow. 
Crystals which carry the smallest currents for a given 
applied voltage show the most pronounced darkening. 
As a specific example, one crystal showed a shift in the 
band edge of 10 A when an emf of 20 volts was applied. 
The darkening occurred in a time considerably less than 
one second. A current of 0.02 microampere flowed 
through the crystal so the total power available for 
joule heat was 4X10~’ watt. The area of the crystal 
was 0.1 cm? and the heat capacity of CdS is 1.8 joule/ 
deg-cc. Assuming the entire heating to occur in a 
barrier layer next to the surface and having a thickness 
of 1000 A, the maximum temperature rise in 1 second 
would be 0.02°C. The band edge in CdS shifts about 
1 A/deg C. Thus the observed darkening cannot be a 
heating effect. Considering the magnitude of the 
current, it is also clear that the darkening cannot be 
due to formation of a highly colored material by 
electrode reaction. 

Figure 4 shows a typical plot of percent transmission 
vs wavelength for light of two different polarizations, 
with and without applied voltage. The effect is about 
the same for each polarization and shows a shift of the 
band edge of 70 A on applying the voltage. In analyzing 
the data, reflection losses were corrected by assuming 
that at 5400 A and at longer wavelengths, the crystal, 
in the absence of applied field, had no true absorption 
and that the difference of the observed transmission 
from 100% was due to reflection losses. 

Figure 5 shows a typical plot of the shift of the band 
edge, in energy units, vs the applied voltage. The band 
edge was arbitrarily taken as the frequency at which 
the percent transmission reaches 25%. It is seen that 
the relation is a linear one. 

According to the picture of field induced absorption 
elaborated in the introduction, each light quantum 
absorbed liberates one electron into the conduction 
band. In the absence of collision ionization there should 
be a photocurrent directly proportional to the absorbed 
light intensity. A crystal, mounted as in Fig. 2 was 
illuminated with light of two different known constant 
intensities. The wavelength was 5110 A which is in the 
region where field induced absorption occurs. Photo- 
current as a function of applied voltage is shown by 
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Fic. 6. Photocurrent for constant incident light as a function of 
applied voltage. Dotted lines correct for the fact that light 
absorption increases with increasing voltage. 


the solid lines in Fig. 6. Absorption increases with 
applied voltage, and the ratio of transmitted light in- 
tensity without applied voltage to that with applied 
voltage is shown in Fig. 7. These data were then used 
to obtain the photocurrent per unit intensity of ab- 
sorbed light which is shown by the dotted lines in 
Fig. 6. The detailed mechanism of the photocurrent is 
not yet clear. The existence of a photocurrent is in 
agreement with the above picture of the light ab- 
sorption. 

These results are interpreted as being an example of 
the type of electric field induced absorption predicted 
by Franz. This implies that electric fields of 10° to 10° 
volts/cm are set up in the crystal on the application of 
the modest voltages employed here. Such high fields 
might a!so shift the band edge of the crystal by setting 
up strains which change the interatomic distances. It is 
difficult to distinguish experimentally between a shift 
in the band edge due to this process and one due to the 
process discussed by Franz. Two pieces of evidence sug- 
gest that the observed effects are not due to strain. 
First, the data in Fig. 4 show no obvious differences for 
light polarized parallel and perpendicular to the c axis 
of the crystal. Second, crystals, mounted as in Fig. 2, 
were observed between crossed polarizers during the 
application of an electric field and no effect could be 
observed though this is a fairly sensitive test for crystal 
strain. 

The voltage drop probably occurs across a barrier 
layer similar to a Schottky barrier. It is reasonable to 
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expect a barrier width of 10~ cm and this would give 
an average field of 10° volt/cm with 100 volts applied. 
The direction of the field would be everywhere per- 
pendicular to the surface of the crystal. Franz' gives 
an equation relating the shift of the band edge to the 
applied field. The data here unfortunately cannot be 
used as a sensitive test of the validity of this equation. 
The field in the crystal can be related to the applied 
voltage only if the shape of the barrier layer is known. 
Barrier layers of the kind encountered here have not 
been sufficiently studied to justify the use of a theo- 
retical expression for quantitative purposes. In addition, 
the width of the barrier layer (and therefore the length 
of the absorbing path for the field induced absorption) 
is probably a function of the applied voltage. This 
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Fic. 7. Ratio of the intensity of transmitted light intensities 
with and without applied voltage. These data are used to correct 
the photocurrents in Fig. 6. Without applied voltage the percent 
transmission is 25%. 


complicates the problem of determining the position of 
the band edge accurately 


CONCLUSIONS 


An electric field induced light absorption has been 
observed in CdS crystals. A high field is produced by 
utilizing the rectifying contact between CdS and an 
electrolyte solution. The light absorption is believed to 
be due to photon assisted tunneling of electrons from 
the valence band to the conduction band of the crystal. 
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Nernst and Ettingshausen Effects in Silicon between 300°K and 800°K 


HERBERT Metre, Woitrcanc W. GARTNER, AND CLarrE Loscor 
1, S. Army Signal Research and Development Laboratory, Fort Monmouth, New Jersey 
(Received October 13, 1959) 


The Nernst and Ettingshausen coefficients in p-type silicon single crystals of various impurity densities 
have been measured over a temperature range between 300°K and 800°K at magnetic fields of 9000 gauss. 
The results are in good agreement with the theoretical predictions. Using the measured coefficients in the 
Bridgman relation, values were obtained for the thermal conductivity of silicon in the temperature range 


between 550°K and 800°K. 





1. INTRODUCTION 


HE recently reported investigation of the high- 

temperature Nernst and Ettingshausen effects in 
germanium! has been extended to silicon for which, to 
our knowledge, no such measurements have been re- 
ported previously. The experimental arrangement and 
the theoretical expressions used were essentially the 
same as in reference 1, and the interested reader is 
referred to this paper for details of the measuring appa- 
ratus and of the assumptions underlying the theory. 


2. THEORETICAL PREDICTIONS 
Figures 1(a) and 1(b) show the theoretical Nernst 


coefficient, B, in n- and p-type silicon as a function of 
temperature for various impurity densities. The curves 
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were calculated from the expression 
B=[qD(un"+uy")/o(not po) ld(n?)/dT, (1) 
where g is the electronic charge; D is the ambipolar 
diffusivity ; o is the conductivity, ¢=q(un?notpp” po) ; 
no and po are the equilibrium carrier densities; 7 is the 
absolute temperature ; m; is the intrinsic carrier density, 
un” and uw,” are the electron and hole Hall mobilities; 
un” and uw,” are the electron and hole drift mobilities. 
The following numerical values were used*~*: 
n?=1.5X 10" T*X exp(— 14 028/7), 

pn? = (2,140.2) K 10° T-*-54°1 cm? v™ sec, 

pa” = 1.52 wa?, 

sp? = (2.34-0.1) K 10°XK T-*-***4 cm? v™ sec, 

ppt = 0.885 pe”. 
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Fic. 1. Nernst coefficient, B, in silicon with various impurity concentrations as a function of temperature; (a) theo- 
retical for n-type; (b) theoretical for p-type; (c) experimental for p-type at 9000 gauss. 


1H. Mette, W. W. Gartner, and C. Loscoe, Phys. Rev. 115, 537 (1959). 


*F. J. Morin and J. P. Maita, Phys. Rev. 96, 28 (1954). 
*G. W. Ludwig and R. L. Watters, Phys. Rev. 101, 1699 (1956). 
‘P. P. Debye and T. Kohane, Phys. Rev. 95, 724 (1954). 
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Fic, 2. Ettingshausen coefficient, P, in silicon with various impurity concentrations as a function of temperature; (a) theo- 
retical for n-type; (b) theoretical for p-type; (c) experimental for p-type at 9000 gauss 


Theoretical values for the Ettingshausen coefficient, 
P, were obtained by means of the Bridgman relation, 
BT=xP, where the thermal conductivity, x, was ap- 
proximated by the expression 


xk=435/T watts deg! cm™ 2 


(2) 
which is an extrapolation towards higher temperatures 


of the room-temperature value reported by Carruthers 
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Fic. 3. Heat conductivity of silicon calculated from the Nernst and 
Ettingshausen coefficients. 


et al.® These theoretical values were plotted in Figs. 2(a) 
and 2(b) as a function of temperature for various im- 
purity densities. 


3. EXPERIMENTS 


The measuring procedure for both effects in silicon 
was essentially the same as that for germanium.' Good 
ohmic contacts to the p-type material were obtained by 
rhodium plating. Since the effects are considerably 
smaller in silicon than in germanium, the measurements 
were normally taken at magnetic fields of 9000 gauss to 
achieve a sufficiently large reading accuracy. Control 
measurements at the peak points of the coefficient versus 
temperature curves, however, showed no dependence of 
the Nernst or Ettingshausen constanis on the magnetic 
field within the experimental accuracy of several percent. 

Figure 1(c) shows the experimental Nernst coefficient 
for four p-type silicon samples of various resistivities. 
The curves are in good agreement with the theoretical 
curves except at the low-temperature end where the 
assumptions underlying the theory are not expected to 
hold. 

Figure 2(c) gives the experimental results for the 
Ettingshausen coefficient obtained for the same samples 
that were used in the Nernst measurements of Fig. 1(c). 
Again the agreement between theory and experiment is 
quite good. Because of the internal heating of the two 


§ J. A. Carruthers, T. H. Geballe, H. M. Rosenberg, and J. M. 
Ziman, Proc. Roy. Soc. (London) A238, 502 (1957). 
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high-resistivity samples at temperatures below 550°K, 
data could not be taken with the current densities 
needed for accurate readings. Therefore, the Ettingshau- 
sen coefficient for_these high-resistivity samples is re- 
ported only above this temperature. 

The Bridgman relation permits one to calculate the 
thermal conductivity of a material from the measured 
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values of the Nernst and Ettingshausen coefficients. 
This was done for the samples used in our experiments 
and the results are shown in Fig. 3. These values for the 
thermal “conductivity areZseen to_scatter around the 
straight line described by Eq. (2) on which the determi- 
nation of the theoretical Ettingshausen coefficients was 
based. 
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Statistical Potential for Actinide Metal Energy Band Calculations* 


Guy W. Leaman 
Atomics International, Canoga Park, California 


(Received October 9, 1959) 


A simple analytic potential energy function, V, 


is developed from a Thomas-Fermi ion model for the 


actinide metals and is found to provide good agreement with wave functions derived from the Hartree 
self-consistent field approach by Ridley for the 5/, 6d, and 7s states of uranium. The estimated 5/, 6d, and 
7s bandwidths are 1.1, 7.3, and 11.8 ev, respectively, in satisfactory agreement with those of Ridley. 
Dirac’s equations are solved for the 5/, 6d, and 7s states using this nonrelativistic potential energy func- 
tion with the Wigner-Seitz boundary condition. The relativistic energy shift for the 7s state is roughly 13 ev. 


I. INTRODUCTION 


ONE-ELECTRON statistical potential energy 

function is derived in this paper which is suitable 
for studying the electronic structure of the actinide 
metals, in particular, the cubic phases of thorium, 
uranium, and plutonium. 

It was pointed out in a previous paper' that spin- 
orbit effects must be taken into account for an ade- 
quate description of the electronic structure of the acti- 
nide metals. A detailed approach was also presented 
which took spin-orbit coupling into account via an 
appropriate unitary transformation of the energy 
matrix, Ho, obtained by neglecting spin-orbit effects. 
The primary purpose of this paper is to derive a sta- 
tistical potential energy function, V, which is currently 
being used to compute radial wave functions which are 
needed to determine the H» matrix for gamma uranium 
using the 1937 version of Slater’s augmented plane 
wave approach.” 

Wave functions derived from this statistical potential 
approach are compared in Sec. III with the Hartree 
self-consistent (nonrelativistic) calculations carried out 
by Ridley for gamma uranium.’ 

Some numerical solutions of Dirac’s equations using 
the statistical potential energy function derived in Sec. 
II are also presented in order to determine qualitative 
effects of relativistic forces on the 5/, 6d, and 7s orbitals 
in uranium. The numerical procedures for determining 
the relativistic as well as the nonrelativistic radial 

* This work was supported by the U. S. Atomic Energy 
Commission. 

1G. W. Lehman, Phys. Rev. 116, 846 (1959). 

2 J. C. Slater, Phys. Rev. 51, 846 (1937). 

2 E. Cicley Ridley, Proc. Roy. Soc. (London) A247, 199 (1958). 


wave functions used in this paper are outlined in an 
appendix. 


Il. POTENTIAL FUNCTION 


Each valence electron in the metallic actinides is 
considered to move in a potential field arising from 
three sources: (i) the nuclear charge for an ion whose 
atomic number is Z and the charge distribution due to 
the (1s)?(2s)*(2p)*--- (5d) closed shell configuration 
of 78 electrons, (ii) the charge distribution due to the 
(6s)?(6p)*® closed shell configuration of eight electrons, 
and (iii) the charge distribution due to the presence of 
the m,—1 other valence electrons, where n, is the total 
number of electrons outside closed shells. For thorium, 
uranium, and plutonium, n,=4, 6, and 8, respectively. 


A. Iron Core Potential Energy 


In atomic units, the ion-core potential energy is 
given by 
2Z p-(N,r’) 
+f ei) 
r |r—r’| 


where p.(N,r) is the electron density at the point r of 
the N core electrons contained inside a sphere of radius 
r.. If the 6s, 6p, and valence electrons were absent, one 
could take p, to be the usual Thomas-Fermi electron 
density, prr(.V,r) associated with the ion under con- 
sideration here.* In the model used in this paper, it is 
assumed that p.=\'pre(N,Ar) is a good approximation 


V ion (1) (1) 


‘For a discussion of the Thomas-Fermi ion model see P. 
Gombas, Die Statistische Theorie des Atoms (Springer-Verlag, 
Wein, 1949). 
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to the true core density with the scaling parameter, X, 
chosen to give the best fit to the self-consistent calcula- 
tions of Ridley for uranium. 

Equation (1) for the ion-core potential energy can be 
written in terms of the Thomas-Fermi function, ¢; 


V ion ie (2, ‘n) ZL e(x) — xy’ (x,) 1 xX Xv, 


; natn «tie (2) 
V ion= — (2/r)(Z—N), £2 Xe 


The function, ¢, satisfies the usual Thomas-Fermi dif- 
ferential equation g” =«(¢/x)! with the boundary con- 
ditions g(0)=1, g(x.) =0, and —x,¢’ (x.)=q, where the 
degree of ionization, g, is g=1—(N/Z). In these ex- 
pressions, r=yx/d and y=0.88534Z-1. 

Analytic approximations to ¢ have been obtained 
for 0.19$q@<0.2 which have an overall accuracy of 
about one percent when compared to the numerical 
calculations of Miranda® for g=0.122. The forms chosen 
to approximate ¢ are similar to those used by Latter.® 


g '=1+1.58827—1.13558, O<2,<¢ 0.04; 
@ = 1+0.02747/+ 1.2437 —0.14862+-0.23024 
+-0,00729825+-0.011573/8, 0.04<2,<4; (3) 
1000 ¢= —0.88375.X 44+-3.11542X,—4.4125X.+3.03X; 
—0,92583X3+0.07850X9, 4<2,< 9.7558. 


In the above equations, 
P=x,=x+a0+bx*, ax.= (8.24674)qg—1, 
3bx, %-= 29.2674/ (1+ 16.493489), 


— 
and 

X n= (41 —4) (41 —5) - - « (41 — 9) / (a1 — 02). 
B. Potential Energy Due to the (6s)*(6p)° 
Configuration 


The electron density of the (6s)?(6p)* closed shell 
configuration used in these calculations was obtained 
from solutions of the Schrédinger wave equation using 
the Mayer potential energy appropriate to uranium.’ 
The potential energy, V,,, associated with the electron 
density computed in this manner can be written as 
(2/r)Z.». To an accuracy of a few percent, 


$Z,»= 1—exp(—0.4007r—0.3963r"), 
= 1—6.808 exp(— 2.14447), 


It is assumed that this approximation is also suitable 
for thorium and plutonium. 


C. Total Potential Energy for a 
Valence Electron 


The total potential energy, V(r), for a valence elec- 
tron in this model is a sum of V jon, Vp, and the poten- 
tial, Vyai, associated with the m,—1 other valence elec- 
trons. Here, Vy, is constructed by distributing the 

5 Reference 4, p. 360, Table 55. 

*R. Latter, Phys. Rev. 99, 510 (1955). 

7M. Goppert-Mayer, Phys. Rev. 60, 184 (1941). 
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valence electrons uniformly over the Wigner-Seitz 
sphere whose radius is r,. Using the integral expression 
in Eq. (1), one readily finds that Vy;=(n,—1) 
<[(3/r.)—(r°/r.*)] is appropriate for the actinide 
metals. The expression in the bracket is the potential 
energy associated with a single electron uniformly dis- 
tributed over the Wigner-Seitz sphere. 


III. NUMERICAL RESULTS FOR 
METALLIC URANIUM 


A numerical procedure for solving Dirac’s radial wave 
equations (described in the Appendix) has been pro- 
grammed for the IBM-709 digital computer. The radial 
wave functions reported in this section have been 
normalized for r;= 2.8835 which is the inscribed sphere 
radius associated with the body-centered cubic atomic 
polyhedron for gamma uranium. This normalization is 
convenient for the augmented plane wave calculations 
to be described in a later paper. 


Fic. 1. Energy, 
Ews, as a function 
of the screening pa- 
rameter for uranium 
using the Wigner- 
Seitz boundary con- 


ews (RYDBERG’S) 


dition 


092 094 096 O98 100 02 
SCREENING PARAMETER A 


Numerous comparisons bet 
and results derived from 


ween the work of Ridley 
the statistical potential ap- 
proach used here are possible. In this paper, the com- 
parisons will be restricted to results derived from an 
application of the well-known Wigner-Seitz boundary 
condition. 


A. Level Spacing for the 7s-6d-5f States as a 
Function of the Screening Parameter 


radial wave 
r;, specifies the 


The vanishing of the gradient of the 
function, u;(E,r), at the sphere edge, r 
energy, Evw., 
condition for the angular momentum quantum number, 
l. A plot of E,,, as a function of the screening parameter, 
X, for the 5/, 7s, and 6d states is shown in Fig. 1. The 
effects of relativistic forces are also shown in this figure 
by the curves labeled 751/2, 6d3/2, 6dsy2, 5fsy2, and 5f7/2, 
where the subscripts refer to the quantum number j. 


which satisfies the Wigner-Seitz boundary 





POTENTIAL FOR ACTINIDE METAL 


Figure 1 shows that the variation in E,, with d is 
much more rapid for f than d states. The spin-orbit 
splittings of the 5/, 7s, and 6d states are roughly inde- 
pendent of X since this splitting is essentially deter- 
mined by the form of the potential energy near the 
nucleus. 

The relativistic shift in E,, for the 7s state derived 
from our nonrelativistic potential is quite large, being 
roughly 13 ev. This shift might be exaggerated and 
might be reduced considerably if a suitable relativistic 
potential had been used. 


B. Comparison of 5f, 6d, and 7s Wave Functions 
Derived from Statistical and Self-Consistent 
Potentials for Uranium 


Radial wave functions for the 6d and 5); states are 
plotted in Figs. 2 and 3 for \=0.94 which is the value 





4. 
“STATISTICAL 
POTENTIAL 

A= 0.94 





Fic. 2. Normalized 5f radial wave functions as a function of 
the radius, r, for uranium derived from statistical and self-con- 
sistent potentials using the Wigner-Seitz boundary condition. 
Hartree units are used in this and subsequent figures. 
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Fic. 3. Variation of the normalized 6d radial wave functions with 
r for Wigner-Seitz boundary condition for uranium. 


of the screening parameter which gives the best fit to 
Ridley’s self-consistent wave functions associated with 
the (5/)*(6d)? configuration. It should be noted that the 
agreement between the d and f wave functions derived 
from the statistical and self-consistent models is quite 
good considering the approximations involved in the 
former. 

Plots of the 7s wave functions are shown in Fig. 4 for 
the relativistic as well as the nonrelativistic cases with 
\=0.94. Ridley’s 7s wave function for the (5/)?(6d)*(7s)? 
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Fic. 4. Variation of normalized 7s and 7s, radial wave functions 
for uranium with r using Wigner-Seitz boundary condition. 


configuration is also shown for comparison purposes. 
The relativistic 7s wave function is noticeably shifted 
toward the nucleus. Unfortunately, this effect might be 
exaggerated and might be reduced if the potential were 
derived from a proper relativistic scheme such as that 
used by Mayers for mercury.* 


C. Comparison of Estimated Bandwidths 
for 5f, 6d, and 7s States 


Ridley’ points out that the bandwidth can be meas- 
ured roughly by (Zo—E£y.,)/3, where Eo is obtained 
from “;(Eo,r,)=0. The results of this investigation are 
compared with those of Ridley in Table I below. 

Bandwidths estimated using the statistical potential 
are about 20% larger than those derived from the self- 
consistent approach owing to the fact that the inscribed 
sphere radius is smaller (about 15%) than the Wigner- 
Seitz radius used by Ridley. 


IV. SUMMARY 


A statistical potential energy function for the actinide 
metals was developed in this paper using a parameter- 
ized Thomas-Fermi ion model to account for the 
(1s)?(2s)?- -- (Sd)"closed shell configuration of 78 elec- 
trons. The potential energy associated with the 
(6s)*(6p)* closed shell configuration was computed 
from the charge density obtained from wave functions 
derived from the Mayer potential for uranium. Finally, 
the potential due to the m, valence electrons was ob- 
tained from a uniform charge density of n,—1 of these 
electrons. 

For uranium, the best choice of A, introduced into 


TaBLe I. Estimated bandwidths associated with 
5/, 6d, and 7s levels in uranium. 


Statistical 
estimated 


Ridley 
Estimated 
bandwidth bandwidth 


Config. 


1.1 ev 
7.3 ev 
16.8 ev 


Sf I 0.9 ev 
6d I 6.0 ev 
7s fds 13.0 ev 


* D. F. Mayers, Proc. Roy Soc. (London) A241, 1224 (1957). 
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the theory as a screening parameter to account for the 
interaction of the (6s)?(6p)* and valence electrons with 
the ion core, was found to be 0.94. The results derived 
in this paper were then found to agree quite well with 
those of Ridley for the case of the 5f and 6d wave 
functions. 

It was pointed out that a very large and probably 
exaggerated relativistic energy shift of 13 ev was ob- 
tained for the 75,2 state when Dirac’s equations were 
solved for uranium using the nonrelativistic statistical 
potential. This point stresses the need for relativistic 
self-consistent field calculations for uranium. 

The primary objective of the present work was to 
develop a simple analytic potential energy function 
which can be used to derive radial wave functions for 
thorium, uranium, and plutonium. These wave func- 
tions, in turn, are currently being used to construct the 
energy matrix, 7», for gamma uranium using Slater’s 
augmented plane wave approach. 

The author believes that a strictly relativistic calcu- 
lation will show that the 7s states in the actinide metals 
probably lie above the Fermi level by a few volts. 
Consequently, the interaction of the s with d and f 
states would then be small for occupied states in the 
conduction band, thereby warranting detailed energy 
band calculations using the statistical potential energy 
presented in this paper. 


APPENDIX. NUMERICAL PROCEDURE FOR 
SOLVING THE DIRAC EQUATIONS 


The Dirac wave equations? for the radial components 
R, and R;» are 


(" (1/r)(k—1), Z. )(”) 
0, 
y , D+(1/r)(k+1)7 XR, 


where T, = (a/2)(E—V)+a 
differentiation. The quantum number k 
for j 


', a '=137, and D denotes 
—(/+1) orl 
1+-4 or /—}, respectively. In our units, mc? = 2a~*, 
where m is the electron mass and c is the speed of light. 
When |V|<me? or r>a’?Z=0.0049 for uranium, one 
finds that the R, component (referred to as u;(£,r) in 
the text) satisfies the ordinary Schrédinger equation. 
Consequently, relativistic effects are confined to regions 
close to the nucleus 

Setting w=2Zr, Ra=aZpX, and R,=pY, where 
p=w'*'-', one can show that the Dirac radial wave 
equations can be transformed into 


X= (1/A)[w¥’+(|k| +k) ¥1, (Al) 


Lis hiff, Quantum Mechanics (McGraw-Hill Book Com- 
pahy, Inc., New York, 1949) 


LEHMAN 


and 
(A2) 
with 
B=[(2|k|+1 (A3) 
and 
C= (AG/w*)—[(|k| +2) A’/wA]. (A4) 


Here, A=w+1G, G=}weZ*+-x, and r= (aZ)*. The x 
function is defined in terms of the potential energy, V, 


by the equation V = (—2/r)Zx and « is the energy rela- 
tive to me’. 


A. Solution in Vicinity of Nucleus 


When w<1, one has G1, so that it is possible to 
obtain convenient power series expansions for X and Y 


given by the column vector expressions 


X Z tC, 
4 —0 \y, 


Here, c= —k+n, n= (#—r1)!, youl, and x9o=1/(n—k) 
or — (n+k)/r for k<0 or >0, respectively. The higher 
order coefficients are connected by y,= (n+s—)x, and 
$(s+2n)x,=—x,-1. In the nonrelativistic one 
must take k= — (/+1) with r=0. 


case, 


B. Numerical Procedure for Obtaining X and Y 
The differential equation for Y is solved for w>1 by 


solving an equivalent difference equation derived by a 
procedure similar to that used by Noumerov.” 

Let wasi=Wath, Ynza=Y(w,), and define a 
variable O= Y—(#*/6)Y” to replace Y. Then, it is 
readily shown that 


new 


Qns1—QOn-1= 2h¥ »'— (7/180) h°¥, -, (AS) 


and 


Onti— 20 nt Oni =Y,” (A6) 


Hence, if terms of the order #* and higher are dropped, 
one obtains 


P01 -PO (A7) 


n—ly 


where 


P;=1+ (27/6)C, with i=1,2. (A8) 


The quantities, Y,, are obtained from 


Y.=[(0.— (?/6)B,Y.’ [1+ (#/6)C,}°', (A9) 


(Al), (AS), and (A9). 


and the X,,’s from Eqs. 


%” For an account of this procedure, 


88, 1217 (1952) 


see G. W. Pratt, Phys. Rev 
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Temperature Dependence of the Infrared Reflection Spectrum of Sodium Chloride 


MArvIN Hass 
U.S. Naval Research Laboratory, Washington, D. C. 


(Received October 5, 1959) 


Experimental studies of the reflection spectrum of NaCl from 300°K to 985°K were carried out in the 
region of the fundamental lattice absorption. This reflection spectrum was analyzed using a simple dispersion 
formula. The damping constant deduced in this manner varied approximately with the square of the tem- 
perature. The relation of these results to various theories of lattice absorption in solids is discussed. 





I. INTRODUCTION 


HE shape of the strong lattice absorption band in 
the alkali halides can be used to obtain informa- 
tion about the interionic potential and lattice vibra- 
tions. Such studies on the transmission and reflection 
spectra of alkali halides in the region of the fundamental 
lattice vibration frequency have been reported by 
Czerny, Barnes, and others.'~* However, in order to 
verify some theoretical points to be discussed later, it 
is desirable to measure the spectrum as a function of 
temperature. An investigation of the reflection spectrum 
of LiF as a function of temperature has been reported 
by Heilmann.‘ It is of interest to study other halides 
besides LiF as this material is somewhat unique in the 
behavior of its elastic constants.® 


Il. EXPERIMENTAL 


These studies were carried out using a Perkin-Elmer 
Model 12 spectrometer modified for grating operation 
as suggested by Lord and McCubbin.® Michigan grat- 
ings of 320 and 556.85 lines/inch were employed. The 
entire system was enclosed in a plexiglass housing in 
which air was recirculated through a molecular sieve 
desiccant. 

Samples of NaCl single crystals were placed in an 
oven located at an external focus in an optical arrange- 
ment for measuring the reflectivity. The average angle 
of incidence was 10°. The reference aluminum mirror 
was assumed to reflect 98% of the incident radiation. 
The temperature was measured with an iron-constantan 


1M. Czerny, Z. Physik 65, 600 (1930); R. B. Barnes and M. 
Czerny, Z. Physik 72, 447 (1931); R. B. Barnes, Z. Physik 75, 
723 (1932); C. H. Cartwright and M. Czerny, Z. Physik 85, 269 
(1933); A. Mentzel, Z. Physik §8, 178 (1934); C. H. Cartwright 
and M. Czerny, Z. Physik 90, 457 (1934); C. H. Cartwright, Z. 
Physik 90, 480 (1934); H. W. Hohls, Ann. Physik 29, 433 (1937); 
B. Koch, Ann. Physik 33, 335 (1938); T. K. McCubbin, Jr., and 
W. M. Sinton, J. Opt. Soc. Am. 40, 537 (1950); M. Klier and L. 
Genzel, Z. Physik 144, 25 (1956); S. Califano and M. Czerny, 
Z. Physik 150, 1 (1958); M. Klier, Z. Physik 150, 49 (1958); 
R. W. H. Stevenson and P. T. Nettley, Nature 182, 471 (1958); 
D. J. Montgomery and R. H. Misho, Nature 183, 103 (1959); 
M. Gottlieb and J. R. Nelson, Bull. Am. Phys. Soc. 4, 36 (1959). 
? Mitsuishi, Yoshinaga, and Fujita, J. Phys. Soc. Japan 14, 110 
(1959). 

* Genzel, Happ, and Weber, Z. Physik 154, 13 (1959). 

‘G. Heilmann, Z. Physik 152, 368 (1958). 

* H. B. Huntington, Solid State Physics, edited by F. Seitz and 
D. Turnbull (Acadernic Press, New York, 1958), Vol. 7, p. 281 

*R. C. Lord and T. K. McCubbin, Jr., J. Opt. Soc. Am. 47, 
689 (1957). 


thermocouple placed in a hole drilled in the specimen. 
The temperature was kept constant to +5°C. 


III]. MEASUREMENTS 


The data are shown in Fig. 1. The room temperature 
data are characterized by a major absorption peak 
near 190 cm~, one prominent sideband at 263 cm, 
and a shoulder at 235 cm~. This last shoulder was re- 
ported as a definite band by Mitsuishi, et al.2 who ex- 
amined it with higher resolution. It is not yet established 
quantitatively whether this additional fine structure is 
due to anharmonicity, second-order electric moments, 
or consideration of proper boundary conditions as 
proposed by Rosenstock.’ As the temperature is in- 
creased, the intensity of the main band decreases. In 
addition, the reflection spectrum shifts somewhat to 
longer wavelengths as the lattice expands. 


IV. REFLECTION ANALYSIS 


The absorption was estimated in the following manner. 
Reflection spectra were calculated using the Drude dis- 
persion formula® 

€9~~ €x 


i-— (.s/eao)? +-4(-y/ene) hod 


e(w)=€,+ 





REFLECTANCE 











100 200 


FREQUENCY (Cm) 


Fic. 1. Reflection spectra of NaCl as a function of temperature. 


7H. B. Rosenstock, J. Phys. Chem. Solids 4, 201 (1958). 
* M. Born and K. Huang, Dynamical Theory %, Crystal Lattices 
(Oxford University Press, New York, 1954), p. 121. 
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Fic. 2. Reflection spectra for a damped oscillator described by 
Eq. (1) with «=5.90 and ¢,.=2.34. These are the values for 
NaCl at room temperature. 


where y/wo represents a damping term and e, and € 
are the high- and low-frequency dielectric constants, 
respectively. Here e(w) defines a complex dielectric 
constant 


s/€(w) =n—ik, (2) 


where » is the index of refraction and k the extinction 
coefficient. By expressing Eq. (1) in terms of its real 
and imaginary parts, it is shown that 

(€o— €x)[1— (w/w) ] 


i 
4 


| [1— (w/wo)* P+ (w/w)? (y/ 


(€o— €x) (¥/wo) (w/wo) 
2nk 


- q «) / € ; o 
[1 \W wo)? P+ (w wo)*(¥ wo)? 


Knowing # and &, the reflectance R is given by 
(n—1)?+F? 
(n+1)+k 


> 











Fic. 3. Inverse of peak reflectivity 1/Rmex as a function of 
damping constant y/wo for system described by Eq. (1). 


HASS 


The results of calculating R as a function of y/wo are 
shown in Fig. 2.° 

The inverse of the peak reflectivity was then plotted 
as a function of the damping constant as shown in 
Fig. 3. It can be seen from Fig. 3 that the inverse of the 
peak reflectivity is approximately linear with the 
damping constant, as has been suggested previously.” 

Consequently, the damping constant can be esti- 
mated merely from a knowledge of the peak reflectivity. 
The validity of this procedure was checked by estimat- 
ing the damping constant of LiF using the reflection 
spectra of Heilmann.‘ The values obtained using the 
present method gave good agreement with those given 
by Heilmann who determined the optical constants 
from measurements at two different angles of incidence. 
The present method is advantageous in the far infrared 
where it is more difficult to obtain the data needed for 


analysis by other methods.*" 


Fic. 4. Damping constant of NaCl as a function of absolute 
temperature T. The limits of error correspond to +1% in the 
reflectivity. The values of «9 and ¢.. were assumed to be the room 
temperature values 


The observed reflection spectrum of NaCl can be 
represented to a fair approximation by the dispersion 
formula given in Eq. (1) as can be seen by a comparison 
of Fig. 1 and Fig. 2. The structure on the high-frequency 
side of the band is not taken into account in this simple 
treatment. However, the absorption corresponding to 
this structure will be small in comparison with the 


® The dielectric constant of NaCl is taken from Dielectric Ma- 
terials and Applications, edited by A. R. Von Hippel (Technology 
Press, Cambridge, and John Wiley Inc., New York, 
1954), p. 302. The index of refraction of NaCl can be used to 
calculate «,.. making use of the relation ¢.=n*. The value at one 
micron was taken from American Institute of Physics Handbook 
(McGraw-Hill Book Company, New York, 1957), Chap. 6, p. 23. 

 C, Haas and J. A. A. Ketelaar, Phys. Rev. 103, 564 (1956); 
F. Abeles and J.-P. Mathieu, Ann. Phys. 3, 5 (1958); Spitzer, 
Kleinman, and Walsh, Phys. Rev. 113, 127 (1959 

1 T. S. Robinson, Proc. Phys. Soc. (London) B659, 910 (1952). 


and Sons, 





INFRARED REFLECTION SPECTRUM OF NaCl 


integrated absorption of the main band.* The damping 
constant of the main band can be estimated from the 
peak value of the reflectivity using the method just 
discussed. This is shown as a function of temperature 
in Fig. 4 and Table I. It can be seen that the damping 
constant varies approximately as 7°. 


V. DISCUSSION 


In the harmonic approximation when cyclic boundary 
conditions are employed, it can be shown that a very 
simple spectrum consisting of a single line at the dis- 
persion frequency wo will result. The occurrence of a 
complex spectrum consisting of several bands of finite 
width indicates the inadequacy of this simple theory. 
Among the suggestions which have been proposed to 
explain this are the following: (1) use of free boundary 
conditions instead of cyclic boundary conditions; 
(2) mechanical anharmonicity; and (3) electrica! 
anharmonicity. 

The effect on the lattice absorption spectrum of using 
free boundary conditions was pointed out by Rosen- 
stock’ who showed that in first order the main dis- 
persion line would be broadened and that subsidiary 


TABLE I. Damping constant of NaCl as a function of temperature. 





Renax 
percent y/wo 


0.04 
0.075 
0.135 
0.21 
0.26 





maxima would appear. The intensity of such additional 
effects has not yet been calculated and it is not yet 
certain whether they will be observable. 

It is generally believed that most of the features of 
the lattice absorption spectrum can be accounted for 
using a crystal potential with anharmonic terms. Vari- 
ous investigations®— of the effect of anharmonicity 
on the lattice vibration spectrum have been carried out. 
These indicate that additional structure and broadening 
of the main line will occur. Some estimates of the tem- 
perature dependence of the spectrum have been carried 
out. In these formulations the absorption can be ex- 
pressed in terms of several frequency and temperature 


2 See reference 8, -— VII for discussion. 


%M. Born and M. Blackman, Z. Physik 82, 551 (1933); M. 
Blackman, Z. Physik 86, 421 (1933); Trans. Roy. Soc. (London) 
A236, 103 (1936); Barnes, Brattain, and Seitz, Phys. Rev. 48, 
582 (1935). 

4A. A. Maradudin and R. F. Wallis, Bull. Am. Phys. Soc. 4, 
143 (1959), and private communication. 

J. Neuberger, ARCRC-TR-353, Physics Department, New 
York University, 1957 (unpublished). 
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dependent damping constants which are not, in general, 
directly related to the damping constant mentioned in 
the experimental analysis of the previous section. In 
classical treatments, Blackman" and Neuberger" found 
these damping constants to be linear functions of the 
temperature in the high-temperature limit where kT is 
much greater than fw». On the other hand, in a quantum- 
mechanical treatment, Born and Huang” showed that 
the damping constants would vary as 7® in this limit. 
This does not necessarily mean that the damping con- 
stant mentioned in the experimental analysis as a con- 
venient parameter to describe the absorption should also 
vary in the same manner as it is defined differently. In 
fact, in a one-dimensional calculation of the absorption 
of a diatomic lattice along the lines indicated by Born 
and Huang, Maradudin and Wallis“ found that the 
absorption, or more exactly mk, near the line center 
would vary somewhat less than 1/7*, while on the 
wings far away from wo the absorption would vary as 
T*. This is rough agreement with experiment where nk 
at the frequency wo can be obtained in terms of y/wo 
from Eq. (4) giving 


( nk) wo = (€9 - €.)/2 (y/wo). 


Since y/we was found to vary approximately as 7°, 
(nk)wo will vary as 1/7. It is interesting to note that a 
similar dependence was found for LiF by Heilmann.‘ 
These experiments are subject to the limitation that kT 
can only be made four times as large as hw» for NaCl 
and only two times as large for LiF due to proximity 
to the melting point. 

The possibility that the structure might be at least 
partly associated with the presence of second-order 
electric moments was suggested by Lax and Burstein.'* 
Such an explanation is needed to account for lattice 
absorption in diamond-type crystals where no per- 
manent moment exists. In addition, such terms may 
influence the absorption in polar crystals such as MgO, 
ZnS, and polar semiconductors where anharmonic effects 
are believed to be small from other considerations. At 
the present time it is not known whether these moments 
contribute to the absorption in the alkali halides where 
anharmonic effects are believed to be large. 

In conclusion, it appears that the temperature de- 
pendence of the lattice absorption of sodium chloride 
presented here is consistent with that predicted for a 
model assuming anharmonic forces. 
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The specific heat of bec iron-chromium solid solution alloys was measured at room temperature and then 
calculated under simplified assumptions from lattice, magnetic, and electronic terms. The magnetic atomic 
heat was evaluated using the simple Weiss theory. The electronic term was assumed to be equal to v7, 
where the value of + used was that obtained earlier from low-temperature specific heat measurements. The 
lattice term was taken to be the same for all alloys. Reasonable quantitative agreement between the calcu 


lated and the measured values was achieved. 


INTRODUCTION 


HE specific heat, c, of bec iron-chromium solid 

solutions was recently measured by Wei, Cheng, 
and Beck' at low temperatures. They found that for 
most alloys ¢ could be separated into a linear and a 
cubic term in 7. The temperature coefficient of the 
term linear in J was found to have unusually large 
values for alloys near 19 at. percent Fe. Since the Curie 
temperature is known to decrease to quite low values 
in this composition range, it appeared that the high 
values of the temperature coefficient may be partly 
due to the magnetic transformation. It is possible to 
check whether or not this is so by measuring c at room 
temperature, which is for these alloys far above the 
Curie point. If the term linear in T represented the 
electronic specific heat, then the high value of y should 
not change appreciably up to temperatures higher than 
room temperature. On the other hand, if this term be 
due to the magnetic transformation, the value of y 
above the Curie temperature (e.g., at room tem- 
perature) should decrease considerably. 


EXPERIMENTAL PROCEDURE 


Specimens of about 100 grams weight were prepared 
by melting electrolytic chromium and iron in an 
induction furnace under He atmosphere. The alloy 
specimens were annealed for 3 days at 1200°C in an 
92 percent He+8%H: atmosphere and they were 
quenched into cold water. Spectroscopic analysis indi- 
cated that the only impurity was manganese (approxi- 
mately 0.1%). 

The specific heat cp. was measured at room tempera- 
ture, using a standard method.? The heat capacity of 
the Dewar with kerosene, stirrer, and heater was 
measured by heating it up with a known amount of 
electric energy £. Current and voltage drop in the 
heater was measured, using a potentiometer and 
precision resistors. The current was switched off 
automatically after 72 The temperature 


seconds. 


* This work was supported by the U. S. Air Force, Wright Air 
Development Center, and by the Office of Ordnance Research, 
U. S. Army. 

1 Wei, Cheng, and Beck, Phys. Rev. Letters 2, 95 (1959). 

2A. Eucken, Handbuch der Experimentalphysik (Akademische 
Verlagsgesellschaft, Leipzig, 1929), Vol. 8, Part 1. 


increase J was measured with a thermopile, consisting 
of 10 copper-constantan thermocouples. The thermo- 
pile was calibrated with a Beckmann thermometer. The 
measurement then repeated with a specimen 
submerged in the kerosene bath. The heat capacity 
E/T of the Dewar with kerosene and specimen minus 
the heat capacity of the Dewar with kerosene, but 
without specimen, is equal to the heat capacity of the 
specimen. The electrical energy E could be measured 
to an accuracy of +0.2%. The estimated accuracy of 
the temperature increase due to the heating was +0.3%, 
and that of the calculated specific heat of the specimen 
+2%. 


was 


RESULTS AND DISCUSSION 


The experimental values of c, are given in Fig. 1. 
It was found that c, depended on the duration of the 
homogenizing anneal. In the present work all specimens 
were annealed for 3 days (the same thermal treatment 
as that given to the specimens used by Wei, Cheng, and 
Beck'). Figure 1 shows that c, has two peaks, one at 
19 at. percent Fe, and the other at 35 at. percent Fe. 
The former lies at the position where the specific heat 
coefficient +y has its maximum,' the latter in the vicinity 
of the composition, 33 at. percent Fe, where the Curie 
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Fic. 1. Measured specific heat, cp, at room temperature 
t » “Pr t 
vs composition for bec alloys of Cr and Fe. 
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SPECIFIC HEAT OF Cr-Fe 
temperature is room temperature, according to Pomey.* 
These results clearly show the separation of the maxi- 
mum in the specific heat at 19 at. percent Fe from that 
due to the magnetic transformation. The fact that at 
room temperature a maximum occurs at the same 
composition (19 at. percent Fe) where the sharp peak 
of the specific heat coefficient y was found at liquid 
helium temperatures further suggests that this peak 
is not connected with the magnetic transformation. 

For a quantitative discussion one has to separate 
the terms of cy. It may be assumed that c, is equal to the 
sum of ¢z, Cz, Cu, and ¢Cy—c,, where cz is the lattice 
specific heat, cg the electronic specific heat, and cy the 
magnetic specific heat. ¢,—c, cannot be calculated for 
the alloys, because neither the compressibility nor 
the thermal expansion coefficient is known. It was 
assumed that c,—c, varies linearly with composition 
from chromium to iron. 

The lattice specific heat cz, for chromium can be 
calculated as cyp=Cy—(Cy—C,)—Cgz, with cp,=5.43 cal 
mole deg, ¢p—c=Ta®V/xe~7.5X10™ cal mole 
deg and cg=y7T=0.12 cal mole deg. The influence 
of the antiferromagnetism is neglected, because there is 
no discontinuity in c, at the Néel temperature of Cr, 
which is close to room temperature. cz, (Cr) is therefore 
5.28 cal/mole. This corresponds to a Debye temperature 
of 6=470°K. A similar estimate for iron is not possible, 
because the magnetic specific heat cy is not known 
accurately. It was assumed that in first approximation 
cz is the same for all alloys and for iron and that it is 
equal to cz (Cr). This assumption is justified because 
the vibrational spectrum should not change very much 
with alloying if the structure remains bec and both 
atoms have nearly the same weight. Also, it is well 
known that even large changes in the vibrational 
spectrum influence the Debye function only slightly.‘ 

Figure 2 gives the curves of ce=y7, ce+cm and 
Ac=C,—cr (Cr)—(cy—¢,). Ce was calculated from the 
y values measured by Wei, Cheng, and Beck.' Accurate 
calculation of cy is not possible, because neither the 
molecular field constant N nor the saturation magneti- 
zation of the specimens as a function of composition 
and temperature is known. But it was attempted to 
calculate cy with the simple Weiss theory® using the 
Curie temperatures published by Pomey® and values of 
the saturation moment mo calculated by Fallot. The 
sum of cg and cy agrees with Ac within 4% for most 
alloys. Exceptions are alloys with an iron concentration 
of 25 to 40 at. percent. This agreement for the iron-rich 


*G. Pomey, institut de Recherches de la Siderurgie Report, 
Ser. A-no. 117, November, 1955 (unpublished). 

‘P. H. Parkinson, Report on Progress in Physics (The Physical 
Society, London, 1958), Vol. 21, p. 239. 

*R. M. Bozorth, Ferromagnelism (D. Van Nostrand and Com- 
pany, Inc., New York, 1951), p. 732. 

* M. Fallot, Ann. phys. 6, 305 (1936). 
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Fic. 2. Specific heat at room temperature vs composition; 
calculated electronic specific heat: cg=7T, (v from reference 1), 
calculated magnetic plus electronic specific heat: ¢+czx, lattice 
specific heat (taken as equal to that of Cr):ez. Ac=cy—cz 
—(¢p—¢») is a quantity derived from the measured ¢,, theo- 
retically it should be equal to calculated cu-+cg. 


alloys seems to be good, if one keeps in mind that c, 
measurements of ferromagnetic materials are not very 
reliable, probably, because they depend to a large 
extent on impurities and thermal treatment.’ The 
larger deviations of the experimental values of ¢ from 
the calculated ones near 35 at. percent Fe are due to the 
fact that the simple Weiss theory is not a good approxi- 
mation near the Curie temperature. It is not known 
how Cz is influenced by impurities and by the state of 
ordering in an alloy, therefore, the agreement at room 
temperature of Ac with y7T for the alloys not ferro- 
magnetic at that temperature should be regarded as 
sufficiently good to conclude that y does not change 
appreciably up to room temperature. Therefore, the 
high values of 7 should not be due to the magnetic 
transformation. 


CONCLUSIONS 


The large peak of the temperature coefficient, +, 
of the term in the specific heat linear in temperature 
previously found! at 19 at. percent Fe by measurements 
at 1.5°-4°K is not due to the magnetic transformation, 
since the value of y at the peak is approximately 
constant up to room temperature. It seems likely that 
the temperature coefficient may be interpreted in the 
usual way in terms of electronic specific heat. 
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RbHSO, is ferroelectric below —15°C. The room-temperature phase is monoclinic, 
a= 14.35, A, b=4.622 A, c=14.80; A, 8=121.0° and Z=8. The symmetry 


P2, ct, 


| with space group 


of the ferroelectric phase 


is Pc, as established by systematic x-ray absences and the fact that spontaneous polarization appears along 


the ¢ axis below 


— 15°C. Both the high- and low-temperature phases are pseudo-orthorhombic. The dielectric 


constant ¢, at 10 kc/sec and for a field of 5 v/cm is 10 at room temperature ; as the temperature is lowered, 


¢- rises to a sharp peak of ~240 at —15°C and falls to ~5 at — 196°C 
order. No second transition, as in the case of isomorphous NH,HSO,, could be detected 


range ~—15°C to —196°C. 


rhe transition appears to be of second 


in the te mperature 





I. INTRODUCTION 


MMONIUM acid sulfate, NH,sHSO,, is ferro- 

electric between —118°C and —3°C.' It is 
believed that N—H---0 bonds play an important role 
in the dielectric behavior of this crystal, as they do in 
other ammonium and substituted ammonium ferro- 
electrics and antiferroelectrics. It was surprising, there- 
fore, to discover that rubidium acid sulfate, RbHSO,, 
which is isomorphous with NH,yHSO, at room tempera- 
ture, is ferroelectric below — 15°C. 

Some crystallographic, dielectric, and thermal 
measurements of RbHSO, are reported here. A complete 
x-ray structural study of the paraelectric and ferro- 
electric phases is in progress. 


Il. PREPARATION AND PROPERTIES OF RbHSO, 


RbHSO, can be grown by slow evaporation of an 
aqueous solution of Rb,SO, containing excess H»,SO,. 
However, large water-clear crystals are most easily 


from molten RbHSO, (RbeSO.+H2SO,. in 
equi-molar ratio), by any of the standard melt tech- 


obtained 


niques. The melting point is 208°C. Crystals so grown 


are not hydroscopic. The boules show an excellent 


250-——_ 


cleavage plane, and the important dielectric axis is 
perpendicular to this plane. It should be recalled that 
NH,HSO, is also best grown from the melt.! 

X-ray examination reveals, as in the case of 
NH,HSO,, that rubidium bisulfate exhibits pseudo- 
orthohombic symmetry at room temperature, with the 
space group B2,/a and cell dimensions a’= 24.61, A, 
b'=4.62, A, c’=14.80; A, 8=90° 3’; the number of 
molecules per unit cell is Z=16. The conventional 
designation for this symmetry is P2,/c, with a 
= 14.35, A, 6=4.62, A, c=14.80; A, B=120° 59’, and 
8 molecules per cell. The 5 and c axes are the same in 
both notations. The cleavage plane is perpendicular 
to the ¢ axis. 

The crystal exhibits ferroelectric properties below 
— 15°C, with c becoming the polar axis. Therefore the 
two-fold screw axis should disappear below the Curie 
point, and the low-temperature phase must be either 
Pc or Pl. X-ray observations at —170°C confirm the 
deduction from dielectric observation, that the twofold 
screw axis disappears below the transition point, and 
unequivocally establish the space group of the low- 
temperature phase as Pc. 

The temperature dependence of the small-field di- 
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Fic. 1. RbHSO,: dielectric 
constant vs temperature. 





1 Pepinsky, Vedam, Hosino, and Okaya, Phys. Rev. 111, 1508 (1958). 
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FERROELECTRIC 


electric constant, with the electric field of 5 v/cm at 
10 kc/sec applied along the ¢ axis, is represented in 
Fig. 1. €, has a value of 10 at room temperature; as the 
temperature is lowered it increases to a fairly sharp 
maximum value of ~240 at —15°C, below which 
temperature it drops rapidly and has a value of 5 at 
liquid nitrogen temperature. ¢€, and ¢, on the other 
hand, decrease fairly uniformly from values of 7 and 8 
at room temperature to 5 and 6 at liquid nitrogen 
temperature, respectively. Unlike NH,HSO,, no second 
transition could be detected in this crystal in the 
temperature range —15°C to —196°C. If RbHSO, 
should exhibit an abrupt drop in the dielectric constant 
€- at lower temperatures, as does NH,HSQ,, the 
detection of such an anomaly will not be very easy 
because ¢, is already low (~5) at —196°C. No notice- 
able thermal hysteresis could be detected at the transi- 
tion temperature; if such hysteresis exists at all, it does 
not exceed 0.5°C, 


8 
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Fic. 2. RbHSO,: spontaneous polarization vs temperature. 


When a c plate is examined in a hysteresis bridge, the 
P vs E curve is linear at room temperature. As the 
temperature is lowered the P vs E curve exhibits the 
familiar characteristics of a second-order transition just 
above the Curie point. Below this temperature and down 


to about —170°C one can observe well-saturated 
hysteresis loops. The values of the spontaneous polari- 
zation and the coercive field are given as a function of 


TRANSITION 


IN _RbBHSO, 


2s; 











TEMPERATIRE , °C 


Fic. 3. RbHSO,: coercive field vs temperature. 


temperature in Figs. 2 and 3, respectively. Below 
—170°C the coercive field is much higher than the 
breakdown field of the crystal. 

A careful examination of this crystal with a modified 
Sykes’ type?’ calorimeter failed to reveal any noticeable 
specific heat anomaly at the transition temperature. 
Thus it can only be said that the heat of transition in 
this case is less than 25 cal/mole. 

The extremely large value of the dielectric constant 
at the transition temperature, the shape of the P vs E 
curve at temperatures slightly above the transition 
point, and also the variation of P, with temperature, 
lead one to conclude that the phase transition in this 
case is possibly of second order. 
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The results of calculations of the hyperfine splitting of the lithium atom ground state are reported. 
These were done by the Hartree-Fock (HF), unrestricted Hartree-Fock (UHF) and projected UHF approxi 


mations to the ground-state eigenfunctions. The exchange polarization effect allowed by 


the UHF method 


yields a 34.9% increase in the hyperfine splitting compared to the HF method. 


HE hyperfine splitting of the lithium atom ground 
states results from the Fermi! contact interaction 
between the nucleus and the electrons: 


Sar Bn B. a 
( )( ' yrx im - . , 
3 I Ss t=] 


where 8, and 8, are the nuclear and electronic magnetic 
moments, 7 and s are the nuclear and electronic spin 
magnitudes, and I and s; are the nuclear and electronic 
spin operators. 

A rigorous first-order calculation of the hyperfine 
splitting would require the use of the exact ground 
eigenstates of a Hamiltonian which included all inter- 
actions of lesser order than the magnetic interaction 
with the nucleus. Since these are inaccessible, it is 
necessary to use approximate unperturbed wave func- 
tions. The most common approximation is that of a 
single determinantal wave function constructed from 
variationally determined spin orbitals which are equiva- 
lent in pairs in the sense that the (space) orbitals 
appearing as factors in the occupied spin orbitals are 
either identical in pairs or mutually orthogonal. This 
procedure will be henceforth referred to as the Hartree- 
Fock (HF) approximation. For an electronic configu- 
ration 1s*2s, the HF approximation yields the explicit 
expression for the splitting: 


Hoo 


AE= (89/3)(8, 1)B.(2I+ 1)207(0), (2) 


where ¢20(r) is the (real) 2s orbital. 

Proposals have been made to relax the restriction of 
equivalence and allow different (space) orbitals for the 
paired spin orbitals when the variational principle is 
applied.2~* Instead of treating the full degenerate 
problem, that is, using a linear combination of the 
determinants possible with the different (space) orbit- 
als, one still assumes a single determinantal 
function. This function is not an eigenfunction of S?, 
but is a mixture of the possible spin states. This 
procedure, known as the unrestricted Hartree-Fock 


Vave 


* Based on work performed under the auspices of the U. S. 
Atomic Energy Commission 

1E. Fermi, Z. Physik 60, 320 (1930 

2 J. A. Pople and R. K. Nesbet, J. Chem. Phys. 22, 571 (1954). 
The explicit formalism which was utilized is given in this letter. 

3G. B. Berthier, J. chim. phys. 51, 363 (1954) 

*G. W. Pratt, Jr., Phys. Rev. 102, 1303 (1956). 


(UHF) approximation, should lead to a lowering of the 
energy below that of the HF approximation since the 
wave function is allowed more freedom. If one uses for 
the UHF wave function corresponding to the Isa, 
1s’8, 2sa configuration the expression 


D, A{ 1sa,1s’8,2sa}, 


where A is the antisymmetrizing operator, then the 
hyperfine splitting resulting from the Hamiltonian (1) 
is given by 


AE= (89/3)(8,/I)8.(27+1) 


X [oie U)—¢1 ? (0) +-207(0) J. (3) 


The wave function D, is a mixture of doublet and 
quartet components, whereas the lithium ground state 
is a doublet. We may project out the doublet component 
of D; by applying to it the projection operator @2,° 


PD, 


1'2D.—D,—D;]=4%2, (4) 


where the subscript on each D refers to the orbital 
associated with beta spin, the numbers 1, 2, 3 referring 
to 1s, 1s’, and 2s, respectively. The splitting calculated 
using V2 is given by 
AE= (84/3) (8./1)8.(21+-1)[64+3(G10,61'0)? 

+3 (1'0,620)? | 4, 2 (0) — 2610? (0) +4207 (0) 

+510? (0) (10,620) + 5207 (0) (G10,61'0) 

— 10¢30(0)b20(0) (10,6170) (b1'0,620) 

— 21'0(0)20(9) (d1/0,620) 


2610(0)d10(0) ($10,610) ], (5) 


where (a,b) is the inner product of (space) functions @ 
and 6. 

The case of the lithium atom was discussed in some 
detail by Pratt‘ who suggested that the exchange 
polarization allowed in the UHF method afforded a 
direct approach to the calculation of hyperfine splitting 


for systems where the equivalence restriction would 
give no splitting. Subsequently, Wood and Pratt® 
applied a simplified form of UHF to the iron atom and 


5 P. O. Léwdin, Phys. Rev. 97, 1509 (1955 
6 J. H. Wood and G. W. Pratt, Jr., Phys. Rev. 107, 995 (1957). 
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HYPERFINE SPLITTING OF Li GROUND STATE 


the manganese divalent ion. Cohen, Goodings, and 
Heine’ have recently calculated the polarization effect 
in lithium and sodium by a perturbation treatment 
using the numerical wave functions of Fock and 
Petrashen.* Having in hand a HF calculation of the 
ground state of the lithium atom,’ we have applied the 
UHF method to the same problem for comparison. 
An analytical expansion of the form 


o;= i Xmnli;mny 


min 
in terms of Slater-type functions 


(2¢,)"+4 


= —__—_—__p™l¢—fmr (7) 


[44(2n)!]8 


was assumed for the orbitals. The exponents, three being 
necessary for two orbitals, were adjusted to minimize 
the total energy using two powers of r. Having ascer- 
tained this minimum, the expansion was carried to four 


TABLE I. Expansion parameters for the UHF lithium 
atom ground-state orbitals.* 








— 0.000000 
0.148014 
— 0.036137 
0.033464 
— 0.015645 
1.071172 
0.062361 
—0.031610 
0.076064 
0.022892 
0.004458 
0.002265 


— 0.087028 
— 0.000425 
0.028171 
—0.027705 
0.014042 
—0.003142 
0.482485 
0.196857 
0.078059 
0.035873 


—0.017809 

0.008973 

— 0.001992 

0.485226 

0.196046 

3. 0.076357 
34 0.034200 





* These parameters are defined by Eqs. (6) and (7). 
+ All numbers are rounded to six decimal places, 


powers of r to demonstrate convergence. The expansion 
coefficients were determined numerically for each basis 
set utilizing the Roothaan SCF (self-consistent field) 
procedure.” The coefficients resulting from the UHF 
calculations are listed in Table I, those for the HF 
calculations were reported at the International Con- 
ference on Molecular Quantum Mechanics, 1959, and 
will appear in a forthcoming publication of the pro- 
ceedings of that conference.’ All calculations were 
carried out on the IBM-704 computer at Argonne 
National Laboratory 

The expectation value of S* for the UHF function 
D; is given by 


7™M. H. Cohen, D. A. Goodings, and V. Heine, Proc. Phys. 
Soc. (London) 73, 811 (1959). 

*Y. Fock and M. J. Petrashen, Physik. Z. Sowjetunion 8, 547 
(1935); 6, 368 (1934). 

*C. C. J. Roothaan, L. M. Sachs, and A. W. Weiss, Revs. 
Modern Phys. (to be published). 

* C. C. J. Roothaan, Revs. Modern Phys. 23, 69 (1951). 
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Taste IT. Magnitude of orbitals at the origin. 


Orbital 





HF* 


2.61282 
0.40826 
2.61282 


ounr—¢ur 
0.03186 


—0,00280 
—0,02908 


UHF 


2.61891 
0.40482 
2.60725 


i042 (0) a.u. 
$a0(0) a.u. 
?, og (0) a.u. 





* These values were obtained from a calculation which yielded a slightly 
lower energy than that obtained in reference 9. 


(D2| Ss D:)= (D;| (7/4)D2+D,+Ds) 
= (7/4) — (b10,h10)*— (br 0,620)" 
= (7/4) — (0.99999075)?— (—0.00166552)? 
=0.75001573. (8) 


For lithium the UHF procedure thus yields almost a 
pure doublet. 

The values of the orbitals at the origin resulting from 
the HF and UHF calculations'~" are listed in Table II 
and it is these values which were utilized for the 
hyperfine splittings listed for this calculation in Table 
Il. 

Using the value 8,(Li’)=3.256310 nuclear magne- 
tons“ and the fundamental constants as given by 
Cohen, DuMond, Layton, and Rollett,"® one obtains 
for Li’ the numerical constant (84/3)8,8.(2+J-") 
= 3474.38a9° Mc/sec which is used to compute the 
entries of Table III. 

As is evident from Table III, the UHF procedure 
yields a total electronic energy only very slightly below 
that of the HF, the difference coming in the sixth 
significant figure. The UHF hyperfine splitting is in 
much better agreement with experiment, yielding 97% 
of the experimental value compared to 72% for the 
HF. This substantial increase was predicted by Cohen, 
Goodings, and Heine’ in their perturbation calculation 
of the exchange polarization effect. As they point out, 

Taste III. Comparison of hyperfine splittings and 
total energies for Li’. 








Total energy SE 4E/ 


Method Reference (atomic units) (Mc/sec) 


Fock and Petrashen* 
This calculation 
Nesbet" 

Cohen, Goodings, 
and Heine’ 

This calculation 

This calculation 


—7.21 573 
—7 432727 579.10 
—7 43259 585.813 
eee 747 
perturbation 
UHF —7A32751 781.10 
te 709.59 


793,493 
803.512 1,000 


Projected 
UHF 


Configuration Nesbet!? —7431849 
interaction 


Experimental Kusch and Taub" 


—7478 





“ R. K. Nesbet, Quarterly Progress Report No. 21, Solid State 
and Molecular Theory Group, Massachusetts Institute of Tech- 
nology (unpublished). Nesbet, reference 12, reports a better HF 
value, viz., 4E= —627.005; this value, however, corresponds to 
a higher energy, E= —7.431765. 

2 R. K. Nesbet, Quarterly Progress Report No. 22, Solid State 
and Molecular Theory Group, Massachusetts Institute of Tech- 
nology (unpublished). 

4% P. Kusch and H. Taub, Phys. Rev. 75, 1477 (1949). 

“N. F. Ramsey, Nuclear Moments (Oxford University Press, 
New York, 1956), p. 172. 

1 E. R. Cohen, J. W. M. DuMond, T. W. Layton, and J. S. 
Rollett, Revs. Modern Phys. 27, 363 (1955). 
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the improvement is obtained by taking cognizance of 
the different Hamiltonians for particles of opposite 
spins. They do not, however, list the individual differ- 
ences of the separate orbitals, but only note the over-all 
change at the origin. The self-consistent field calculation 
carried out shows that the increase over the HF value 
is not due to a change in the 2s orbital, which remains 
virtually the same, but is in fact due to the net magnetic 
moment set up by the difference in the inner orbital 
charge densities as may be seen by Table IL. 

The results clearly indicate that the UHF approxi- 
mation is considerably better than the HF approxi- 
mation for the calculation of hyperfine splittings. The 
improvement is sufficient to outweigh the drawback 
of inequivalent orbitals and the resulting unaesthetic 
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LESTER M. 


S37, 


SACHS 


lack of symmetry of the total UHF wave function. In 
this connection, it should be noted that the inner 
product of the UHF inner orbitals is still virtually 
unity. It is of particular interest to note that if one 
attempts to restore the over-all symmetry by projecting 
out the doublet, ¥2, a much poorer value for the 
hyperfine splitting is obtained. 
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Recent information about the nuclear force has been used to recalculate the thermal n-p capture cross 
section, and a value of 0.303+0.012 b is obtained. The comparison of this number with the experimental cross 
section of 0.3315+0.0017 b indicates an “interaction” magnetic dipole moment contribution of 0.028 


+0.012 b. 


I. INTRODUCTION 

N earlier paper under the above title’ discussed 
the accuracy with which the thermal n—p 
capture cross section could be computed from the usual 
phenomenological theory, the theory which ignores all 
“interaction effects.” Interaction effects are those modi- 
fications of the two-body magnetic moment operator 
which are caused by the mesic nature of the nuclear inter- 
action ; in their absence the magnetic moment operator in 
n— p capture is the sum of the spin magnetic moments of 
two free nucleons. Meson theory predicts a small value 
for the interaction effects, but it gives very little more 
information than that. However, further information 
is available from the n—p capture experiment, the 
difference between the observed cross section and the 
predicted phenomenological cross section being a 
measure of the interaction effect. The present paper 
continues the task of assessing the accuracy which can 

be achieved by the theory. 
In I it was concluded that an interaction effect indeed 
could be detected, and that it gave rise to an 845% 
increase in the cross section. This determination was of 


* Work done at the Sarah Mellon Scaife Radiation Laboratory 
and assisted by the joint program of the Office of Naval Research 
and the U. S. Atomic Energy Commission. 
t National Science Foundation Cooperative Graduate Fellow. 
1 N. Austern, Phys. Rev. 92, 670 (1953). Henceforth this paper 
will be denoted I. 


marginal accuracy. It seemed sufficiently in disagree- 
ment with the one-percent effect Sugawara found from 
meson theory,” that he was led to criticize the values 
and errors chosen for the effective ranges in I. His 
choices for these quantities considerably increased the 
estimated error of the prediction and slightly decreased 
the discrepancy with experiment. Further discussion of 
the effective ranges will be given in the present paper 
in an attempt to settle the disagreement. For the sake of 
background it is interesting to note at this point that 
other experiments with the two-body system also point 
to large interaction effects; these effects also conflict 
with meson theory predictions, so a similar conflict 
in the present case need not seem surprising. The 
experiments in question concern deuteron photodis- 
integration and the deuteron magnetic moment. The 
photodisintegration seems at first sight to be in excellent 
agreement with the meson theory. Thus a negligible 
interaction modification of the medium-energy photo- 
disintegration was found by Pearlstein and Klein,‘ and 


careful phenomenological that this 


calculations® show 


2M. Sugawara (private communication 

*L. Hulthén and M. Sugawara, Encyclopedia of Physics 
(Springer-Verlag, Berlin, 1957), Vol. 39. This article effectively 
summarizes Sugawara’s work on the two-nucleon system. 

*L. D. Pearlstein and A. Klein, Bull. Am. Phys. Soc. 4, 268 
(1959); also Phys. Rev. (to be published) 

§ J. J. de Swart and R. E. Marshak, Phys. Rev. 111, 272 (1958). 
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is in accord with experiment.’ Nevertheless, the 
excellent agreement with the photodisintegration 
experiment is possible only if the phenomenological! 
theory uses 7% deuteron D state. Such a value implies 
a large interaction modification of the static magnetic 
moment of the deuteron, because without such a 
modification only 4% D state is obtained. At this point 
we see a disagreement with a prediction from meson 
theory, for Sugawara found interaction effects in the 
static magnetic moment to be small, and predicted 
341% D state.’ Evidently the statement that interac- 
tion-effect modifications of the static magnetic moment 
are negligible conflicts with the statement that such 
modifications of the photodisintegration are negligible. 
Further information from experiment is desirable. The 
present paper continues the program of seeking such 
information. It meets the criticisms made earlier,?* and 
also introduces into the phenomenological calculation a 
number of recent improvements in the input data. 
Substantially the same result as in I will be reached 
here. 

Recent information about the two-body nuclear 
interaction is the most notable of the improvements 
since I. Most of I was devoted to a study of the in- 
fluence of potential shape upon the computation of 
o-(theor). This influence was found to be small but 
not negligible, and there was as a consequence some 
uncertainty of o,(theor) because of the uncertainty 
about potential shape. However, the modern potentials 
of Signell-Marshak* and Gammel-Thaler,’ certainly 
have substantially correct shapes. It is extremely 
unlikely that their shapes could be sufficiently wrong, 
in view of I, to cause any appreciable uncertainty in 
the cross section. Thus the uncertainty of o,(theor) due 
to potential shape has been eliminated. 

The value of o.(exp) also has been determined to 
better accuracy over the past few years, several 
additional measurements having been performed. We 
adopt the value advocated by Baker and Wilkinson,” 


o-(exp) =0.3315+0.0017 barn. 


A still more recent experiment" also gives a result in 
agreement with the above value. 

Other improvements since I will become apparent 
later on, and consist mainly in more conclusive attitudes 
regarding the effective ranges. 


* This agreement refutes earlier suggestions that an appreciable 
interaction effect was needed. See R. R. Wilson, Phys. Rev. 104, 
218 (1956); N. Austern, Phys. Rev. 108, 973 (1957). 

7 See Eq. (27.11) of reference 3. 

*P. Signell and R. Marshak, Phys. Rev. 109, 1229 (1958); 
Signell, Zinn, and Marshak, Phys. Rev. Letters 1, 416 (1958 

* Gammel, Christian, and Thaler, Phys. Rev. 105, 311 (1957); 
J. Gammel and R. Thaler, Phys. Rev. 107, 291, 1337 (1957) 

” A. R. Baker and D. H. Wilkinson, Phil. Mag. 3, 647 (1958); 
A. R. Baker, Proc. Roy. Sec. (London) A248, 539 (1958). These 
authors review the earlier experimental work. 

" R. W. Stooksberry and M. F. Crouch, Phys. Rev. 114, 1561 
(1959). These authors obtain o,(exp)=0.330+-0.008b. 
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II. CALCULATIONS 
In I the capture cross section was put into the form 


o.(theor) = (#/2k)(e?/Mc*) (w/c)* 
X (uw—ur)NFa,?|M|*, (1) 


where 


Mm = f U,U dr. (2) 
0 


Here © is the overlap integral between the *S part of 
the ground-state wave function, U,, and the 'S zero 
energy wave function, U’,. These functions are normal- 
ized so that asymptotically 


U,-e *, 
r j 
U,— 1--r/a,. 


The symbol & in (1) is the wave number for the incident 
particles in center-of-mass coordinates, at the standard 
neutron velocity, 2200 m/sec; w is the frequency of the 
emitted light, a, is the singlet scattering length, and 
N,? is the ground-state normalization factor. 


N,?=2y/(1—vpi(—«€, —€)]. (3) 


Here y is the bound-state damping parameter, defined 
so that (f*y’/M)=e, the deuteron binding energy, and 
pi{—e, —€) is the effective range for the bound state. 

The effective range p,(—¢,—e) is not directly 
measured in the scattering experiments, but rather it 
is px(0, —€) which is measured. The value of the latter 
quantity is* 


p(0, — €) =1.70440,027X 10-* cm. 


To find p:(—e, —e) it is necessary to make the shape 
dependent correction 


pi(—«, —¢)=p,(0, —e)+2y'pi Pi. (4) 


The triplet shape dependent parameter, P;, will be 
discussed in detail below. It does not matter to which 
energy the p; in the second term of (4) is referred since 
that term is very small. 

It is convenient to rearrange (1). Thus we define 
the dimensionless quantity 


O= (9/2k)(2/Mc?) (w/c)*(un—pp)*(2y) (a2) (5) 
= 1145+11. 


Most of the uncertainty in Q comes from the uncertainty 
in a,. Using Q and Eq. (4) we obtain 


o,(theor)=QO[1—~vp,(0, —«)—2(yp,)*P:F' | |%. (6) 


Next 3 may be rearranged in the manner suggested by 
Bethe and Longmire.” 


M=Mo— IL p.+oe(—€, —€)]—4N*Pot+C, 


“2H. A. Bethe and C. Longmire, Phys. Rev. 77, 647 (1950). 


Also see I. 





1508 N. AUSTERN 


so that 


M=IMs—4[ p.+p.(0— é) |- Ayo 2 P.— iN, 2Pnt+C. (7) 


Here p, is the singlet effective range and Pp is the 
D-state probability. The *D state enters in (7) in a 
very simple manner, essentially only reducing the 
amount of *S state which can participate in the reaction. 
The quantity 9%» in (7) is the zero range result, and is 
computed in terms of the asymptotic wave functions, 


U, 
U, * 


e, 
1—r/a,; 
ve} 


Mo f U,U,dr = (5.098-+1:.925)K10-" cm. (8) 


0 


Most of the correction for finite range is contributed by 
the term in (7) involving the effective ranges. The 
quantity 


¢ f [(U,—U,)?— (U,—U,)? dr, 


0 


(9) 


also contributes a further correction for finite range and 
incorporates all of the uncertainty about potential 
shape. Evidently C tends to be rather small, so that it 
is not a difficult quantity to evaluate to sufficient 
accuracy. It is apparent that most of the uncertainty 
in o,(theor) comes from the uncertainty in p,, P:, 
and Pp. 


(a) Evaluation of C 


The function U’, is most readily available in the 
literature in the form published by Moravcsik,"* who 
presented an analytic fit to the Gartenhaus ground- 
state wave function,’ advocated by Signell and 
Marshak.* Moravcsik’s form for U, is'® 

U,=(1-—e 


j "\(l—e l 59r)) (gO 232r __ pl 9r)) (10) 
No such convenient expression was available for U,, so 
we performed a numerical integration of the Schrédinger 
equation, using the ‘Sp potential of Gammel and Thaler.*® 
The result of this integration is very accurately of 
Hulthén form, and is fitted by the expression 


U,=0, 
U,=1+40.029077— 1.06¢71--04 | 


r<0.4f 


r>0.4f. (11) 


This fit is accurate to better than one percent except 
very near the core radius, where U, is small anyhow. 
Having these functions it is straightforward to compute 
C. The result is 


C=+0.048x 10-* cm. (12) 


Thus C is only a one-percent correction to SM. 

The result (12) for C is not unexpected. The modern 
U, and U, functions are of the general sort explored in 

@ oe 

4M. J. Moravcsik, Nuclear Phys. 7, 113 (1958) 

4S. Gartenhaus, Phys. Rev. 100, 900 (1955). 

1% Where not otherwise stated all numerical quantities in this 
paper have the dimensions 10~" cm, or 10** cm™. 
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I, and values for C there were of the same order as in 
(12). It is satisfying that nothing unusual! has happened. 
One could ask how C changes if the Signell-Marshak 
U, is used, or if the Gammel-Thaler U, is used. These 
computations have not been done explicitly. Neverthe- 
less, the two sets of nuclear forces are in very good 
agreement for just the states in question, so since the 
wave functions are not responsive to fine details of the 
forces no additional calculations appear necessary. 

One precaution must be taken in the computation of 
C. This quantity is the only one in o,(theor) which is 
obtained from the fundamental nuclear forces. For all 
other quantities in (6) and (7) best experimental values 
will be used. Consistency demands, however, that best 
experimental values of the parameters in the asymptotic 
wave functions U, and U, mot be used in (9). The 
calculated U, and U, have scattering lengths and 
effective ranges which differ from experiment by several 
percent, an error which was not worth correcting for 
this calculation. This error is compensated without 
further calculation if asymptotic functions appropriate 
to the computed U, and U, are used in (9), leaving only 
a small error in a small quantity. 


(b) Value of Pp 

The quantity $.V,~*Pp in (7 
in the matrix 
5 we adopt 


is a very small correction 
element. In agreement with modern 
ideas 
Pp=0.07+0.02, 

giving 
4N,?Pp=9.046+0.013 X 10-8 cm. (13) 
A reduction of Pp to 0.03, the older value, would make 


no appreciable change in the result of this paper. 


(c) Value of o, 


Determinations of the n-p singlet effective range from 
neutron scattering experiments are difficult to achieve 
to the required accuracy. The results obtained thus 
far seem to cluster*? near 2.4X10~-"% cm, but are of 
uncertain accuracy. In this situation it appears best 
to rely upon charge indep ndence for the value of Ps, 
since very accurate cross section measurements can be 
achieved in the p-p system. 

Charge independence was first postulated on the 
basis of a comparison of n-p and p-p singlet state 
scattering, this comparison assuming equality of the 
force ranges of the two systems and then comparing the 
depths. It might appear more important to check 
charge independence by a direct measurement of the 
n-p range than to build further broad assumptions upon 
it. But charge independence is not based on this 
experiment Other evidence gives adequate 
support to it, and it has become customary to go on 
from that evidence to accept in full the idea that charge 
independence is precisely correct for the meson-nucleon 
coupling. Then the present information about the 


alone. 
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nucleon-nucleon interaction merely is not in conflict 
with the invariance postulated for the meson coupling. 
One may seek to derive properties of the two-nucleon 
system from charge independence, in this point of view, 
rather than use them to establish it. 

Following the point of view that it is the meson 
theory which is precisely charge independent, we see 
that the n-p and p-p singlet state interactions are not 
expected to be exactly equal, despite various meticulous 
comparisons between them which have implied such an 
expectation. Mesons are charged, so electromagnetic 
corrections to the nuclear force must occur. Evidences 
of this are seen in the four percent #°—a* mass differ- 
ence, and in the difference between the singlet scattering 
lengths, which requires the n-p singlet force to be two 
percent stronger than the p-p force*-* if the ranges are 
taken equal. The departures from charge independence 
are expected to be slight, of course, but they can be of 
the order of several percent, and they are extremely 
difficult to obtain from meson theory.’* Even the sign 
of the effect is unknown. It would appear that a correct 
attitude for finding p, from the p-p information must 
make some use of the observation that the n-p force is 
a little the stronger, but cannot treat the other effects 
in any other way except to make some allowance for 
the error they cause. 

Shape-dependent corrections to effective range 
theory cause appreciable uncertainties in the p-p 
effective range, ro.(p-p), because of the need to extra- 
polate to zero energy from the several Mev energies of 
the scattering experiments. It seems not to have been 
noticed before that the procedure which then generates 
the corresponding n-p effective range, ro,(n-p), gives a 
result which is much less shape dependent. This happens 
because the interplay between Coulomb and nuclear 
forces in fo,.(p-p) also depends on shape, so that 
removing the Coulomb force to get ro.("-p) introduces 
a further shape correction” which accidentally cancels 
the first. In detail, ro,(m-p) is found from the formulae 
of Blatt and Jackson"* for m-p scattering, using in these 
formulae the intrinsic range 6 and well-depth parameter 
s obtained from the p-p scattering. In this way ro,(n-p) 
is not found from ro,(p-p), but both rather are found 
from the same nuclear force. Table I shows a portion of 
Table 13 of reference 3, with an extra column added 
for ro.(n-p). The value of ro,(n-p) seems very well 
determined. 

The actual n-p singlet effective range, p,, may now 
be estimated in terms of ro,(n-p) by making a suitable 
adjustment to get the correct m-p scattering length. 
A two-percent increase in s, the well-depth parameter, 
easily accomplishes the necessary large increase of the 
singlet scattering length to: the n-p value, because the 


© A. Sugie, Progr. Theoret. Phys. (Kyoto) 11, 333 (1954) 
‘7 For example, see the discussion given by R. G. Sachs, Nuclear 
Theory (Addison-Wesley Publishing Company, Inc., Reading, 


1953), p. 131. 
8 J. M. Blatt and J. D. Jackson, Phys. Rev. 76, 18 (1949). 
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TABLE I. Effective ranges from p-p scattering. 





Fos (n-p) 
(10-% cm) 


2.74 


b $s 
(10-" cm) 


Fos(p-p) 
(10-8 cm) 


2.559+0,017 
2.513 0.9073 2.67340.017 2.74 
2.480 0.9216 2.77440.017 2.76 


Well shape 





Square 2.583 0.8893 
Exponential 


Yukawa 





system is near resonance. The associated change in ro, 
is approximately a two-percent reduction, a slight effect. 
An alternative way to change the scattering length 
would be to increase the intrinsic range 6, keeping s 
constant. This method makes no use of the resonance, 
however, so both b and fo, are increased in the same 
proportion as the scattering length. Adjustment of s 
is much more reasonable. 

The result of reducing ro,(n-p) by two percent from 
the results of Table I appears to be our most reasonable 
value for p,. We append to this a generous allowance for 
the errors caused by the other effects mentioned earlier. 
Thus we adopt 


p.= (2.684+0.30) K 10-* cm. (14) 


(d) Value of P, 


The value of the triplet shape dependent parameter 
P,, to be used in this paper should for reasons of 
consistency be computed for the Gartenhaus potential." 
Although this calculation has not been done, the 
general properties of the Gartenhaus potential are 
sufficiently clear so that P; can be estimated to reason- 
able accuracy from earlier calculations. Such a procedure 
also has the advantage of not appearing too involved 
with the specific form of the particular potential used. 

In I the central value of P; was chosen to be zero, 
with a suitable spread of error about this value because 
of the uncertainty in potential shape. Hulthén and 
Sugawara criticized this choice, and for their discussion 
of n-p capture quote’ a value P,=0.048+0.089. 
Their value of P; appears to have both too large a 
central value and too large an error. It was obtained 
merely as an average between the P, values for square 
and Yukawa well shapes, ignoring tensor force effects 
and ignoring repulsive core effects. Other information 
in reference 3 bears on this question in a detailed way, 
showing that P, for the elementary Yukawa shape is 
very much out of line with values that can be regarded 
as reasonable. Figure 16 of reference 3 shows that a 
repulsive core of any appreciable size not only reduces 
P,, whatever the well shape outside the core, but also 
causes the various values for different well shapes to 
cluster together more closely. Likewise, Fig. 19 of 
reference 3 shows that consideration of the tensor force 
also drops the value of P,. These facts suffice to fix P, 
in a suitable range when one considers the general 
characteristics of the modern forces** and thus obviates 


% See reference 3, Sec. 37. 
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the need to make more specific 


We take 


calculation of P,. 


P,=0.00+-0.05. (15) 


(e) Calculation of «, (theor) 


Upon assembling the values from the 
subsections, the result is found to be 


preceding 


o,(theor) = (0.303-+0.006) (1—0.326dP p 


—0.112dp,+0.140dP,) b, (16) 


the more interesting errors being displayed explicitly 
in (16). The error in the leading coefficient comes from 
the factors not explicitly displayed and is due to the 
uncertainties in a,, p:(0, —«€), and y, each contributing 
roughly the same amount. 

If the numerical estimates of error are 
inserted in (16) and combined on a random basis, the 
final result is 


various 


o,(theor) = (0.303+0.012) b, (17) 
this to be compared with the measured value 
(0.3315+0.0017) b. 


o-(exp) 


III. CONCLUSIONS 


The interaction effect increase of the capture cross 
section appears well established. It has the value 
(0.028+-0.012) b, 
about 


and is ten percent of the uncorrected cross 


section. Such a large effect is entirely unexpected. 
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Nevertheless it does not appear possible to manipulate 
ps, the least known of the quantities in o,(theor), to 
such an extent as to make the effect disappear. Thus p, 
would have to decrease to 1.86 to make the effect 
vanish, or to 2.20 to make the magnitude of the effect 
equal that of the estimated uncertainty. Evidently a 
direct measurement of p, would be very helpful. 

A large interaction effect change in a magnetic 
multipole is not impossible and does not violate 
“Siegert’s theorem.” Nevertheless the effect found is 
surprising. It is worthwhile to note that this effect 
cannot be attributed to the (L-S) interaction between 
nucleons, as the magnetic dipole operator which that 
force implies has no matrix elements between the states 
in question. 

Note added in proof.—It has been suggested that the 
n-p capture must have a contribution from the electric 
quadrupole transition from the continuum °S state to 
the *D part of the ground state. This quadrupole process 
does not interfere with the magnetic dipole process, 
hence it is expected to give a small change in the cross 
section. Explicit calculation shows the ratio of £2 and 
M1 cross sections to be 10~*, so the #2 cross 
section is negligible. We are grateful to Dr. C. J. Goebel 
for reminding us of the / 
of its magnitude. 
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Decay of Os'*? and Os'*. I. Gamma and Beta Spectroscopy* 
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Four activities, produced by the bombardment of tungsten with alpha particles | 
to 48 Mev, were identified. They have half-lives of 9.9+0.3, 13.67+0.1, 21.1+0.3, an 
the excitation functions and other measurements these are attributed to the decay 
Os"*, respectively. Measurements on the gamma-ray spectra and conversion line 
The spectra are complex, and a total of 251 conversion lines was observed. Ir 
individual gamma rays and conversion lines was studied. 


1. INTRODUCTION 


NTIL a short time ago the only information 
reported on the decay properties of the K- 
capturing nuclei Os'™ and Os'* was that the half-lives 
were 24+1 hour and 12+0.5 hours (Stover'). More 
* Work done under the auspices of the U 
Commission 
+ Present 

England. 
1 B. J. Stover, Phys. Rev. 80, 99 


S. Atomic Energy 


address, University of Manchester, Manchester, 


1950), 


recently Foster, Hilborn, and Yaffe? reported a half-life 
of 21.9+-0.1 hours for Os'® and two distinct half-lives 
of 15.4+0.3 hours and 10+1 hour for Os'*. They also 
report a number of transitions which they assign to 
these various decays 

& The present work was undertaken because it was 
thought to be of interest to study nuclei in the transition 


‘an. J. Phys. 36, 
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region between those having large deformations and 
hence rotational states and those whose collective 
behavior appears to be described by oscillations about 
a spherical equilibrium shape. In fact it turns out 
that the lower lying levels of the nucleus Os'® can be 
described fairly well by the deformed nucleus model. 

Certain discrepancies appear between the results of 
this work and that of Foster ef al. No evidence was found 
for the existence of an isomeric state in Os'*’ with a 
half-life of 39 hours as reported by Greenlees and Kuo.’ 
If this state exists it would be surprising that it was 
not seen in this work. 


2. EXPERIMENTAL PROCEDURE 
2.1 Preparation of the Sources 


The sources were prepared by bombarding both 
natural metallic tungsten and separated isotopes of 
tungsten with alpha particles from the 60-inch Crocker 
laboratory cyclotron. Most of the work was done with 
the targets obtained from natural tungsten, the 
separated targets being used only for assignment 
confirmation. 

The tungsten foils were dissolved in a fused mixture 
of 86% KOH and 14% KNO;. This was then dissolved 
in water and transferred to a distilling flask. Nitric 
acid was added drop by drop to the solution until a 
yellow precipitate of tungstic acid was observed. The 
mixture was gently heated and osmium, which had 
been oxidized to the volatile tetroxide by the nitrate 
ions, was distilled off. It was collected in a small amount 
of 0.1-M ammonium bisulphate solution buffered to a 
pH of 3.6 and cooled in ice. A gamma-ray survey meter 
placed close to the receiver was used to follow the 
progress of the distillation. The osmium first began to 
distil over as drops of water began to be consdensed at 
the top of the still. The distillation was stopped after 
about 80% of the osmium had been collected; the 
solution in the receiver was at that time about 0.03 M 
in NH, HSO, and had a fH of about 1. 

Since very few water soluble inorganic substances 
will distil over at the boiling point of water this is a 
very effective method of purification and moreover it 
produces a carrier free source. Trouble may arise 
however when an oxide target has been bombarded. 
In this case 112-min F"* is formed, presumably from the 
O'*(a,d)F"* or O'*(a,pn)F" reactions, and this can 
distill over. It does not cause trouble for measurement 
of conversion electrons but does for measurements of 
gamma spectra since it decays by positron emission and 
therefore produces 510-kev annihilation radiation. 

The sources for the spectrographs were prepared by 
electrodeposition from the buffer solution; a current 
of 150 ma for about 10 minutes was used. Those for 
the permanent magnet spectrographs were deposited on 
0.01-inch diameter platinum wire in the manner 


*G, W. Greenlees L, G. Kuo, Phil, Mag. $, 973 (1956). 
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described by Smith and Hollander.‘ The sources for 
the double focusing spectrometer were deposited onto 
nickel cr stainless steel strips approximately 0.5 inch 
by 0.08 inch wide by 0.001 inch thick. It is preferable 
to use materials having lower Z than platinum as 
backings because they cause less backscattering of the 
electrons. The effect of back-scattering becomes more 
serious as the resolution of the spectrometer becomes 
less. There was however a difficulty associated with 
the use of these backing materials which did not apply 
to platinum. This was that a black deposit sometimes 
appeared on the backing material during the electro- 
deposition; it had the effect of thickening the source 
and also of limiting the amount of activity which could 
be deposited. The reason for the appearance of this 
black deposit in some cases and not in others was not 
clear. Stainless steel was somewhat better than nickel 
from this point of view. Sources for the lens spectrometer 
were deposited onto stainless steel or nickel backings 
approximately } inch in diameter by 0.001 inch thick; 
these were held in position by scotch tape. 


2.2 Electron Spectroscopy 


Three different types of instruments were used to 
detect the conversion electrons. These were permanent 
magnet spectrographs, a double focusing spectrometer 
and a lens spectrometer. 

The permanent magnet spectrographs have 180° 
focusing and photographic recording and were used for 
the accurate energy measurements. This type of 
spectrograph has been described previously by Smith 
and Hoilander.‘ Six spectrographs of this type with 
different magnetic fields varying between 50 gauss and 
400 gauss were used in this work so that all parts of the 
conversion line spectrum could be covered with 
optimum resolution, which was about 0.1%. The sources 
were carrier free and deposited on 0.01-inch diameter 
platinum wires by a method previously described. The 
errors on the energy measurements are expected to be 
+0.1% when a spectrograph has been calibrated with 
an external standard and +0.05% when it has been 
calibrated with an accurately measured internal 
standard. 

Estimates of relative intensities can also be made if 
the photographic plates are scanned by a recording 
densitometer. In order to obtain the intensities from 
the densitometer traces it is necessary to assume a 
relation between (a) the density and exposure time 
(b) the efficiency of the film and electron energy, and 
(c) the electron intensity at the film and the orbit 
radius. For (a) a semiempirical curve of Hollander has 
been taken and for (b) and (c) the data and procedure 
by Smith and Hollandert and by Mladjenovic and 
Slatis® have been used. Considerable errors may appear 
in these intensity determinations. Examples of some 

‘W. G. Smith and J. M. Hollander, Phys. Rev. 101, 746 (1956). 

5M. Miadjenovic and H. Slatis, Arkiv Fhsik. 8, 65 (1954). 
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of the sources of such errors are: local variations of 
film thickness, variations between the properties of 
one batch of film and another, errors in the setting up 
of the densitometer, source thickness etc. Also, because 
of the rapid variation of photographic efficiency with 
electron energy below about 50-kev, intensity measure- 
ments below this energy are most unreliable; the effect 
of source thickness is also greatest in this region. 
A rough estimate of the accuracy of measurements of 
this type above 50-kev electron energy is +20% 
(standard deviation). 

An alternative method of obtaining the relative 
intensities from the films without the use of a densitom- 
eter was also used. A series of exposures for different 
times of the conversion line spectrum from a Pa™* 
source were made. The ratios of integrated electron 
intensities for all these plates were calculated from 
the exposure times and from the measured half-life of 
Pa, Protactinum-233 is a suitable source since it has 
a convenient half-life of 27 days® and a large number of 
lines suitably graded in intensity. In order to compare 
the intensity of a given line with other lines on the 
osmium plates a suitable Pa™ line, which visually 
matched the osmium line in appearance, was chosen; 
this can be done quite accurately. The relative intensities 
of the other osmium lines were then obtained by 
matching to the same Pa™ line in plates having other 
exposure times. In order to match the lines reproducably 
it is to view through both plates, the 
emulsions being placed in contact and the two lines as 
close together as possible. In this way errors arising 
from the background darkening are largely overcome. 
The method does of course suffer from some of the 
errors of the densitometer method, in fact some of 
them, e.g., the local variations in film thickness, are 
brought in twice; moreover it does not take into 
account line width, a very serious matter at low energies. 
It does, however, have one considerable advantage in 
that it is possible to measure the relative intensities 
of very weak lines which are not observable at all in 
the densitometer trace. The Pa® source was provided 
by R. Albridge and the exposures were made by Mrs. 
V. S. Shirley. 

The Berkeley double focusing spectrometer was 
used to obtain more reliable relative intensity estimates 
for the conversion electrons. This instrument has been 
described by O’Kelley.’ It was used at a resolution in 
momentum of about 0.59%. A Geiger counter having a 
plastic entrance window of 100 ug/cm? thickness was 
used as a detector. The magnet current was auto- 
matically swept over a preset range; the output was 
fed to a ratemeter and recorder system. Owing to the 
much poorer resolution of this spectrometer as compared 
with the permanent magnet spectrometer it was only 


necessary 


*L. D. McIsaac and E. C. Freiling, Nucleonics 14, No. 10 
65 (1956) 

7G. D. O’Kelley, Ph.D. thesis, University of California Radia- 
tion Laboratory Report UCRL-1243, 1951 (unpublished). 
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possible to measure the intensity of the more prominent 
transitions in the region of high conversion line density 
below about 150 kev. Relative intensities were estimated 
by measuring the areas of the peaks with a planimeter 
and dividing by the Hp value of the lines. The accuracy 
of this instrument for relative intensity measures was 
limited mainly by short term fluctuations in the 
magnet current. This instrument was also used for 
getting decay curves of conversion lines. However, the 
small transmission and consequent long scanning time 
(15 hours for a complete scan) made its use for this 
purpose rather inconvenient. 

A lens spectrometer® was used, mainly in the energy 
region greater than 250 kev, to give relative intensity 
measurements, decay curves and conversion coefficients 
by a comparison method. The transmission of this 
instrument was about 1% and the momentum resolution 
about 2%. The detector was an anthracene crystal 
observed by a photomultiplier. For electron energies 
above about 100 kev it was possible to make the 
counting rate due to a conversion line source independ- 
ent of photomultiplier voltage provided that this voltage 
exceeded a certain value which depended on the energy 
of the line. 


2.3 Gamma Spectroscopy 


Direct measurements of the gamma-ray spectrum 
were taken with Nal crystals having dimensions of 
14-inch diameter by 1 inch thick and also of 3-inch 
diameter by 3 inch thick together with photomultipliers, 
linear amplifiers and 100-channel pulse-height analyzers. 
The width at half height of the peak from the 662-kev 
gamma ray from Cs"? The 
relative intensities of the gamma rays were deduced 
from the areas of the photopeaks by use of the curves 
of Kalkstein and Hollander.’ 

An attempt was also made to obtain better resolution 
of the gamma rays by using a 0.0005-inch uranium 
photoelectric converter together with the lens spectrom- 
eter. The uranium, of diameter approximately § inch, 
mounted on an aluminum shield of sufficient 
thickness to absorb the conversion electrons from the 
osmium source which was placed immediately behind 
it. The diameter of the source was also approximately 


$ inch. 


decay was about 8%. 


was 


3. EXPERIMENTAL RESULTS 
3.1 Isotope Identification 


Natural tungsten consists almost entirely of the four 
isotopes W'® (26.2%), W'® (14.3%), W'™ (30.7%), 
and W'** (28.7%). Bombardment of natural tungsten 
with alpha particles having energies up to 48 Mev, the 
maximum energy of the Crocker cyclotron, is most 
8G. D. O’Kelley, Califor: 

Company MTA Report-38, May, 1954 (unpublished 

*M. I. Kalkstein and J. M. Hollander, University of California 

Radiation Laboratory Report UCRL-2764, 1954 (unpublished). 
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DECAY OF Os!*? AND Os?8?., 
likely to produce reactions of the type (a,x«m), where x 
is the number of emitted neutrons. Reactions involving 
the emission of charged particles are expected to be 
relatively unlikely because of the high Coulomb 
potential barrier. 

The (a,xm) reactions proceed by two main processes 
which are (a) direct interaction and (b) compound 
nucleus. This subject has been discussed in detail by 
Jackson.” A brief outline is given below. The direct 
interaction process is not strongly energy dependent 
when the alpha energy is above the threshold for the 
particular process. The process involving compound 
nucleus formation, the more important of the two at 
our bombarding energies, is, however, strongly energy 
dependent since most of the neutrons are evaporated 
with relatively low energies. The cross section as a 
function of alpha energy for the emission of a given 
number of neutrons is a well defined peak. The difference 
in energy between peaks corresponding to the emission 
of x and («+1) neutrons is roughly B+27, where B 
is the neutron binding energy and 7 the nuclear 
temperature; this corresponds approximately to the 
average energy taken away by the («+1)th neutron. 
Neither the neutron binding energies nor the nuclear 


temperatures are known accurately in the region of - 


the light osmium isotopes. However, the average value 
of B is likely to be about 7 Mev and that of T to be 
about 2 Mev, thus B+2T will be of the order of 11 Mev. 
Alpha particles in osmium nuclei are unbound to the 
extent of 2 to 3-Mev hence with 48-Mev alpha particles 
bombarding tungsten it is likely that the reactions of 
the type (a,m), (a@,2m), (a,3n), and (@,4n) will occur 
mainly, the peak energies being roughly at 13 Mev, 
24 Mev, 40 Mev, and 51 Mev, repeatively. It should be 
noted however that the thresholds for the (a,5”) and 
(a,6n) reactions are roughly at 37 Mev and 44 Mev 
so that these reactions can also occur theoretically with 
48-Mev incident energy; their cross sections 
however, be expected to be extremely low. 

In Table I are shown the mass numbers of the 
osmium isotopes which can be formed from reactions 
of the type (a,m) with tungsten isotopes; the rare 
isotope W'™ (0.14%) has not been included. Stable 
isotopes are indicated by the brackets; these however 
may have isomeric states. It can be seen that the only 
unstable isotopes formed are Os'®, Os'®, and Os'*; 
these are all expected to decay mainly by K capture. 


will, 


TaBLe I. Mass numbers of osmium isotopes formed from 
(a,xn) reactions with tungsten isotopes. The brackets indicate 
stable isotopes. 
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J. D. Jackson, Can. J. Phys. 34, 767 (1956). 
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The isotope Os'** has already had extensive study by 
Johns, Nablo, and King" and by Marty and Vergnes.” 
Isomeric states in any of the nuclei of Table I could 
also be detected in principle; such states in Os'*’ and 
Os'® have been reported by Greenlees and Kuo’ and 
in Os'® by Scharff-Goldhaber, Alburger, Harbottle, 
and McKeown." 

In the section on gamma spectroscopy (3.2) it will 
be shown that the observed gamma rays could be 
assigned to the decay of activities with half-lives of 
9.9, 13.67, and 21.1 hours and to the decay of Os'® 
which has a long half-life (93.6 days). In addition 
other radiation which showed an initial rise in intensity 
followed by decay was seen; this belongs to the decay 
of daughter nuclei. The production of these isotopes as 
a function of energy was studied by bombarding a 
stack of 0.001-inch thick tungsten foils in a Faraday 
cup with 48-Mev alpha particles. The gamma radiation 
from each of these foils, from which the osmium was 
not chemically separated, was studied with a sodium 
iodide spectrometer and the intensities of prominent 
peaks associated with each of the above decays were 
measured. The prominent peaks measured had energies 
of 1100 kev, 382 kev, 510 kev, and 646 kev correspond- 
ing to the 9.9 hour, 13.67 hour, 21.1 hour, and long 
decays, respectively. The efficiency of the spectrometer 
was determined with a standard Am™! source and from 
the curves of Kalkstein and Hollander.’ The Am*™ 
source was assumed to have 0.36 of the 60-kev gammas 
per alpha particle.” 

In order to estimate the energy of the alpha particles 
in each foil the range-energy curves of Aron, Hoffman, 
and Williams'® were used. The foils were “moderately 
thin” relative to the peak widths expected in these 
reactions; the points for each foil are plotted at the 
mean alpha energy in the foil. Assuming decay schemes 
to be given later for the 9.9-hour, 13.67-hour, and 
21.1-hour activities and the decay scheme of Johns 
et al.," for Os'®*, absolute cross sections were derived 
for the various processes. To do this an assumption had 
to be made as to which isotope contributed to the 
process. The results are shown in Fig. 1. 

From the previous discussion it seems very likely 
that the 9.9-hour and 13.67-hour activities are formed 
in (a,3m) and perhaps (a,4n) processes and that the 
21.1-hour activity is formed in an (a@,4m) process. Thus 
from Table I it seems that the 9.9-hour and 13.67-hour 
activities can be ascribed to Os'® and the 21.1-hour 
activity to Os'®. The excitation function for the long 
lived activity is consistent with it arising from (a,n), 
(a,2n), and (a,3m) processes as expected for Os'*, 


 M. W. Johns, S. V. Nablo, and W. J. King, Can. J. Phys. 35, 
1159 (1957). 

NN. Marty and M. Vergnes, J. phys. radium 18, 223 (1957). 

8G. Scharfi-Goldhaber, D. E. Alburger, G. Harbottle, and 
M. McKeown, Phys. Rev. 111, 913 (1958). 

4. B. Magnusson, Phys. Rev. 107, 161 (1957). 

'*W. A. Aron, B. G. Hoffman, and F. C. Williams, Atomic 
Energy Commission Report AECU-663, 1949 (unpublished). 
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MEAN BOMBARDING ENERGY IN 
Mev 


Fic. 1. Excitation functions for the production of the 9.9-hour 
(Os'®™), 13.67-hour (Os'*), 21.1-hour (Os'®) and >500-hour 
(Os'**) activities from the reactions W+a. The dotted curve 
corresponds to a calculated compound nucleus cross section with 
an interaction radius of 10.1 fermis. 


The cross sections are however likely to be over- 
estimated for Os'*®® since in general more than one 
isotope contributed. 

In Fig. 1 is also given a curve showing the expected 


compound nucleus cross section for the interaction 
radius r=10.1 fermis, deduced by extrapolation from 
the curves of Blatt and Weisskopf.'* The experimental 
results seem roughly consistent with this curve. 
Targets of separated W'® and W'* in the form of 
the oxide were also bombarded. The activities described 
above were seen from the W'™ target and not from the 
W'* target, in agreement with the interpretation above. 
Chemical separations were performed on these targets. 
Annihilation radiation attributable to the decay of 
F'8 was also observed. The F'* is presumably formed 
from the reaction O'*(a,pn)F"* or O'*(a,d)F"*; appar- 
ently it is possible for the fluorine to distil over together 
with the OsO,. Fluorine-18 was identified from its 
half-life of 112 min,'’ our value being 111 min. 


3.2 Gamma Spectroscopy 


In most of the bombardments two tungsten foils of 
thickness 0.003-inch were bombarded. The alpha 
energy in the first foil varied between about 46 Mev 
and 35 Mev and that in the second foil between about 
35 Mev and 21 Mev. Thus the first foil contained a 
mixture of the isotopes Os'®, Os'®, and Os'®* while the 
second contained a mixture of Os'* and Os'®*. Chemical 


16 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952). 

17]. P. Blaser, F. Boehm, and P. Marmier, Phys. Rev. 75, 
1953 (1949). 
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separation of the osmium was made in most of the 
experiments though there seemed little if any difference 
in the gamma spectrum when unseparated tungsten 
was observed. 

A typical complete spectrum arising from all three 
isotopes and taken in a 14-inch diameter by 1-inch thick 
Nal crystal is shown in Fig. 2. Prominent peaks 
corresponding to radiations having energies in kev of 
62, 114, 167, 382, 510, 650, 850, 1100, and 1440 can 
be seen. The 62-kev peak is due to the K x-rays of 
rhenium. Consideration of the shape of the Compton 
spectrum of the 382-kev gamma ray, deduced from 
that of the 411-kev gamma ray of Au’®’, shows the 
presence of another peak due to a gamma ray of 
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Fic. 2. Gamma-ray spectrum fron 
Os'®", Os'® and Os'** taken in a 
crystal. The dotted high-energy 
another spectrum and norn 


a source containing Os'®, 
1}-in. diam X 1-in. Nal 
t of the curve is taken from 


alized this one 

energy 236 kev. Similarly it can be shown by subtracting 
the Compton spectrum of the 1100-kev radiation that 
another peak of energy 1050 kev is present. The 
850-kev and 1440-kev peaks are clearly broad. The 
spectrum of Fig. 2 was not used to obtain the energies 
and intensities of these peaks; with more 
expanded scales were used for this purpose. The dotted 
region above about 1300 kev is taken from another 
spectrum which has been normalized to that of Fig. 2. 
In Fig. 3 is shown the gamma-ray spectrum arising 
from the decay of Os'™. It was obtained by subtracting 
a spectram arising from Os'* only from one arising 
from the two isotopes. The points scatter badly at the 


spectra 


edges of large peaks in the original spectra owing to a 
slight gain shift. 





DECAY OF Os!*? AND Os!88, 

The intensities and shapes of the spectra were studied 
for periods of several days with a number of sources. 
In addition to the peaks mentioned above, other peaks 
grew in to the spectra; they correspond to radiations 
from the daughter nuclei. These are Re'™ with a half-life 
of about 71 days'** and the 13-hour isomer of Re'®-”; 
Re'® is stable. Since the Re’ isomer has such a short 
half-life the gamma rays from it grew in very quickly 
after separation and were of high intensity ; those from 
Re'® were not very troublesome. 

In Fig. 4 are shown decay curves for the principal 
gamma rays of the three short-lived activities formed. 
The points for the 1100-kev gamma ray are less accurate 
than those for the other two because it was necessary 
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Fic. 3. Gamma-ray spectrum of Os'® taken in a 
14-in. diam X 1 Nal crystal. 


to subtract out a contribution to the peak of radiation 
from the 13-hour Re'™ isomer; this gives a series of 
gamma rays in the range 1100 to 1200 kev.” The shape 
of the contribution was deduced from the spectrum of 
a well-decayed source which was rich in Os'®. The 
half-lives deduced for the various radiations together 
with their relative intensities and assignments are shown 
in Table II. As will be seen later some of the peaks are 
not due to single transitions. The energies given for the 
gamma rays, with the exception of that for the 1440-kev 
transition, are deduced from the more accurate conver- 
sion-line data. It can be seen that there is a serious 


1*C. J. Gallagher, D. Strominger, and J. P. Unik, Phys. Rev. 
110, 725 (1958). 

%C. J. Gallagher, J. O. Newton, and V. S. Shirley, Phys. Rev. 
113, 1298 (1959). 
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Fic. 4. Decay curves for the 382-kev, 510-kev, 
and 1100-kev gamma rays. 


discrepancy between our value of 13.67240.1 hours for 
the half-life of the 382-kev gamma ray and that of 
15.4+0.3 hours given by Foster et al.* This discrepancy 
can probably be explained as will be shown in the 
second paper. 

From the conversion line spectra it is known that 
the “850-kev peak” is made up of contributions from 
four gamma rays having energies of 807.8, 851.1, 887.5, 
and 889.4 kev; all of these are attributed to the decay 
of Os'*. An attempt was made to resolve them by using 
a uranium converter and the lens spectrometer. The 
resolution of this instrument is not sufficiently good to 
resolve the 887.5- and 889.4-kev lines from one another 
but is good enough to resolve the sum of these two 
and the other two lines. 

The curve obtained is shown in Fig. 5. Unfortunately 
the peaks lie on top of a high undetermined background 


Taste II. Energies, assignments, half-lives, and relative 
intensities of the gamma rays. Upper limits are given to the 
inteasities of some transitions known to be present from other 
data. 


Os'® 
relative 
intensities 


Measured 
half-life 


hours) 


Energy 
kev 


Assignment 
62 ReK X 
114 Os'* 
167 Os'# 
180 Os'® 
236 Os'* 
262 Os'*® 
382 Os'* 
477 Os'* 
490 Os'* 
510 Os! 
646 Os'* 
737 Os'* 
850 Os'* 
1050 Os'™™ 
1105 Os'™™ 
1440+ 20 Os'* 


1.96 

2.7x10" 
1.110" 
(741.5) 107" 
6.8% 10 
(1440.3) 107 * 
1.00 

<7x107 
<5K107 

7.008 


13.6+08 
13.6+0.8 


14.541.8 


13.67+0.1 


21.1+0.3 
long 
<5x«10" 
7.6X107 
2.5K 10°?» 
2.0K 107» 
1.110? 


14.0+0.7 


99+03 
14.54+1.2 


* Relative to 510-kev gamma 
+ At end of bombardment. 
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Fic. 5. Spectrum of the complex “850-kev gamma ray” taken 
with a uranium photoelectric converter and a lens spectrometer. 


and moreover the errors on the points seem to be 
somewhat greater than the very small (+0.6%) 
statistical errors. The peak due to the K line of the 
851-kev transition is clearly seen, but the peaks due 
to the K lines of the 807- and 888-kev transitions are 
less definite. Allowing for the change of photoelectric 
efficiency with energy it seems that the intensities for 
the 807- and $88-kev transitions relative to that of the 
851-kev transitions are 0.3+0.1 and 0.3*%5, respec- 
tively; the assessment of the errors is arbitrary. The 
value of about 4 for the relative intensity of the two 
weaker transitions seems consistent with the shape of 
the broad 850-kev peak in the sodium iodide spectra. 


3.3 Electron Spectroscopy 


The observed electron spectra are exceedingly 
complex; in all, 251 lines were observed. In Table II 
the energies, intensities, and assignments of the lines 
which are attributed to the decay of the osmium isotopes 
182, 183, 183m, and 185 are given. The energies are in 
all cases those obtained with the permanent magnet 
spectrographs. This table does not contain all of the 
observed lines since there are so many of them; the 
other lines are listed below with only group assignments, 
if any. The lines attributed to the isomeric state of 
Os'® 3 and to the Auger lines of rhenium will be the 
subject of another publication. It is thought desirable 
to give all of the observed lines since the spectrum is 
so complex and some lines, particularly the weaker ones, 
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may be incorrectly assigned or not assigned at all. 
In order to give an idea of the degree of confidence 
which may be placed in the present assignments the 
status of each line in Table III is indicated. 

The following lines were also observed. They are 
assigned to the decays of various nuclei or unassigned 
as indicated. An indication of their relative intensities 
is given in brackets after each line. These intensities 
are given as numbers which are related to the conven- 
tional beta spectroscopic code as follows: 9, VVS; 
8, VS; 7, S; 6 ms; 5, m; 4, wm; 3, w; 2, vw; 1 vrw. 
A prefix of 7 means doubtful and a prefix of 8 means 
broad. As far as possible the intensities for a given 
series are for one photographic plate; a dash in a series 
indicates that there is a change of plate and instrument 
at this point. Some lines may appear in more than one 
series; this may be because of line overlap or because 
they were observed under different conditions. 


13-hr Re'®: 15.20 (5); 30.59 (6); 44.22 (4); 47.01 (5); 
53.65 (4); 54.17 (1); 55.62 (6); 56.18 (5); 57.54 (5); 
62.86 (82); 64.94 (4); 65.14 (71); 65.47 (3); 67.20 
(3); 72.59 (6); 73.07 (4); 74.43 (4); 81.87 (4); 82.15 
(1); 82.38 (71); 82.91 (4); 84.07 (3); 88.02 (6); 
88.52 (8); 89.92 (8); 97.56 (7); 97.81 (7); 99.59 (5); 
100.00 (2); 140.43 (1); 400.6 (4); 825.2 (1); 
1051.9 (3); 1119.7 (2); 1152.5 (2). 

Re!®: 15.20 (5); 29.56 (5); 34.40 (8); 34.93 (6); 36.30 
(5); 38.43 (6); 40.19 (7); 40.49 (7) ; 41.06 (4) ; 43.61 
(7); 43.92 (4); 44.22 (4); 45.86 (5); 49.77 (5); 50.08 
(71) ; 52.01 (3) ; 70.76 (3) ; 71.39 (3) ; 72.59 (6) ; 87.49 
(3) ; 88.78 (6) ; 92.80 (9) ; 96.82 (4) ; 98.62 (4) ; 106.13 
(3); 106.90 (3); 123.14 (2); 139.32 (5); 150.32 
150.89 (4); 152.20 (3); 161.86 (83); 176.67 
196.92 (3). 

Os'®: 17.89 (5); 18.47 (2); 19.95; 27.74 (5 
30.14 (3); 30.31 (5); 30.76 (3). 

Re Auger: 46.40 (6); 47.01 (7 : 
48.91 (7); 50.37 (6); 56.19 (4); 56.39 (4); 56.68 (4); 
56.91 (1); 57.30 (3); 57.71 (1); 58.11 (1); 58.35 (4); 
58.65 (4); 59.15 (3) ; 60.66 (83); 61.08 (1 

W Auger: 45.11 (4); 45.68 (84) ; 56.91 (3). 

Unassigned—probably Os'® or Os'™ ; 6.65 (1) ; 8.16 
8.38 (2); 8.51 (2); 9.77 (2); 10.01 (1); 10.33 
19.70 (2); 20.24 (2); 21.60 (2); 21.95 (1); 28.92 
29.24 (1); 35.89 (2); 38.78 (4 
67.14 (3); 67.31 (3 
112.14 (2); 115.87 | 
(1)—129.22 (5); 
153.7 (7); 

202.6 (3); 217.8 | 
776.1 (1); 832.2 ( 
1110.2 (1). 


(6) ; 
(3); 
- 28.37 


(7); 


(60); 


$7.51 (1); 48.37 : 


(1); 
(1); 
: 39.72 (2); 65.93 (2); 
2); 71.84 (2); 92.15 (3); 


; 68.74 

; 118.30 (1); 120.3 (1); 129.22 
« $13 @): 
}; 177.4 (4); 
}; 465.4 (1); 
); 986.4 (1); 


. 
8 | 


The line assignments were made in various ways as 
follows. With many exposures, 
usually each of twelve hours duration, was taken in a 
permanent magnet spectrograph. By comparing the 
intensities of a given line in a series of such plates it is 


sources a series of 
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TABLE III. Observed electron lines attributed to the decay of the osmium isotopes of mass numbers 182, 183, and 185. The meanings 
of the letters at the heads of the intensity columns are as follows: PMD, permanent magnet densitometer method; PMC, permanent 
magnet comparison method; D.F., double focusing spectrometer; L, lens spectrometer. The column labelled 7, gives the measured 
half-life of a line in hours. In the Status column, A means a very well supported assignment, B means a moderately well supported 
assignment, C means a rather poorly supported assignment. 183 I.T. means an isomeric transition in the nucleus Os'®. 








Line energy 
in kev 
15.09 
15.65 
17.10 
24.62 
24.93 
26.95 
27.52 
42.80 
42.99 
43.54 
44.94 
52.59 
52.81 
53.17 
53.65 
54.73 
54.86 
64.34 
66.64 
73.70 
75.34 
79.36 
91.19 
96.17 
96.78 
101.92 
102.43 
103.86 
108.52 
111.51 
112.87 
113.85 
114.39 
125.50 
132.92 
133.40 
134.45 
134.86 
138.49 
142.46 
145.25 
144.88 
148.20 
155.42 
155.98 
157.76 
158.37 
159.95 
164.98 
167.31 


167.71 


168.27 
170.18 
173.9 

175.1 

180.00 
184.54 
188.27 
191.65 
194.16 
202.6 

204.25 
214.2 

223.71 
224.31 
225.70 
233.22 
239.04 


Relative intensities Ty 
PMC D.F. , hr 


PMD 


5.8 
1.3 


0.95" 
0.26* 


0.10% 


1.6 
0.10% 
0.19 


5.9 
0.85» 
6.5 
1.0 
0.36 
0.47" 
1.5 


0.44 
0.13 
0.09 
0.32 
0.055 


0.02 
0.05 
0.10 


1.3 1.2 
0.17 0.17 
0.65 0.69» 
0.23» 0.21» 
1.00» 1.00 
0.47 0.48 


1341 


{0.75 9.540.6 


1.00» 
0.34 
0.13 


0.26 


0.38» 
0.15 


10+1 


0.30 


0.35» 
0.19 


0.22» 


0.39% 
0.17 
0.015 


0.016 
0.015 
0.020 
0.013" 





Transition 


1;27.600 
Ly,27.60 
Lin127.00 
M,27.00 
M 427.60 
N,27.00 
027.00 
K114.44 
1155.50 
1155.50 
L155.50 
M;,55.50 
M1,55.50 
M155.50 
K125.3 
L,67 .26 
N,155.50 
M 67.26 
N67 26 
K 145.39 
K 147.00 
K151.02 
K162.85 
K 167.90 
K170.72 
1114.44 
1114.44 
Ly1114.44 
K1i80.18 
M,;114.44 
1,125.3 
N1114.44 
Oy114.44 
K197.10 
1,145.39 
11 145.39 
1,147.00 
1411145.39 
£151.02 
M,145.39 
K216.9 
N1145.39 
M,151.02 
1,167.90 
L11167.90 
1170.72 
1170.72 
Ly1170.72 
M,167.90 
N 1167.90 
(My170.72 
L; 180.18 
M11170.72 
N11170.72 
K1A45.6 
K246.8 
K251.61 
1,197.10 
K259.83 
K263.27 
M 197.10 
K274.3 
1216.9 
M12169 
1,236.20 
1236.20 
L411236.20 
M 236.20 
1,251.61 


Interpretation 
Isotope 


182 
182 
182 
182 
182 
182 
182 
183 
182 
182 
182 
182 
182 
182 
185 
183™ 
182 
183™ 
183" 
183 
183™ 
183 
185 
183 
183/T 
183 
183 
183 
182 
183 
185 
183 
183 


183 


183 
183 
183 


182 or 183 
182 or 183 
183 
183 
183 


Status 
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Relative intensities 
PMC D.F. L 


0.006 i 
0.006 


Line energy 
in kev 
247.79 
249.30 
250.70 
283.67 
303.25 
310.09 
343.3 
369.22 
369.72 
371.12 
378.86 
381.04 
405.5 
424.4 
438.3 
483.5 
492.8 
497.4 
506.7 
509.0 
574.5 
633.8 
665.2 


PMD 


0.017 


1.00 1.00 1.00 
0.12 f if ) 
0.02 40.15} 40.15} 
0.018 } 
0.032 0.039 
0.014 0.009 
0.022 0.020 
0.085 0.084 
1.00* 
0.017 
0.005 
0.15* 
0.06* 


0.12 
0.03 
0.016 
0.034 


0.017 
0.083 
1.00" 
0.017 


0.076 


0.015 0.015 
0.18* 
0.04" 
0.01* 


0.15* 
0.046" 


0.005 
0.008 
0.050 
0.011 


0.009 
0.013 
0.053 
0.012 
0.012 
0.007 


0.004 
0.014 
0.049 


0.015 


‘0.008 
0.0025 
0.298 
1,2° 
1.0° 


0.014 
0.068 


848.1 
963.1 
1030.3 
1036.4 
1091.2 


0.22¢ 
1.0° 
1.0° 


1110.2 


* Relative to K of 509.9 
> Relative to La of 170.72 
* Relative to K of 1108.1 


usually possible, provided that the line is sufficiently 
intense initially, to see whether it decays with a 
10-hour, 13-hour, or 21-hour half-life or if it shows an 
initial rise followed by decay, which is characteristic of 
a daughter nucleus. It should be stressed however that 
it is not in general possible to get an accurate value for 
a half-life by this method. Thus, although it may be 
possible to distinguish between 10-hour and 13-hour 
lines, if these are known to be the only ones present, 
erroneous conclusions may be drawn if, say, there is a 
nine hour component, which is not known, also present ; 
this nine hour line wouid be assigned to the 10-hour 
activity. 

Assignments to an element could be made in some 
cases when two or more lines of a transition were 
observed, since the electron binding energies depend on 
the charge number. Considerable help in picking out the 
lines due to the daughter nuclei was given by the 
accurately known energies and the intensities of the 
electron lines in Re'™ decay'*” and in 60-hour Re'® 
decay.” ** Osmium-182 decay has been shown by 

*” J. J. Murray, F. Boehm, P. Marmier, and J. W. M. DuMond, 
Phys. Rev. 97, 1007 (1955 

1 C, J. Gallagher and J. O. Rasmussen, Phys. Rev. 112, 1730 
(1958). 


Tasie ITI.—Continued. 


0.023 


Interpretation 


rransition Isotope Status 


Ly 1259.83 183 B 
1111259.83 183 
L1263.27 182 
K355.45 183 
K374.91 182 
K381.76 183 
1,355.45 183 
14.0+0.7 L;381.76 183 
L11381.76 183 
L411381.76 183 
M381 183 
V,381.7 183 
K477 183 
K496 183 
K509 182 
L496 183 
M 496.1 183 
L,509.9 182 
M 509.9 182 
V,509.9 
K 646.2 
L1646.2 
K736.9 
K807.8 
K851.1 
K887.5 
K&889.4 
l 
1 
g 


13.5+0.4 


L851 
W851 
K 1034 
K 1102.0 
K 1108.1 
K 1162.9 


10.0+0.5 
11.1+1 


K1181.9 


Gallagher, Newton, and Shirley” to lead to the 13-hour 
Re'® isomer which decays through many of the same 
states in W'™ as does the 60-hour isomer. 

More accurate assignments to some lines were made 
by observing their decay rates with the double focusing 
spectrometer or with the lens spectrometer. The half-lives 
obtained by such direct measurements on the conversion 
lines are given also in Table III. In some cases strong 
transitions could be assigned with good confidence 
because the gamma transitions, with measured lifetimes, 
were observed. 

It will be noticed that there is a contradiction between 
these results and the results of Foster ef al.? regarding 
the half-lives of the transitions which are reported here 
as 167.90 kev and 170.72 kev and which Foster ef al. 
report as 168.1 kev and 168.7 kev; these are presumably 
the same transitions. Foster ef al. give the higher energy 
transition as having a 15-hour half-life and the lower 
energy transition as having a 10-hour half-life. It seems 
clear however both from visual inspection of permanent 
magnet spectrograph plates and from direct half-life 
measurements in the double focusing spectrometer 
that this cannot be correct; in Fig. 6 are shown the 


decay curves for the Z; lines of the 167.90- and 170.72- 
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Fic. 6. Decay curves for the Ly lines of the 167.90- and 170.72-kev 
transitions taken with the double focusing spectrometer 


kev transitions. A further contradiction arises with the 
850-kev transition which is ascribed to the 10-hour 
activity by Foster ef al. From our measurements, both 
of the gamma spectra and of the conversion lines, it 
seems that the 850-kev transition belongs to the 13-hour 
activity. The reasons for these discrepancies are not 
clear. 

No evidence has been found for the existence of a 
39-hour isomeric state in Os'* as reported by Greenlves 
and Kuo’ from observations on the K x-rays. If such a 
state exists it seems very surprising that it was not 
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seen in this work; its existence must therefore be 
considered very doubtful. 

The energy measurements could in general be made 
with considerable precision because of the presence of 
internal energy standards. These were the conversion 
lines arising from the decay of the daughter nuclei 
Re'* and 13-hour Re'™. Most of the transition energies 
in these decays have been measured with great accruacy 
(+0.02%) by Murray, Boehm, Marmier, and 
DuMond,” the accuracy arising from the use of a 
bent crystal gamma spectrometer. In addition the 
400-gauss spectrograph was calibrated externally with 
a Bi®® source; the conversion lines of this have been 
measured by Alburger and Pryce” with an accuracy of 
about +0.05%. It is thought that the accuracy of 
measurement of most of the stronger lines is +0.05%. 
The very weak lines may be rather less accurate and 
+0.1% is probably a better estimate for these. The 
energies given in Table III are in general the means of 
the values from a number of different plates, the 
number being as high as ten for some of the stronger 
lines. 
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The 382-kev transition in Re was shown to have a conversion coefficient of 
established the transition as £1. The half-life of the state from which this arises w 
X10°* sec from delayed coincidence measurements, indicating a hindrance fact 
single particle value. Other transition multipolarities were assigned fr 
L subshell and K/L ratios as obtained from the preceding paper. Amongst thes« 
transition in Os was identified and shown to be M4 with a hindrance fact 
Os'® and Os'®” are established and good agreement is obtained between the 
and those suggested by the scheme of energy levels in a spheroidal potential as ca 


1. INTRODUCTION previously by McGowan and Campbell,‘ 
by Wapstra.*® The values used here for the two con- 
version coefficients are 0.0164+0.002 and 0.103+0.010 


for the 569-kev and 1064-key transitions, respec tively. 


by Ricci® and 

N a preceding paper,' hereafter denoted by (I), 

measurements on the gamma-ray and conversion 
line spectra from certain osmium activities were de- a : ; . 
scribed. The activities were produced by bombarding Phe method of measurement required pre paration ol 
tungsten with alpha particles of various energies and “*@UFCES of Os'™ and Bi’ having approximatesy equal 
later separating them chemically. Three main activities 84™™4 Intensities. rears pores & te ee Fae 
attributable to the decay of osmium isotopes were seen. “&T taken unde r ide DUCA! FCOMeCtFICA: « onditions and 
These had half-lives in hours of 13.67+0.1, 9.9+0.3 the relative intensities of um 382-kev, 569-kev, and 
and 21.1+0.3 and were assigned to the decay of Os'®, 1064-kev transitions were obtained by the method 
Os'®™, and Os'®, respectively. given in (I). The K lines of these transitions were then 


In this paper further analysis of the data on con- 
version lines is made in order to obtain transition multi- 


compared in intensity by use of the lens spectrometer; 


bias curves were taken to ensure 100% detection 


polarities. A measurement of the internal conversion efhiciency for the 382-kev A line and for higher energy 
coefficient of the 382-kev transition is reported. This 
measurement shows that the 382-kev transition is of 
the electric dipole type; such transitions are frequently 
found to be much slower than single particle transitions. 
A measurement was therefore made of the lifetime for 
decay of this radiation; it indeed proved to be slower 
than a single particle transition by a factor of about 10°. 
Other coincidence measurements are also reported. ax (382) = (1,090.14) «10 


electrons. From these results and assuming the values 
for the Bi®’ conversion coefficients given above it was 
possible, after correcting for the decay of the Os'®, to 
obtain the conversion coefficient of the 382-kev gamma 
ray. The value obtained, combining the estimated 
errors for this experiment and the errors in the Bi®”’ 
conversion coefficients, 


Decay schemes are postulated and discussed in terms _ ' ' 
The values obtained by interpolation from the theo- 
retical calculated points’* are 1.15K10-*, 3.2«10-, 


7 Rig 4 for F 7) Wa; 
2. MEASUREMENT OF TRANSITION 8.8X 10 , and 1.1) 10 for Fl, E2, B3, and M1 
MULTIPOLARITIES transitions, respectively. From the experimental value 
above it seems most likely therefore that the 382-kev 
transition is of the electric dip e Lype 


of the unified nuclear model.?* 


2.1 The Conversion Coefficient of the 
382-kev Transition 


The K-conversion coefficient of the 382-kev transition 2.2 Deductions from L Subshell Ratios 
and K/L Ratios 


was measured relative to the conversion coefficients for 
the 569-kev and 1064-kev transitions occurring in Bi?’ If one assumes the accuracy of the present theoretical 
decay. These conversion coefficients have been measured calculations of conversion coefficients it is usually 


* Work done under the auspices of the U. S. Atomic Energy *, K. McGowen a F. ( ampbell, Phy vy. 92, 523 
Commission. 5: 

7 Present address, University of Manchester, Manchester, A. Ricci, Physica 23, 693 (195 
England. A. H. Wapstra, Arkiv Fysik 7, 279 (1954 

1 J. O. Newton, preceding paper [Phys. Rev. 117, 1510 (1960) } 7L. A. Sliv and I. M. Bar ningrad Physico-Technical 

2A. Bohr and B. Mottelson, Kgl. Danske Videnskab. Selskab, Institute Report, 1956 [translation: Report 57ICCKI, issued by 
Mat.-fys. Medd. 27, No. 16 (1953). University of Illinois, Urbana, Illinois (unpublished) } : 

*S. G. Nilsson, Kgl. Danske Videnskab. Selskab, Mat.-fys. 5M. E. Rose, Jniernal Conversion Coefficients (North Holland 
Medd. 29, No. 16 (1955 Publishing Company, Amsterdam, 1958 
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Tase I. K/L ratios, L subshell ratios, conversion coefficients, multipolarity assignments and relative intensities of transitions in 
Os'* decay. The errors in the conversion coefficients are likely to be of the order of +20% except where otherwise indicated, J(y) is 
the relative intensity of the gamma-ray and /(¢) the relative intensity of the transition; for energies greater than about 200 kev these 
are equal within the accuracy of measurement. ax and ax(th) are the measured and the theoretical K-conversion coefficients* for the 


suggested multipolarities. 





E kev K 

114.44 . 

145.39 >. d 4 0.066 
151.02 4.2+1.3 

167.90 6.6+1 

197.10 5.642 

236.20 b 0.28° 
259.83 3.8+1.5 1° 
381.76 8.2+0.3 0.14 
496.1 5.1+0.2 

477.2 
736.9 
807.8 
851.1 
887.5 


I(y) 
0.27 
2.310 


0.11 


0.07 
3.310%" 
1.00 
<0.05 
<0.07 
<5x10°% 
1.5<X107 
6.5+0.3 3.0107 


15X10 
889.4 


* See reference 8. 
> K 236.2 obscured by M1 line of the 167.90 transition. 


1,19 
6.1107 





T(t) 


ax (th) 


Multipolarity 


M1+ (441)% E2 
M1+ (6+2)% E2 
M1 


3.0 
1.52 
1.40 
1.05 M1+ (643)% £2 
0.68 (M1) 

3.5X107 Fl 

8.6X107 2 

1.12K10 Fl 

1.65X10" M2 


0.71 


3.10°7¢ 


(1.09+0.14)k 10 
2.2K 107 
4x10" 
2.1X10°? 
({4-0.3)k10" 
1.7X107 


Not F1 or £2 
E2, M1+ £2 or E3 


1.35X 107 M1 


(2+0.7)K107 M1 or M2 


© These weak lines have to be measured by the comparison method; the accuracy is probably of order +30°% 
4 The 1: and L: lines are poorly resolved and the comparison method will give the intensity of the stronger of the two. 


* Assuming the theoretical K/L ratio. 


possible to obtain transition multipolarities and mixing 
ratios from measurements of the ratios of the intensities 
of the L and M subshell conversion lines. This method is 
particularly sensitive for low-energy (below about 200 
kev) transitions in heavy nuclei. Experimentally the 
situation is often favorable because the lines are close 
together in energy and thus relative intensity measure- 
ments are good. The K/L ratios are much less sensitive 
than are the Z and M subshell ratios to transition 
multipolarity but nevertheless in some cases measure- 
ment of the K/Z ratio is of assistance in determining 
the multipolarity of a transition. Usually some other 
information, such as the absolute value of a conversion 
coefficient, is also required in order that an unam- 
biguous assignment can be given. 


(i) The Decay of Os'® 


In Table I the relative intensities of the K and L 
subshells, the relative gamma-ray intensities, the rela- 
tive transition intensities and the measured and theo- 
retical conversion coefficients are given for some of the 
transitions assigned to Os'®. For information on the 
other transitions and on the M end N subshell ratios 
see Table ITI of (I). Where possible the intensity results 
are taken from the data of the double focusing spec- 
trometer, or of the lens spectrometer, since these are 
likely to have the greatest accuracy. In other cases the 
densitometer method is preferred to the comparison 
method; the latter seems to give low results for very 
strong lines. In the region below about 150 kev it is 
likely that the intensities which we obtain are too 
low; they deviate by about a factor of two at 40 kev. 
This is apparent both because the ineasured conversion 


coefficients are too low and because the K/Z ratios are 
also too low. The reason for this is not entirely clear; 
it may possibly be related to source thickness, par- 
ticularly if the source is not uniformly thick. This 
reduction of detection efficiency will not appreciably 
affect deductions about the transition multipolarities 
from the L subshell ratios since the L lines are close 
together in energy. However in assessing the gamma 
intensity of, for example, the 145-kev transition, where 
the multipolarity can be deduced from the L subshell 
ratios but the gamma-ray is not directly observed, an 
empirical correction curve was used to correct the 
electron intensities; the gamma intensity was then 
deduced from the theoretical conversion coefficient. 
There is no obvious reason to suppose that the electron 
relative intensities will be seriously in error in the 
high-energy range. The measured conversion coefficients 
were deduced from the measured gamma-ray and 
electron intensities tegether with the value of (1.09 
+0.14)«10-* for the K-conversion coefficient of the 
382-kev transition. 


(tt) The Decay of Os'*™ 


In paper I it was shown that a number of gamma-rays 
in the region of 1100-kev energy decayed with a half- 
life of 9.9+0.3 hours. In addition the conversion lines 
of a transition of energy 170.72 kev and half-life 9.5+0.5 
hours were reported. The spacings of the conversion 
lines showed that this transition occurred in osmium 
rather than rhenium. It is therefore plausible to assume 
that all these transitions arise from the decay of the 
same state which, if this assumption is valid, must be a 
metastable state of an osmium isotope. For the reasons 
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ras_e II. Experimental and theoretical* relative electron inten- 
sities for a 170-kev transition in a nucleus with Z=76. 


K Ly, A Ls M, M, N 


expt. 1.30 150 038 054 0.25 


M3 2.36 
M4 1.41 
M5 0.92 


® See reference 8 


given in (I) this isotope is taken to be Os'®. The 
isomeric transition is considered first of all. In Table IT 
the measured relative intensities of the conversion lines 
are compared with theoretical relative intensities* for 
M3, M4, and M5 transitions. 

From this comparison it seems almost certain that 
the transition is M4. The fact that the measured K/L 
ratio is a little low is not surprising since this occurs 
with other transitions in this region of energy, as has 
been mentioned before. 

From the experimental electron intensities and gamma 
intensities the ratio of decay by the isomeric transition 
to total decay of the metastable state is found to be 
(0.46+0.1). From the half-life of (9.9+-0.3) hours for 
the combined transition a partial half-life of 21.5+4 
hours is deduced for the isomeric transition. Taking the 
theoretical K and L conversion coefficients as 5.8 
X10! and 1.13 10°, respectively and the experimental 
(M+N+---)/L ratio of 0.4 a value of (1.67+0.35) 
X10’ sec is obtained for the partial half-life of the 
170.72-kev gamma ray. 

We shall now consider the gamma rays arising from 
the K-capture branch of Os'®™. In all, five gamma-rays 
were assigned to this decay though, as Table III of 
paper I shows, they are not all assigned with certainty. 
In no case was it possible to observe more than one 
line of the LZ shell because the low-energy transitions 
were too weak and the high-energy transitions had 
small conversion coefficients. An attempt was made to 
estimate the multipolarity of the transitions from the 
conversion coefficients. 

The radiation of about 1100 kev as observed in a 
sodium iodide spectrometer actually consists of two 
gamma-rays of energy 1102.0 kev and 1108.1 kev. 
These could not be resolved in any available gamma-ray 
spectrometer so that only a mean conversion coefficient 
for the two could be obtained. This value is (3.80.8) 
< 10-* and is to be compared with theoretical values of 
1.310-, 3.310%, and 710° for £1, £2, and M1, 
respectively. Thus it seems likely that the transitions 
are both £2 or that one is £1 and the other M1. The 
first of these interpretations seems the more probable. 
As will be shown later, both of these transitions go to 
the ground state of Re'® and from intensity considera- 
tions must be fed directly. Thus if one transition is E1 
and the other M1 these close-lying levels will have to 
be fed with roughly the same intensity by allowed and 
first forbidden K-capture branches, which is somewhat 
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unlikely though not impossible. The K-conversion 
coefficient of the 1034.8-kev gamma-ray is estimated to 
be (4.5+1.6)10~ and thus this transition is also 
likely to be E2 or perhaps M1. 

Since the ZL, line of the 67.26-kev transition is ob- 
served but the ZL, and JL; lines are not it seems likely 
that this transition is predominantly an M1 transition. 
From the measured electron intensities and this assump- 
tion it is possible to estimate the total intensity of this 
transition. The value obtained is 0.13 relative to the 
intensity of the combined 1100-kev transition, the 
error being rather large since the conversion coefficient 
is not known exactly. This value is to be compared with 
a value of 0.13 for the relative intensity of the 1034.8- 
kev transition. The coincidence of these two values is 
of course due to chance but it seems possible that the 
two transitions may in fact have the same intensity. 

There is no indication as to the multipolarity of the 
147.0-kev transition. Intensities relative to that of the 
1100-kev complex are estimated to be 0.17, 0.06, or 0.03 
if the transition is £1, Z2, or M1, respectively. 

(iit) The Decay of Os'* 

The information regarding the transitions attributed 
to the decay of Os'® is given in Table IIT. The accuracy 
of the conversion coefficient measurements is rather 
less than for the transitions of Os'® decay; nevertheless 
it seems possible to make some multipolarity assign- 
ments. The gamma-rays from the two lower energy 
transitions were not observed; thus, only very approxi- 
mate estimates of their total intensities can be made; 
intensity measurements with the permanent magnet 
spectrographs below about 40-kev electron energy are 
subject to large errors. The ZL and M subshell ratios are 
probably still fairly good however since the lines are 
close together in energy 
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Tase III. K/L ratios, L subshell ratios, conversion coefficients, multipolarity assignments and 





E kev : ; Ly 


27.600 1.00 0.23 

55.50 1.00 0.12 
180.18 1.00 0.14+0.05 
263.3 
509.9 








6.4+0.3 1.00 1.00 





3. DELAYED COINCIDENCE MEASUREMENT OF THE 
HALF-LIFE OF THE 382-kev TRANSITION IN Re'** 


The electric dipole transitions which are emitted 
from low-lying nuclear energy levels are forbidden by 
selection rules on almost any model, and many have 
been observed experimentally to be much slower than 


the single particle estimate. For this reason it seemed 


worth while to attempt to measure the lifetime of the 
382-kev transition which was shown in the last section 
to be of the electric dipole type. 

For these measurements a conventional coincidence 
system of the fast-slow type in conjunction with a 
50-channel pulse-height analyzer was used. The re- 
solving time 27 of the fast coincidence circuit was 
about 30 mysec and that of the slow circuit was about 
4 ywsec. The gamma-rays were observed with two 
1-in.X1}-in. diameter NalI(Tl) crystals. Suitable ab- 
sorbers were used to prevent or to minimize scattering 
from one crystal into the other. 

In the first experiment a single channel analyzer was 
not available and coincidences were made between the 
K x-rays plus all higher energy gamma-rays and the 
380-kev radiation which was observed on the 50-channel 
pulse analyzer. The delay curve obtained is shown in 
Fig. 1. Some knowledge of the decay scheme, shown 
in Fig. 3, is required in order to interpret this result. 
If this scheme is assumed and it is further assumed that 
the 380-kev radiation is the only delayed radiation then 
it is apparent that the delay curve will contain both 
prompt and delayed components. The full line drawn 
through the experimental points is a curve computed 
from the shape of the “prompt delay curve” assuming 
equal prompt and delayed components, the half-life 
for the delayed component being 8X 10~* sec. A “prompt 
delay curve” was obtained by taking coincidences 
between the K x-rays and 569-kev radiation from a Bi””’ 
source, the gain of the photomultiplier being reduced so 
that the 569-kev radiation gave the same pulse height 
as the 382-kev radiation did previously. The asymmetry 
in the prompt curve is partly statistical in origin, 
arising from the relatively long decay time of the 
Nal and the large difference in energy of the two 
radiations. A further reason for it is that a gate was 
employed on the high-energy side and not on the low- 
energy side. A curve having nearly the same shape as 
this “‘prompt curve” though slightly shifted in position 
was obtained with the Os'* source when coincidences 
were taken between the K x-radiation plus higher energy 


0.7+0.15 
0.14+0.03 


relative intensities of transitions attributed to Os'™ decay. 


Multipolarity 


M1+ (0.340.1)% E2 
M1+ (0.640.2)% E2 
(£1) 
(F1) 


ax (th) 


(442) 107 7.0X 107 
(4+2)xK10 2.810 
(4+1.5)K 10? 50X10 


radiation and the radiation with energy higher than 
382 kev. This radiation corresponded to counts in the 
top channel of the pulse-height analyzer so that this 
curve was obtained simultaneously with that for the 
382-kev line. The half-life obtained for the 382-kev 
transition is (7.7+0.5) X 10~ sec. 

In a second experiment a single-channel pulse-height 
analyzer was also available and this was used to gate on 
the 380-kev peak. The K x-ray peak, the 114-kev peak 
and the 167-kev peaks were observed on the 50 channel 
analyzer. The results of this are shown in Fig. 2. It can 
be seen that the delay curves for coincidences with the 
K x-rays and with the 167-kev radiation show the 
8X10~* sec delay while (hat for 114-kev coincidences 
does not. This is consistent with the proposed decay 
scheme of Fig. 3. It should not be inferred from the 
slope on the delay curve for the 114-kev gamma-ray 
that this transition has also a lifetime in the 10~ sec 
region ; this slope is almost certainly instrumental. 


4. COINCIDENCE MEASUREMENTS AND 
DECAY SCHEMES 


For the slow coincidence measurements a coincidence 
circuit of resolving time 27 equal to 4 sec in conjunc- 
tion with a single-channel analyzer, a 50-channel 
analyzer of the “Snapper” type and two 1-in.X1}-in. 
diam NaI(TI) crystals was used. It was hoped to make 
quantitative measurements with this arrangement. In 





enn Rays 


~ tla Kew 
© 167 Kee 


UNITS 


VIELO IN ARBITRARY 





oe a 
CELAY IN MILL IMICROSECONDS 


Fic. 2. Coincidence delay spectra of the 382-kev gamma-ray taken 
with the K x-rays, 114-kev and 167-kev gamma-rays. 
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Fic. 3. Proposed decay schemes for Os'® and Os'*". The 
numbers in round brackets are the relative transition intensities. 
They are taken relative to the intensity of the 382-kev transition 
for Os'™ decay and to that of the 1108-kev transition for Os'™™ 
decay. 


order to do successful measurements with a source 
having a complicated spectrum, a half-life of about 12 
hours and daughter nuclei with similar half-lives it is 
desirable to take data rather quickly. Unfortunately 
the electronic system available allowed only rather 
slow counting rates so that the results are rather rough. 
Nevertheless they enable some details of the decay 
schemes to be checked. Care was taken in the measure- 
ments to avoid scattering from one crystal into the 
other. The results will be given in the following sections 
on the setting up of the decay schemes. 


4.1 The Decay Scheme of Os'* 


The postulated decay scheme is shown in Fig. 3. 
Consider first the strong transitions (see Table I) 
having energies of 114.44, 167.90, and 381.76 kev. 
Both slow and fast coincidence experiments show that 
all three gamma-rays are in coincidence with one 
another. Allowing for experimental error, the 381-kev 
and 114-kev transitions have roughly equal intensities 
while the intensity of the 167-kev transition is con- 
siderably lower. From this it follows that either a 114- 
kev state or a 381-kev state lies lowest. The fast 
coincidence measurements show that the 381-kev transi- 
tion is slow (7,=7.7X10~ sec). However these meas- 
urements also show that coincidences between the 167- 
kev and the 381-kev gammas have this delay while 
those between the 114-kev and 381-kev gammas do not 
(see Fig. 2). The 114-kev transition being M1 with 
very small £2 admixture would be expected to be 
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relatively fast so this establishes that the 114-kev state 
lies lowest. Thus the 381-kev and 167-kev gammas arise 
from the decay of states at 496.1 and 664.0 kev. Other 
possibilities seem unlikely from intensity considerations, 
and the positions of these three states seem fairly 
certain. With these states as a basis the state at 259.8 
kev can also be fixed with fair certainty. This arises 
partly from the energy sums which in all cases are 
correct to within +0.05% and partly from the very 
satisfactory consistency of the scheme with the meas- 
ured transition multipolarities. Further support is 
given by the coincidence measurements which show 
that the 236-kev gamma ray is not in coincidence with 
the 381-kev gamma ray. 

The 851-kev gamma ray is shown by the coincidence 
measurements to have no radiation in coincidence with 
it of a sufficiently high intensity for the transition to 
be other than a direct ground-state transition. There 
must then be a level at 851.9 kev. Other transitions 
from this level and also the level at 1003 kev are 
assigned only on the basis of energy sums, again correct 
to within +0.05%. A little support is however given 
to the assignment of the 1003-kev level from the fact 
that the first rotational state of the 851-kev level would 
be expected at about this energy if the moment of 
inertia of this band was about the same as that of the 
ground-state band ; as we shall see later the spin of the 
851-kev level is expected to be §. The coincidence 
measurements are not in disagreement with these 
transition assignments but cannot be used to support 
them. It is desirable that further coincidence measure- 
ments be made with a more satisfactory arrangement. 

A number of other energy sums can be made with the 
observed transition energies. However it is felt that 
little confidence can be placed in any further energy 
levels deduced in this way; the sums, excluding those 
consistent with the decay scheme of Fig. 3, are given 
below. 


736.9 


.2+ 259.8, 


45+-807.8. 


477 
355 


1162.9 


Finally it should be remarked that the half-life of 
13.67+0.1 hours obtained for the Os'® activity is not 
the half-life for Os'® decay. This apparent half-life is 
observed because the ground state of Os'™ is fed from 
the isomeric via the 170-kev M4 transition. 
Correcting for this a half-life of (12.0+0.5) hours is 
found for the decay of Os'™*. Because of the rather close 
values for the half-lives of Os'* and Os'™™ the deviation 
from linearity up to about 100 hours is not great. 
Though these results certainly do not prove that there 
is a curvature in the decay curve they are not incon- 
sistent with there being one. The measurement at 159 
hours has too large an error to help in this matter. 
Foster, Hilborn, and Yaffe,? who found a value of 
(15.4+0.3) hours for the half life of the osmium ac- 
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tivity, formed the activity by a different reaction 
hence they may have formed relatively more of the 
isomeric state. This might account for the difference in 
observed half-lives. 


4.2 The Decay Scheme of Os'*” 


The slow coincidence measurements showed that 
less than 2% oi radiation higher in energy than 100 kev 
is in coincidence with the 1100-kev radiations. The two 
strong transitions of 1102.0- and 1108.1-kev energy 
must therefore go directly to the ground state and 
arise from levels at these energies. The 67.26-kev transi- 
tion and the 1034.8-kev transition sum up to 1102.1 
kev; moreover they have approximately the same 
intensities. It therefore is possible that they arise from 
the 1102-kev state. Unfortunately there is no way of 
telling whether the intermediate state is at 67.26 or at 
1034.8 kev. 


4.3 The Decay Scheme of Os'” 


Five transitions attributed to the decay of Os'™ 
were observed, but no coincidences between the promi- 
nent 509-kev line and the other transitions were seen. 
Not more than 3% of gamma rays higher in energy 
than about 100 kev are in coincidence with the 509-kev 
gamma ray when a coincidence circuit of resolving time 
27=4 sec is used. This means that either there are 
no appreciable coincidences with transitions above 100 
kev in energy or else that the half-life of such transitions 
is greater than about 120 usec. Further discussion of 
this decay scheme will be given in Sec. 5.2. 


5. DISCUSSION 


In this section spins and parities will be assigned to 
some of the postulated energy levels. The level schemes 
will be discussed in terms of the deformed nucleus model 
of Nilsson® and Bohr and Mottelson.” 


5.1 Assignment of Spins in the Decay of 
Os'* and Os'* 


The decay scheme for Os'* and Os'®™ is given in 
Fig. 3. The scheme will first be discussed without 
reference to a particular nuclear model except that the 
existence of rotational states, for which there is exten- 
sive experimental evidence, will be assumed. 

Consider the ground-state spin of Re'™; this has not 
been measured directly. The neighboring nuclei Re7,'* 
and Re;s'*’ both have measured spins of § and the two 
lowest rotational states of each have been seen in 
Coulomb excitation.” The energies of the first excited 
states of Re'™, Re'®, and Re'*’ are 114.44, 125.3, and 
134.2 kev, respectively ; the ratios of the energies of the 
second to those of the first excited states are 2.271, 
2.26, and 2.24, respectively. The theoretical ratio of 


” DPD. Strominger, J. M. Hollander, and G. T. Seaborg, Revs. 
Modern Phys. 30, 585 (1958). 
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second to first excited state is 2.22, 2.286, and 2.40 for 
the spin K of the base state being §, §, and 3, respec- 
tively. The systematic behavior of the energies of the 
first excited states and of the ratios strongly supports 
the assumption that Re'™ has spin §. Morcover the 
tendency for the ratio to approach the theoretical value 
as the nuclei became lighter and hence further from the 
closed shell is as expected. Further evidence is given on 
the Re'® spin from the decay of Re'™ itself, which has 
been studied by Thulin ef a/."' They find that a spin of § 
best fits the experimental data. In the discussion below 
we shall assume that this value is correct. Experi- 
mentally the parity is not determined but we shall take 
it here as even for reasons of clarity; later it will be 
shown that even parity is predicted by the Nilsson 
model. 

If we do not take into account the very extensive 
experimental evidence for the existence of rotational 
states both in neighboring nuclei and in many other 
nuclei, then it is possible to assign two sets of spins to 
the 114-, 259-, and 496-kev levels. These spins, deduced 
from the measured transition multipolarities are 7/2+-, 
9/2+ and 9/2— or 3/2+, 1/24 and 1/2—, respec- 
tively. However the evidence for the existence of the 
rotational states now seems so strong that in suitable 
circumstances it can now be used as a good guide in 
assigning spins. A very brief description of the main 
features of rotational states is now given. The rotational 
states based on a state of angular momentum K have 
successive angular momenta K+1, K+2, etc. Except in 
nuclei very close to the edge of a rotational region, the 
energy, relative to that of the base state, of a state of 
angular momentum / is given to a good approximation 
by the expression E(/)=#?/235(/([+1)—K(K+1) ] 
where 3 is an effective moment of inertia and Kx}. 
Another important feature is that the £2 transition 
probabilities are very considerably enhanced, often by 
as much as a factor of 10°, over the single particle 
values. Now the 114- and 259-kev levels, as was men- 
tioned earlier in this section, have an energy ratio very 
close to that of the theoretical value for ]= §. Moreover 
the observed E2/M1 ratios for the 145- and 114-kev 
transitions are about 5X 10~* whereas the ratio expected 
if both have single particle matrix elements is about 
1X 10~; this suggests that the £2 matrix elements may 
be enhanced. Thus the evidence strongly favors the 
conclusion that the 114- and 259-kev levels are rota- 
tional levels of the ground state and therefore have 
spins 7/2+ and 9/2+, respectively. It might be re- 
marked here that the observation of any anisotropy 
in the angular correlation between the 167-kev and 
381-kev gamma rays would prove the proposed spin 
sequence, since if the 496-kev level has spin 4 the 
correlation must be isotropic. 

Since the 167-kev transition from the 664-kev level is 


"S. Thulin, J. O. Rasmussen, C. J. Gallagher, W. G. Smith, 
and J. M. Hollander, Phys. Rev. 104, 471 (1956). 
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also M1 with a relatively large E2 admixture it is 
plausible to assume that this arises from the first 
rotational state of the 496-kev level; it therefore has 
spin 11/2—. Usually one finds that the values of #?/25 
for different bands do not differ markedly, thus the 
fact that the value of 15.26 kev for this band is rather 
close to that of 16.35 kev for the ground-state band also 
gives support for the assignment. The fact that no 
transitions are observed to the ground or first excited 
states gives further support. 

The decay of the 851-kev state to the ground state 
by an M1 transition establishes it as having spin 3, 3, 
or § with even parity. The decay to the first excited 
state by a transition that is not £1 or £2 effectively 
eliminates the } possibility. Decay is observed to the 
496-kev level in competition with much higher energy 
M1 transition. From lifetime consideration this transi- 
tion could hardly be M2; it must therefore be £1. If this 
is so then § is also ruled out and the spin of the 851-kev 
state must be 7/2+. It then seems likely that the 
1003-kev state, which decays by M1 transitions to the 
851- and 114-kev states but not to the ground state, 
is the first rotational state of the 851-kev state. It will 
therefore have spin 9/2+. This band has an acceptable 
value of #?/25 of 16.77 kev. 

We now consider the possible spins of the Os'* 
ground state. Since radiation of energy 1440 kev is 
observed in the decay of Os'®* the energy available for 
the decay must be more than this. Predictions from 
8 systematics are not reliable in this region. The 
Coryell systematics” predicts a total decay energy of 
1.4+0.4 Mev whilst the Way and Wood" systematics 
suggests a decay energy of about 2 Mev. From a con- 
sideration of log,o(//) values observed in other nuclei it 
would seem very likely that the logio(fl) value for 
decay to the “1440-kev state” should lie between 5 
and'8. This implies that the total decay energy to the 
ground state of Os'™ lies between about 1.5 and 2.7 Mev. 

The logio(/t) values for decay to the 496-kev state 
with these extreme decay energy values are 5.8 and 7.4, 
respectively. While it would be unsafe to conclude from 
this that the decay to the 496-kev state is first for- 
bidden, allowed decay cannot be excluded, it seems 
very likely that the spin change is not greater than 
unity since first forbidden transitions with A/ = 2 almost 
always have logio(/t) greater than 7.4. Thus the ground 
state of Os'® has spin 7/2+, 9/2+, or 11/2+. The 
value of 7/2+ can be excluded since the isomeric state 
decays by an M4 transition. If this state had spin 1/2 
it would almost certainly decay by E3 radiation and if 
it were 15/2 then the levels in Re'™ fed by the decay 
of the isomeric state would have to decay by multiple 
gamma-ray cascades rather than by direct ground- 
state transitions as observed. It seems likely that the 
value 11/2+ can also be excluded since decay is 

2C. D. Coryell, Annual Review of Nuclear Science (Annual 
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observed to the 851-kev state with logio(ft) values for 
the extreme decay energies of 6.8 and 7.7. Again it 
appears likely that the spin change is not greater than 
unity, which excludes 11/2+ for Os'*. Thus the most 
probable value for the spin of Os'® is 9/2+ and that 
of the isomeric state 1/2. 

Consider now the spins of the states at 1102 and 
1108 kev. Assuming equal population of these states 
the logio(ft) values for the extreme decay energies are 
5.0 and 7.1. Thus the decay can either be allowed or 
first forbidden with spin change not greater than unity. 
The spins can therefore be 1/2+ or 3/2+. Since the 
decay to the ground state by £2 transitions is observed 
then, with our previous parity convention, the spins 
must be 1/2+4 

Though none of the spin assignments above can be 
considered to be conclusively proved it is thought that 
the probability of their being correct is high. It should 
be again remarked however that the experimental 


. ° 


parity assignments are only relative. 


or 3/2+. 


5.2 The Decay of Os'* and Os'*™ and the 
Nilsson Scheme 


It is interesting to see whether the six intrinsic states 
observed in these decays are fitted well by the single 
particle levels in a spheroidal potential as calculated by 
Nilsson.’ A diagram of these levels is found in Nilsson’s 
article. It has been found by Mottelson and Nilsson™ 
that the levels with high angular momentum in odd Z 
nuclei have to be lowered in energy below their positions 
in the diagram in order to be in good accord with experi- 
mental data. Such a reduction is not surprising since 
the Coulomb energy of the odd proton is least for the 
proton being at the edge of the nucleus; it is plausible 
to suppose that the proton spends more time at the 
edge when its angular momentum is high than when it 
is low. Thus in the 50-82 shell the Ay1;2 set of levels 
should be lowered so that the /j1/2 spheroidal state 
occurs about half way between the dz and ds,estates 
and the s, d and d, g doublets should be inverted. 

In the discussion below the states will be designated 
in the conventional way by the quantum numbers 
I, xLNN,A] where J is the spin, x the parity, N the 
total number of nodes in the wave function, m, the 
number of nodal planes perpendicular to the symmetry 
axis and A the projection of the orbital angular mo- 
mentum along the symmetry axis. Strictly speaking, 
the asymptotic quantum numbers JN, n,, A only apply 
to the case of infinitely great deformation but in prac- 
tice the asymptotic wave functions are fairly good 
approximations to the wave functions for rotational 
nuclei. Thus it is useful to discuss 8 and y transition 
probabilities in terms of selection rules on the asymp- 


totic quantum numbers. Such selection rules have been 


4B. R. Mottelson and S. G. Nilsson (Private communication) ; 
and Kgl: Danske Videnskab. Selskab, Mat.-fys. Skrifter 1, No. 8 
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given by Chasman and Rasmussen" and by Alaga.'* 
Some of the assignments to the levels in Os'™ and Re'™ 
have been given independently by Mottelson and 
Nilsson." 

Consider first the levels in Os'*. The ground state of 
spin 9/2+ and the isomeric state of spin 1/2— are 
fitted very naturally by the levels 9/2+ [624] and 
1/2— [510] of the Nilsson scheme. The M4 transition 
between these levels is expected to be unhindered. The 
observed half-life is a factor of 12 slower than the 
single particle half-life. This is very similar to the 
observed hindrance factors for other M4 transitions 
and is probably consistent with no violation of the 
selection rules for this transition. 

Coming now to the levels of Re’, the ground state 
and the two lowest levels can be assigned fairly unam- 
biguously to the Nilsson states 5/2+ [402 }, 9/2— [514] 
and 7/2+ [404]. The beta decays to the 9/2— and 
7/2+ states would be classified on this basis as first 
forbidden, unhindered (1) and allowed, hindered (ah), 
respectively. There is a serious violation of the selection 
rules in the decay to the 7/2+ state so that a consider- 
able degree of hindrance would be expected. In Table IV 
are shown the experimental logio(ft) values for decays 
to the various states assuming that the decay scheme is 
correct and a total decay energy to the ground state of 
2 Mev; this is intermediate between the extreme values 
previously mentioned. The values of 6.2 and 7.1 for 
decay to 9/2— and 7/2+ states, respectively, are in 
reasonable accord with expectations. Decay to the 
ground state and first excited state of Re'® cannot be 
entirely excluded by the experimental results which are 
however thought to be consistent, within the errors of 
measurement, with essentially no decay to these states. 
Making an allowance of 20% for L capture, the K x-ray 
intensity computed from the strength of observed 
transitions is consistent with the observed K x-ray 
intensity, so that rather little decay can go to the ground 
state. It is difficult to set a precise upper limit to such 
a decay intensity owing to uncertainty in the ratio of 


TABLE IV. Logioft values for decay to states in Re'® from Os'® 
and Os'®™, assuming an energy of 2 Mev for decay between the 
ground states. 


Partial 
half-life 


in hours 


Energy of 
state in 
kev Parent 


0 183 
114.4 183 > & 
259.8 183 >600 
496.1 183 16 
664.0 183 48 
851.1 183 185 

1035 183m >770 
1102 183m 37 
1108 183m 37 


> & 


'®R. Chasman and J. O. Rasmussen, University of California 
Radiation Laboratory Report UCRL-3629, 1956 (unpublished). 
‘6G. Alaga, Nuclear Phys. 5, 625 (1957). 
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TABLE V. Transition energies, partial half-lives and hindrance 
factors for the gamma rays depopulating the 496-kev state. 


Transition kev Partial Tj sec Maultipolarity Hindrance 


496 ; } 200 
382 8.2) E 3.2 10° 
236 : J 1.110" 


K to L capture; however it seems most unlikely that 
more than 20% of the decay can go to this state. 
Certainly, essentially no decay to the ground state 
would be expected if the proposed decay scheme is 
correct. Decay to the first and second excited states 
would be allowed but twice K forbidden and very 
considerable degrees of hindrance would be expected. 

In Table V are shown the partial half-lives and 
hindrance factors, relative to single particle transition 
probabilities, for the gamma-rays depopulating the 
9/2— state. The two £1 transitions have very high 
hindrance factors. These are accounted for partly by 
the fact that the transitions are K forbidden (usually 
about a factor of 10°) and partly by the fact that there 
are no particle states anywhere nearby which could 
mix with the various states concerned to give un- 
hindered £1 transitions. Sometimes highly hindered F1 
transitions have anomalous conversion coefficients" but 
in this case no anomalies are observed within the un- 
certainty of experimental errors. The 496-kev M2 
transition does not violate the selection rules but 
nevertheless is hindered by a factor of 200. There are, 
however, probably too few measured M2 transitions so 
far to evaluate the significance of this result. 

Some further remarks on the decay of the 851-kev 
level are appropriate. If the decay scheme for this 
level is correct then the transition to the 496-kev level 
must be £1. A lower limit to the half-life of this gamma 
ray can be estimated by assuming that the M1 transi- 
tion to ground has the single particle value. This lower 
limit is 1.4 10~-" seconds and gives a hindrance factor 
of about 50. Such a factor would be unreasonably low 
since nearly all cases hitherto observed have had 
hindrance factors greater than 10*. However the transi- 
tion 7/2+ [404] to 5/2+ [402] is not allowed by the 
asymptotic selection rules either for M1 or for E2 
radiation so that it would be expected to be considerably 
hindered. A transition between the same two Nilsson 
states is observed in the nucleus Ta' where it is found 
that the M1 and £2 transitions are hindered by factors 
of 310* and 30, respectively.“ The presence of the 
E1 transition therefore seems in reasonable accord 
with present data. 

We now consider the levels reached by the decay of 
the isomeric state. The levels strongly populated are at 
1102 and 1108 kev and according to our previous dis- 
cussion they have spin 3/2 or 1/2 with the same parity 


7S, G. Nilsson and J. O. Rasmussen, Nuclear Phys. 5, 617 
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as the ground state. There are two possible 1/2+ 
Nilsson states, 1/2+ [400] and 1/2+ [411], and also 
a possible 3/2+- state, 3/2+ [402] which are available. 
The experimental log oft values to these states, assuming 
equal population and 2-Mev total decay energy for Os'* 
ground state, are 6.3. Thus the transition is unlikely 
to be hindered ; first forbidden (AK # 2) hindered transi- 
tions usually have logioff values between 7.0 and 8.5." 
This eliminates the 3/2+ [402] possibility. The level 
1/2+ [411] should be fed by an unhindered transition 
and seems the most likely assignment since it has a de- 
coupling parameter of about —1 which causes the 1/2 
and 3/2 rotational states to be nearly degenerate. 
This Nilsson state, with the characteristic two close 
levels, has been observed as a ground state in Tm'”! ®. 
and as an excited state in Ta'™ “ and Re'®." The level 
1/2+ [400], which should also be fed by an unhindered 
transition has a decoupling parameter of about +0.4 
and would not show the close levels as observed. With 
this interpretation M1 transitions to the ground state 
are K forbidden, which may account for the suggested 
E2 nature of these transitions. It should be noted that 
the £2 transitions are also hindered on the asymptotic 
selection rules but £2 hindrances are often rather 
small." 

Further interpretation of this scheme is rather more 
fanciful since it is not very well established. However 
one possible interpretation of the 1035-kev state which 
qualitatively fits the data is given here. This state, if it 


exists, appears to have little direct population, being fed 
mainly from the 1102-kev state. If this state is the 
3/2+ [402] Nilsson state, then it will probably be fed 
by a very weak K-capture branch, since as mentioned 


above the transition is hindered. However the M1 
transition from the 1/2+ [411] state to the 3/2+ [402 ] 
state is allowed by the selection rules so that this 
transition may compete well with the ground state 
transition as is observed. 

One may make another bold but precarious assign- 
ment with the 147-kev gamma ray, which has not 
previously been placed in the decay scheme. This is to 
assume that it arises from the decay of the 5/2+ rota- 
tional state of the 1/2+ [411] band to the 3/2+ state 
of this band by an M1 transition. If this were the case 
it would give values of #?/25 of 15.72 kev and 13.68 kev 
according as the 1/2+ or 3/2+ state lies lowest. The 
first of these values is certainly close to those of the 
other observed rotational bands. This state would have 
to be fed by an unhindered first forbidden transition 
with AJ =2. The logioft value for decay to this supposed 
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state is 7.4 assuming a total decay energy of 2 Mev for 
the Os'® ground state. This is a little low for a AJ=2 
transition but probably does not exclude the assignment 
in view of the uncertainties in decay energy. 

States, other than th 
populated are 7/2— [52 


e ones reported, which may be 
3}, 1/2— [505 ]and 1/2+ [400]. 
It is possible that some of the unassigned transitions 
arise from the decay of such states. More detailed 
coincidence work, both 7, ¥ 
settle these problems. 


and e, y, is required to 


5.3 The Os'* Decay Scheme 


Os'® is an even-even nucleus and thus has spin zero 
in its ground state. It seems unlikely that the 20-hour 
activity comes from anything other than the decay of 
the ground state, since isomers in even-even nuclei 
usually have excitation energies of at least 1 Mev; no 
radiation attributable to the decay of Os'™ greater than 
509-kev energy is observed. 

According to the Coryell” systematics the total 
decay energy is 0.14+0.5 Mev and according to the 
Way and Wood" systematics it is about 1 Mev; since a 
gamma ray having an energy of 509 kev is observed, 
the energy must be more than this. The spin of the 
13-hour Re'™ isomer to which the decay of Os'® leads 
is most likely to be 3—.'® Allowed K capture could lead 
to levels of spin 0+ and 1+ in Re'™. Such states would 
decay either by direct or cascade transitions to the 3— 
state; one parity-changing transition, E1, M2 or E3 
would have to be involved. Since two £1 transitions 
are probably observed it seems likely that part, at any 
rate, of the decay is by allowed transitions. Odd parity 
states could be fed by ist forbidden transitions. Since 
no coincidences were observed between the 509-kev 
gamma ray and the £1 gamma rays it is possible also 
that odd parity states are fed. Further discussion of this 
decay scheme seems unprofitable at present. 
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The rhenium KLL, KLM, KLN, and KLO Auger lines have been observed in experiments on the decay 
of Os” and Os'*. The measured energies are compared with those given by semiempirical theories due to 
Bergstrém and Hill and to Asaad and Burhop; satisfactory agreement is found. A comparison of the meas- 
ured intensities with those given by the nonrelativistic theory of Asaad and Burhop shows less satisfactory 


agreement. 


Conversion lines attributed to a previously reported M3 isomer in Os'® have been observed and the 
transition energy found to be 30.81+0.03 kev. Z- and M-subshell ratios are reported. The transition 
appears to be hindered by a factor of 5X 10‘ relative to the single-particle estimate. 


1. INTRODUCTION 


N two previous papers, hereafter referred to as (I)! 
and (II),? investiagations of the decay spectra of 
the isotopes Os'® and Os'® were reported. During the 
course of this work information was also obtained on 
the KLL and KLM Auger transitions in rhenium. 
Rather little experimental information has been avail- 
able up to the present on Auger transitions in any 
element and the work reported here is the most 
extensive so far apart from the recent work on tungsten 
by Gallagher, Strominger, and Unik.’ Information has 
also been obtained on the isomeric state of Os'® 
which was reported by Scharff-Goldhaber, Alburger, 
Harbottle, and McKeown.‘ 
The experimental method was fully described in 
paper (I)' to which the reader is referred. 


2. THE RHENIUM AUGER TRANSITIONS 
2.1 Experimental Methods 


In the measurements reported in (I) two instruments 
were used to observe the low-energy electrons. These 
were a permanent magnet type of 180° spectrograph 
with photographic recording and a double-focussing 
spectrometer. Only the first of these was of use in 
investigations of the Auger spectrum, since the higher 
resolution was necessary both in order to resolve the 
various lines of the Auger spectrum from one another 
and also to resolve them from other lines present in 
the same energy region. Most of these measurements 
were done with a 50-gauss spectrograph. As explained 
in (I) the energy measurements in this region are 
expected to have an accuracy of the order of +0.05%. 
The intensities were obtained by scanning the lines 
with a recording densitometer and using the method 


+t Work done under the auspices of the U. S. Atomic Energy 
Commission. 

* Present address, University of Manchester, Manchester, 
England. 

1 J. O. Newton, this issue [Phys. Rev. 117, 1510 (1960). 

2 J. O. Newton, preceding paper [Phys. Rev. 117, 1520 (1960) ]. 

4C. J. Gallagher, D. Strominger, and J. P. Unik, Phys. Rev. 
110, 725 (1958). 

*G. Scharff-Goldhaber, D. E. Alburger, G. 
M. McKeown, Phys. Rev. 111, 913 (1958). 
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of Mladjenovic and Slatis.* The errors on the intensities 
using this method are usually taken to be +20%. 
However with lines in a small energy region such as 
that in which the Auger lines lie the accuracy may well 
be higher. in fact comparison of the results for 
various plates suggests that the standard deviation 
is about +10%. 


2.2 Theoretical 


When a vacancy is produced in the K shell of an atom 
the vacancy is in general filled by one of two processes. 
In the first of these the vacancy is filled by an electron 
from a higher shell, an x ray being emitted to conserve 
energy. In the second process the vacancy is again 
filled by an electron from a higher shell X but instead 
of an x ray being emitted the excess energy is lost in 
the emission of another electron from a higher shell Y. 
This last process is known as the Auger process and 
the emitted electron a KXY Auger electron. Clearly 
several Auger electrons may be emitted after the 
production of a single K-shell vacancy and the atom 
may become multiply ionized. 

The fraction wx of K-shell vacancies which are filled 
with subsequent emission of a K x-ray is known as the 
K-shell fluorescent yield. According to Burhop*® wx 
depends on the nuclear charge Z as follows: 


[wx/(1—wx) }'= —A+BZ—CZ. (1) 


A, B, and C are constants and the values obtained for 
them by Hagedorn and Wapstra’ to fit the most 
recent data are A=64xX10*, B=3.40K10-*, and 
C=1.03X10~*. 

If the atomic electrons obey the jj coupling rules, 
which are in fact fairly good for heavy nuclei, the 
energy of a KXY Auger electron is given by the 
relation 
Ez(K XY) = Ez(K)— Ez(X)— Ez*(Y) 

= Ez(K)—Ez”(X)—Ex(Y), (2) 
eM. Mladjenovic and H. Slatis, Arkiv. Fysik 8, 65 (1954). 
* E. H. S. Burhop, J. phys. radium 16, 625 (1955). 


7H. Hagedorn and A. H. Wapstra, Nuclear Phys. (to be 
published), reported in reference 15. 


1529 





1530 JOHN O. 


TABLE I. Observed and calculated Auger spectra. The column exp. gives the measured energies from this work 
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The column calc B. 


gives the energies calculated by the method of Bergstrém and Hill.* For the KLL Augers we have taken AZ=0.48 with L, and L, 
vacancies and 0.71 with Ls, vacancies. For the XLX Augers we have taken AZ =0.75 for all L vancacies. The energies in column calc A. 
were calculated from the recipe given by Asaad and Burhop. The experimental intensity data for Z =79 are those of Mihelich*, those for 
Z=80 are the data of Bergstrém and Hill,* those for Z=83 are the data of Mladjenovic and Slatis,* those for Z=74 are the data of 
Gallagher, Strominger, and Unik*® and those for Z=75 are taken from the present work. 


Energy in kev 
lransition exp. calc. B calc. A 
4 46.36 
46.95 
48.33 
47.45 
48.89 
50.33 


~ 
. > ese - = = 


& 
=o oe mo 


PP PR 


58.11 
58.35 
58.65 


59.15 


46.40 46.40 
47.51 47.55 
56.19 56.12 
56.68 
56.91 56.94 
57.76 
58.70 
59.17 
60.66 
59.06 


47.01 46.97 
48.91 48.93 
56.39 56.38 
57.13 
Hx 57.27 

7 
58.11 
58.61 
59.19 
59.62 


48.37 48.37 
50.37 50.36 
‘8 56.71 
57.20 

71 57.69 
58.37 

59.13 

60.60 

61.05 


59.60 
61.08 


* See reference 8 b See reference 12. * See reference 14. 
where £z*(Y) is the binding energy of an electron in 
the Y shell of an atom with nuclear charge Z and with 
an X-shell vacancy. This quantity will be expected to 
lie between the values of Ez(Y) and Ez,:(Y) cor- 
responding to no screening and complete screening of 
the electron in the Y shell by the electron in the X shell. 
As suggested by Bergstrém and Hill® we may therefore 
write 


Ez*(Y)= Ezsaz( Y) 


where Ez,sZ(Y) is the binding energy in a hypothetical 
neutral atom with charge Z+AZ. Of course AZ will 
vary for different X and Y but we might hope that it 
will not vary much with Z. So far there is not a great 
deal of experimental evidence on this subject but what 
there is suggests that for the KLZ Auger electrons 
values of AZ of 0.54 for atoms with Zi- or Le-shell 
vacancies and of 0.76 with Ls-shell vacancies fit the 
data to an accuracy of about one or two parts in a 
thousand.*.*-! 

The above is only an empirical approach to the 
problem. Most theoretical treatments of the Auger 


81. Bergstrém and R. D. Hill, Arkiv Fysik 8, 21 (1954). 

*I. Bergstrém, in Beta- and Gamma-Ray Spectroscopy, edited 
by K. Siegbahn (North Holland Publishing Company, 
Amsterdam, 1955), p. 624 

” P. R. Gray, Phys. Rev 

"J. M. Hollander, W 
Rev. 102, 740 (1956 


101, 1306 (1956 
G. Smith, and J. W. Mihelich, Phys. 


1.0 
2.1 
).7 


1.9 
Os 
0.46 
0.40 
(0.46 ) 


Vv. weak 
0.38 
0.32 


0.32 
0.59 
0.60 


0.54 


0.69 


[1 


0.15 


{0.32 


0.16+.08 


4 See reference 13 


spectra have been made in the limits of 77 coupling, 
for heavy elements, and of LS coupling for light 
elements. The agreement with experiment is not good. 
Recently Asaad and Burhop™ have made nonrelativistic 
calculations in intermediate coupling. The results are 
in better, but still not good, agreement with 
experiment than those previous calculations. 
However neglect of relativity in the heavier elements 
is not justified and relativistic 


very 
from 


calculations are to be 
made. According to Asaad and Burhop it is possible to 
make a semiempirical correction to the energies for 
relativistic effects. They deduced the constants in this 
correction formula from the results of Mladjenovic 
and Slitis" for Z=83 and it is claimed that the results 
should be appli able to other elements, More lines are 
predicted in intermediate coupling than in the jj and 
LS limits but the nes are very weak and so far 
have not been seen 


new 


2.3 Experimental Results and Comparison 
With Theory 
In Table I the experimental results are shown. They 
are compared with some other data for charge numbers 


74, 79, 80, and 83. As can be seen our experimental 


2 W.N. Asaad and surhop, P 
71, 369 (1958 
3M. Miadjenoy nd tis kiv I 


Phys. Soc. (London 


sik 9, 41 (1954 
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energies are fitted rather well by the method of 
Bergstrém and Hill* when the following values for AZ 
are taken: for the KLL Auger lines and JL, or L, 
vacancies AZ=0.48+0.05 and for Ls vacancies AZ 
=0.71+0.05; for the KLX Auger lines AZ=0.75+0.2 
for all L vacancies. The errors are given in order to 
give an idea of the spread in AZ allowed by the experi- 
mental results; they are not intended to be limits of 
error or standard deviations in a strict sense. These 
values of AZ for the KLL Augers are in satisfactory 
agreement with those of 0.55 for the L; and Ly» shells 
and 0.76 for the L; shell found by Bergstrém and Hill* 
for Z=80 and with corresponding values of 0.52 and 
0.76 found by Mladjenovic and Slitis for Z=83. 

The KLL Auger energies are also compared in 
Table I with those calculated from the semiempirical 
recipe of Asaad and Burhop.” The agreement is very 
good except that the theoretical values seem to be 
systematically lower than the experimental values by 
about 0.04 kev. 

There is moderately good agreement between the 
experimental intensities for charge numbers 74, 75, 79, 
80, and 83 considering the errors of measurement. The 
theoretical values (for Z=80) calculated on the inter- 
mediate coupling theory of Asaad and Burhop"” are 
clearly not in very good agreement with the experi- 
mental results. This disagreement may be due to not 
taking into account relativity. 

From the intensity results here, the ratio of the sum 
of the intensities of the KLX lines to that of the KLL 
lines can be calculated. A value of 0.57 is obtained. It 
is in reasonable agreement with other experimental 
data on this quantity." 

The fluorescent yield of the rhenium K shell was 
estimated in the following way. The total K-Auger 
intensity was measured relative to the K line of the 
114.44-kev transition in Re'™; this line has an energy 
of 42.80 kev which is quite close to those of the Auger 
lines. The multipolarity of this transition is known 
accurately from the L-subshell intensity ratios (see 
paper II). It is therefore reasonable to suppose that 
the A-conversion coefficient of this transition can be 
well estimated from the theoretical conversion co- 
efficients of Rose.'* With this value and the measured 
relative intensities of the 114.44-kev gamma ray and 
the K x rays (sce paper I) the intensity of the Auger 
electrons relative to that of the K x rays can be ob- 
tained. The experimental value for the ratio of the 
intensity of the K-Auger lines to that of the K line of 
the 114.44-kev transitions is 0.145. Taking the conver- 
sion coefficient as 3.0 and the ratio of K x-ray intensity 
to 114.44-kev gamma-ray intensity as 7.15, a value of 
0.061 is obtained for the ratio of K Auger intensity to 

“4 J. W. Mihelich, Phys. Rev. 88, 415 (1952). 

6G. J. Nijgh, A. H. Wapstra, and R. Van Lieshart, Nuclear 
Spectroscopy Tables (North Holland Publishing Company, 
Amsterdam, 1959), p. 84. 


16M. E. Rose, Internal Conversion Coefficients (North Holland 
Publishing Company, Amsterdam, 1958). 
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Taste II. Energies and intensities of the conversion lines. 
E, is the transition energy calculated from the appropriate binding 
energy. /(exp) is the experimental intensity and /(MX) etc. is 


the theoretical intensity for an MX transition.* The values in 
brackets are for the intensities of the M lines relative to that of 
the M; line. 


E, kev 


Ly 17.89 
Ls 18.47 
Ls 19.95 
M, 27.74 
VU; 28.37 
N, 30.14 
N; 30.31 
O; 30.76 


E, kev 


1(M2) 1(M3) I(M4) 


3086 03 1.72 0.18 0.056 
30.85 0.02 0.10 0.012 0.004 
30.81 1.0 1.9 1,0 1.0 
30.79 0.07 (1.7) (0.21) (0.07) 
30.82 0.33 (1.0) (1.0) (1.0) 
30.79 0.03 

30.77 0.12 

30.80 0.03 


Transition 


(exp) 


* See reference 16. 


K x-ray intensity; the error is likely to be about 
+20%. Thus the fluorescent yield wx is equal to 
0.94+0.01. This is in satisfactory agreement with the 
value of 0.947 calculated from the theoretical formula 
mentioned in Sec. 2.2. 


3. THE ISOMERIC TRANSITION IN Os'** 


Activities with half lives of 6 or 7 hours which might 
be attributed to the decay of an isomeric state in Os'™ 
were first reported by Chu'’ and by Greenlees and 
Kuo.'* More recently Scharff-Goldhaber, Alburger, 
Harbottle, and McKeown‘ reported an isomeric transi- 
tion in Os'® with an energy of 30.0 kev and a half-life 
of 5.7 hours. Since the energy of this transition is 
below the K binding energy in osmium, any K x rays 
which are seen must arise from states fed by the 30-kev 
transition. Scharff-Goldhaber ef al. report that they 
have found no such K x rays; thus, the activity seen 
by Greenlees and Kuo who observed K x-rays cannot 
be connected with the 30-kev decay in Os. Scharff- 
Goldhaber ef al. found that the ratio of the intensities 
of the sur of the ,- and L»-conversion lines to that 
of the L; line was 0.25+0.05 and that the conversion 
coefficient was greater than 3X 10. 

In this experiment conversion lines attributable to a 
transition of energy 30.81 kev in osmium were seen. 
The transition was observed to have a half-life of five 
or six hours from the decay of the lines on the photo- 
graphic plates of the 50-gauss spectrograph. No 
attempt however made to obtain an accurate 
value for the half-life or to decide to which isotope of 
osmium this transition should be attributed. All that 
can be said regarding the latter point is that the 
activity could not have been formed from an (a,4n) 
reaction on tungsten. From Table I of paper (I) it can 
be seen that the activity could therefore be from any 
of the osmium isotopes having mass numbers between 
183 and 189. Owing to the similarity in half-life, energy 
and subshell ratios (see Table IT) between this transi- 
tion and that observed by Scharff-Goldhaber ef al. it 


was 


” T. C. Chu, Phys. Rev. 79, 582 (1950). 
'§G. W. Greenlees and L. G. Kuo, Phil. Mag. 1, 973 (1956). 
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seems plausible to assume that they are in fact the 
same. It must be remarked however that there is an 
appreciable discrepancy in energy between our value of 
30.81+0.03 kev and that of 30.0 kev reported by 
Scharff-Goldhaber ef al., and this assumption could be 
incorrect. 

The intensities which were obtained by the method 
of Mladjenovic and Slitis® from a densitometer trace 
are also given in Table II. The curve of efficiency for 
detection against gamma-ray energy is very steep in 
this region, so that these results are subject to greater 
errors than in the higher energy region. Nevertheless 
they should not be too bad for close-lying lines; the 
ratio M,/M; might be expected to be more accurate 
than that for L;/L;. Comparison between the observed 
and theoretical'® LZ subshell ratios for M2, M3, and 
M4 transitions clearly establishes the transition as M3. 
If this is so, the theoretical L-shell conversion coefficient 
should be 2.5 10°. Allowing a factor of 0.3 for the M, 
N, etc. shells this gives a total conversion coefficient 
of 3.3 10°. Thus if we take the half-life of the transi- 
tion to be 5.7 hours, as given by Scharff-Goldhaber 
et al.,* the gamma-ray half-life is 6.8 10° seconds. The 
half-life calculated from the single-particle formula is 


PHYSICAL REVIEW VOLUME 


JOHN O. 


117, Nt 


NEWTON 


1.4X10° sec so that the transition appears to be 
hindered by a factor of 5X 10*. 

The ground state of Os'® is known to have spin 3/2” 
and this spin could be expected rather naturally from 
the Nilsson Scheme of levels in a deformed nuclear 
potential”; the state would be the 3/2-[512] using 
the notation of paper II. The isomeric state would then 
be, equally naturally, the state 9/2-[505]. The M3 
transition between these states is allowed according to 
the selection rules in the asymptotic quantum numbers. 
However, Os'® is getting rather far removed from the 
region of highly deformed nuclei where the asymptotic 
quantum numbers might be expected to be fairly good 
quantum numbers. The 3/2-state arises originally from 
the fs;2 spherical state and the 9/2-state arises from 
the fy. spherical state. An M3 transition between 
spherical states with momenta 
would be forbidden. 

An M3 transition which is probably the same as that 
in Os'® but inverted occurs in Os™.'® This transition 
has a similar large hindrance factor of 2 10*. 


these orbital angular 
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Reactions of Protons with Ni°* and Ni*° 
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Excitation functions up to 19 Mev have been measured for the Ni™*(p,2p), Ni™ 
reactions, and for the Ni®(p,«) reaction up to 13 Mev. The ratio of the (p,2/ 
cross section is 3.5 at 19 Mev, and increases with decreasing energy. It is proposed 


b,pn), and Ni™(p,a 


cross section to the 


p,pn 


that this excess of proton 


emission can be accounted for by nuclear evaporation theory, and a computer calculation of the excitation 


functions using this theory is described. The calculation reproduces the (,2p) and (),pm 
well, and gives evidence that the compound nucleus mechanism probably applies to 


curves quite 


rhe 


these reactions. 


calculated (p,a) curve does not agree with the experimental results as well. 


I. INTRODUCTION 


T is commonly assumed that in nuclear reactions at 

low energies (less than about 30-Mev excitation 
energy) emission of charged particles from a compound 
nucleus is improbable except in the lightest elements, 
because of the Coulomb barrier. The observation’ * 
that many reactions in which protons or alpha particles 
were emitted had relatively large cross sections led to 
the rejection of a compound nucleus mechanism for 
such Instead, a direct interaction of the 
incident particle with a single nucleon (or alpha- 


reactions. 


1S. N. Ghoshal, Phys. Rev. 80, 939 (1950). 
* E. B. Paul and R. L. Clarke, Can. J. Phys. 31, 267 (1953). 
* Cohen, Newman, and Handley, Phys. Rev. 99, 723 (1955). 


particle group) inside the nucleus was proposed, in 
order that most of the available energy be given to the 
emitted particle, rather than shared the entire 
nucleus. 

A large cross section 


with 


for such a reaction is not 
it a compound nucleus is not 
formed, however. There may be factors other than the 
Coulomb barrier affecting the reaction which will tend 
to enhance the probability of emitting a charged par- 
ticle. For example, the threshold 
considerably lower for such a reaction than for one 
involving neutron emission. This will provide the excess 
energy needed by the particle to overcome the Coulomb 
barrier. Another factor which can be important is the 
relative level densities of the nuclei. It is 


necessarily evidence thi 


energy may be 


residual 
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difficult to predict the effect of these factors without 
carrying out the appropriate calculations. 

A striking example of an excess of charged-particle 
emission is the case of Ni** bombarded with protons. 
At an energy of 21.5 Mev, the ratio of cross sections 
of the (p,2p) to the (p,pm) reaction was measured as 2.8. 
The threshold of the former reaction is 4 Mev less than 
that of the latter. In addition, there is good reason to 
believe that the Ni®*’ nucleus has a lower level density 
than the Co*’ nucleus at the same excitation energy, 
because of the closed shell of protons in the former. 
Both of these would increase the probability of proton 
emission, and would give an explanation of the large 
(p,2p) cross section. A cross section measurement at a 
single energy does not usually provide an adequate com- 
parison with theory. Therefore, the cross sections of 
these reactions were measured as a function of proton 
energy up to 19 Mev, and the results compared with 
the predictions of the compound nucleus-statistical 
theory of nuclear reactions. In addition, the (p,a) re- 
actions of Ni** and Ni® were measured. 


II. EXPERIMENTAL PROCEDURE AND RESULTS 


Targets were bombarded in the external proton beam 
of the Princeton University cyclotron, which has a 
maximum energy of 19 Mev. Two kinds of targets 
were used: 0.35-mil nickel foil of natural isotopic 
composition, and Ni®*® enriched to 99.6%,* which was 


electroplated onto 0.5-mil platinum foil for the bom- 
bardments. Four bombardments, two with each kind 
of target, were made. The usual stacked-foil technique 
of measuring excitation functions was used, with nickel 
foils interspersed with aluminum foils to degrade the 
proton energy. The protons were magnetically focussed, 
and collimated by a pair of graphite blocks with }-inch 
apertures. The mean energy of the protons was meas- 
ured to 0.3% accuracy by determining their range in 
aluminum.® The beam current was measured with a 
Faraday cup connected to a precision condensor, and 
the voltage across the condensor read on a calibrated 
quadrant electrometer. The beam current could be 
measured only when the foil stack was not being bom- 
barded, because the stack scattered a large fraction of 
the protons away from the Faraday cup. The targets 
were withdrawn from the beam periodically in order to 
measure the current, and the beam was monitored 
during the course of a bombardment to note any 
changes in the relative intensity. The integrated number 
of protons over the entire bombardment could then be 
calculated. 

The mean energy of the protons in each foil in the 
stack was calculated by using the theoretical expression 
for the rate of energy loss of charged particles passing 


‘Obtained from the Stable Isotopes Division, Oak Ridge 
National Laboratory. 
5 G. Schrank, Rev. Sci. Instr. 26, 677 (1955). 
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through matter,® with recently determined values of 
I/Z, the ratio of the mean ionization potential to the 
atomic number.’* The spread of energies about this 
mean was calculated from the initial energy spread of 
the beam, 0.25 Mev,* and the additional spread due to 
straggling in the absorbers.® 

After the bombardment the targets were dissolved in 
HCl, to which Co(NOs), carrier had been added. The 
surface layer of the platinum supporting foil was also 
dissolved in the case of the enriched Ni*®* targets, 
although most of the platinum remained inert. The 
solution was passed through an ion-exchange column of 
Dowex-1,° which served to separate Ni from Co, Cu, 
Pt, and Au.” The Co was eluted selectively from the 
column, and was subjected to further chemical purifi- 
cation, after which it was precipitated and mounted for 
counting. The Ni fractions were set aside to allow Ni*’ 
to decay completely to Co*’, which was then separated 
as in the Co fractions, and counted. 

The Co samples were counted with an end-window 
GM counter and an end-window beta proportional 
counter of the flow type. Both counters used helium as 
a counting gas, in order to have a low counting efficiency 
for low-energy x rays. Co®® was present in all samples, 
as shown by the initial 18-hour half-life. The counting 
efficiency of the counters for the Co™ beta rays was 
determined by means of a number of Co™ standards of 
different thickness. The disintegration rates of the 
standards were measured by a y-y coincidence tech- 
nique, using the annihilation radiation." The disintegra- 
tion rates obtained must be corrected for the fraction 
of Co* nuclei which decay by beta emission, which was 
taken as 0.65."2-8 

The Co*’ in the Co samples and in the samples from 
the Ni*’ decay was counted by detecting the 123-kev 
and 137-kev gamma rays with a 1}-X1-inch Nal 
crystal and a single-channel pulse-height analyzer. 
A standard Co source was calibrated by counting its 
gamma rays with a 4r-geometry scintillation counter" 
to determine its disintegration rate, and this was used 
to determine the efficiency of the particular counting 
geometry and channel width used for the samples. 
No gamma rays above 200 kev could be detected in any 


*H. A. Bethe and J. Ashkin, in Experimental Nuclear Physics, 
edited by E. Segré (John Wiley and Sons, Inc., New York, 1953), 
Vol. 1. 

7 Bichsel, Mozley, and Aron, Phys. Rev. 105, 1788 (1957). 

*V. C. Burkig and K. R. MacKenzie, Phys. Rev. 106, 848 
(1957) 

* Manufactured by Midland, 
Michigan. 

”K. A. Kraus and G. E. Moore, J. Am. Chem. Soc. 75, 1460 
(1953). 

" The coincidence counting was done by Mr. L. Remsberg, of 
the Nevis Cyclotron Laboratories, Columbia University. 

% Nuclear Level Schemes, A=40—-A=92, compiled by Way, 
King, McGinnis, and van Lieshout, Atomic Energy Commission 
Report TID-5300 (U. S. Government Printing Office, Washing- 
ton, D. C., 1955). 

“ Mukerji, Dubey, and Malik, Phys. Rev. 111, 1319 (1958). 

“4 A. E. Metzger and J. M. Miller, Phys. Rev. 113, 1125 (1959). 
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In Figs. 1 and 2 smooth curves have been drawn 
through the experimental points in order to show the 
shape of the excitation functions more clearly. The 
curves are quite similar for the two (p,q) reactions. 
If the Ni™(p,a) curve is shifted to higher energies by 
1.2 Mev, which is the difference in Q of the two re- 
actions, the curves become identical up to a cross 
section of about 20 mb, after which the Ni®(p,a) curve 
rises faster, and so attains a higher peak cross section. 
The (p,a) cross section on Ni at 23 Mev has been 
measured" by detecting the alpha particles; the value 
obtained was 93.5 mb, which is more than twice as 
high as the peak value of 36 mb at 16-18 Mev obtained 
in this work. This discrepancy is undoubtedly due to 
the difference in energy, and to the fact that (p~,an) and 
(p,ap) reactions are included in the counter experiment, 
but not in the radiochemical experiment. 

The Ni®*(p,2p) cross section is higher than the (p,pm) 
cross section at all ene rgies available, the ratio de- 
creasing with increasing energy. The points at 21.5 Mev 
are from Cohen et al.* The agreement with the trend 
of this work is good. 

The ratio of Co*’ produced to Ni*’ produced has now 
been measured in a number of nuclear reactions.*!*-” 
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Fic. 1. Excitation functions for the reactions Ni®*(p,a)Co™ and 1000 - 
Ni®(~,«)Co*’. Vertical lines indicate the error due to counting, 
horizontal lines at the bottom indicate the spread in beam energy 
at different energies in the foil stack. Smooth curves have been 
drawn through the experimental points. 
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of the samples, showing that they were free of the other 
long-lived Co activities, Co®*, Co®*, and Co™. 

The chemical yield of each sample was measured 
after it was counted by colorimetric analysis, using the 
Nitroso-R Salt method.'® Nickel was precipitated and 
weighed as the dimethylglyoxime derivative. 

The cross sections were calculated using the formulas 
derived by Rudstam'* for a varying beam current 
during a bombardment. The resulting excitation func- 
tions are shown in Figs. 1 and 2. The vertical lines indi- 
cate the standard deviation due to counting only. The 
horizontal lines indicate the energy spread in the targets 
due to the initial energy spread and to straggling. The 
absolute cross sections are accurate to about 10%, 
mainly due to variations in the beam current during 
bombardment. The consistency of points from different 
bombardments is about 10%. An additional uncertainty 
of about 10% in the absolute cross section of the 
Ni®*(p,a)Co® reaction is due to the difficulties present 
in beta counting and to the uncertain decay scheme 
of Co. ‘ ; ve 

Co is produced by two reactions in natural nickel, chad aed Niet ei tocanimetei 
Ni®*(p,2p) and Ni®(p,a). Below 13 Mev, where the —————— ; = , 
Ni®*(p,2p) reaction has a small cross section, its con- + - — — B. L. Cohen, Pi aes 112, 1672 ros) 

} iller and F. S ick } n. Phys. Soc. 4, 60 
tribution may be subtracted from the total Co*? ac-' (1957); F. S. Houck, thes olumbia University, New York, 


tivity, and the Ni™(p,a) cross section determined. gg g omg E,W. Tittertor tralian J. Phys. 12, 103 
5 E. B. Sandell, Colorimetric Determination of Traces of Metals (1959) 

(Interscience Publishers, Inc., New York, 1950) ; * J. H. Carver and W. Turcl tz, Pro ys. Soc. (London) 
6G. Rudstam, thesis, Uppsala, 1956 (unpublished). 73, 585 (1959). 
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A summary of the results obtained is presented in 
Table I. That this ratio is approximately constant for 
such different bombarding particles and energies is 
strong evidence that a Ni** compound nucleus, whose 
decay to this isobaric pair is independent of its mode of 
formation, is involved. It has been suggested’ that a 
direct interaction mechanism, in which a proton is 
knocked out of the nucleus by the incident proton, 
which also escapes, could explain the high (p,2p) cross 
section. It is difficult to see how such a process could 
be independent of the nature of the bombarding par- 
ticles, as it is to a good approximation. The same 
objection applies to another suggestion,” that the 
incident particle has a high probability of re-emission. 

In view of the strong possibility that a compound 
nucleus mechanism is involved, it was decided to carry 
out a numerical computation of the excitation functions 
for the Ni®* reactions, using as few approximations as 
was consistent with reasonable computer time. The 
Princeton University IBM-650 digital computer was 
used for these computations, which are described in 
the next section. 


Ill. THE EVAPORATION CALCULATION 
A. Equations and Input Data 


According to the compound nucleus theory, the 
nuclear reaction A(p,xy)D is considered to take place 
in two steps: the formation of a compound nucleus 
A+p-—B, and its subsequent decay, B—C+z, 
C — D+-y. The cross section for the reaction is given by 


o(p,xy)=opa (€,)Gu(U), (1) 


where opa(e,) is the cross section for protons of energy 
€, reacting with nucleus A to form the compound 
nucleus B with excitation energy U; and G,,(U) is the 
probability that particle x will be emitted from B, 
followed by particle y being emitted from C. The 
absolute probability G,,(U) is expressed in terms of 
relative probabilities F,;(U): 


G.,(U)=F.(U)/D i FV). (2) 
The summation is over all particles which can be 


TaBLe I. The ratio of the cross section for forming Co" to 
that for forming Ni*’, using various targets and bombarding 
particles. 


Bombarding 
energy, 
Mev 


a(Co*")/ 
Reaction a(Ni*’) Ref 
Ni**+ 19 

Ni¥*+) 21.5 ‘ 
Ni*+a 40 5. 18 
Fe“+a 30 18 
Ni*+n 14.1 ; 19 
Ni*®+~¥ 32 20 


This work 
3 


1 B. L. Cohen, Phys. Rev. 108, 768 (1957) 
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emitted; at the relatively low energies under considera- 
tion only proton, neutron, alpha particle, deuteron, 
and gamma ray are included. The probability F,,(U) 


is given by the statistical theory of nuclear reactions” as 


U—Sg—Sy 
F(U)=te f €20 c(€z) 


Kwe(U—S,—e—bce)Gey(edder. (3) 
In this equation, S, and S, are separation energies of x 
from B and y from C, respectively; ¢, is the kinetic 
energy of x; oc(e,) is the cross section for the reaction 
C+x— B; we(E) is the level density of C at excitation 
energy E; Gc, is the probability that C will emit particle 
y; and g, is a statistical weighting factor for particle «x, 
given by 
g:= (21,+1)M,/2M,, 


where J, is the spin and M, the mass of particle x, and 
M, the mass of the proton. 
Gc, is given by equations similar to Eqs. (2) and (3): 


Gcoy(€e) = F cy (ez) } F o;(€), (4) 


U—Be~By~ts 
Fole=e f €/7p(€,) 
v0 


Xwp(U—S,—Sy—t—&—bp)de. (5) 

Equations (3) and (5) do not apply to gamma ray 
emission. This is important only below the threshold for 
neutron emission and when the charged particle com- 
peting with the gamma ray has a kinetic energy much 
less than the Coulomb barrier. Values of F, were 
determined from experimental data on (m,y) and 
(nm, nonelastic) cross sections for nuclei in the Ni 
region. For neutron energies of 1-2 Mev, F, was 
approximately 0.1, which was the value used in the 
calculations. The value of F, exceeds this when the 
proton energy is about 2 Mev, in agreement with the 
findings of Meadows.™ 

Previous evaporation calculations have used approxi- 
mate expressions for a, the cross section for the inverse 
reaction, for charged particles. These approximations 
usually have the effect of predicting too low a cross 
section for charged particle emission near the threshold, 
since they do not properly take into account the 
penetration of the Coulomb barrier. Shapiro” has made 
extensive calculations of the cross section for compound 
nucleus formation by different charged particles as a 
function of energy. The appropriate values from this 
table were fed into the memory of the computer, and 
an interpolation program was used to compute the 
cross section at any energy. Above the range of Shapiro’s 


= J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), Chap. VIII. 

*™D. J. Hughes and R. B. Schwartz, Neutron Cross Sections, 
Atomic Energy Commission Report BNL-325 (U. S. Government 
Printing Office, Washington, D. C., 1958), 2nd ed. 

™ J. W. Meadows, Phys. Rev. 98, 744 (1955). 

*° M. M. Shapiro, Phys. Rev. 90, 171 (1953), Table IV. 
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Taste II. Coulomb barriers used in the calculation. 


Coulomb barrier, Mev 


Nucleus Proton Deuteron 


os Ni** 
os Ni*? 
274 ‘o'? 
Co 


ok e™ 


Alpha particle 


6.96 
7.00 
6.74 


6.61 


calculations, the asymptotic expression 


o(e)=2(R+A)*L1— BR/e(R+A) ] (6) 


was used, where R is the nuclear radius, A is the reduced 
wavelength of the particle, and B is the Coulomb 
barrier. This use of a table of numbers required the 
integrations to be carried out numerically. The neutron 
cross section was taken from the curves given by 
Blatt and Weisskopf**; to a good approximation it is 
independent of energy above 1 Mev, and the value 
used in the calculation was 1.34R?. 

The level density is given by the statistical model as 


w(E)=C exp[2(aE)*], (7) 
where E is the excitation energy and C and a are con- 
stants. Hurwitz and Bethe’ have suggested that the 
level density should be calculated from a characteristic 
level above the ground state, to take account of the 
pairing energy of an even number of protons or neu- 
trons. If the pairing energy of the nucleus is 4, then the 
level density is 

w(E)=C exp{2[a(E—5) }'}, (8) 
where 6=0 for odd-odd nuclei and 620 for other types. 
Cameron** has compiled a table of pairing energies 
used in his semiempirical mass formula, and these 
values were used in this calculation. The effect of a 
nuclear closed shell on the level density was taken into 
account by an additional 6 term in Eq. (8). Since 
Cameron’s table does not take closed shells into account, 
this additional term was selected to give the best fit 


Tasue III. Threshold energies of the reactions considered.* 


Reaction Threshold energy, 0, Mev 
Ni®®(p,p)Ni** 

Ni®*(p,n)Cu®® 

Ni®*(p,2p)Co* 

Ni®*(p,pn)Ni®? 

Ni®*(p,d)Ni*™" 

Ni®*(p,2n)Cu*" 

Ni®*( pb a)jLo”* 

Ni®*(p,ap)Fe* 

Ni* ban )\Co™ 


* Computed from the mass tables of Wapstra, except where noted. 
>’ Sutton, Hill, and Sherr, Bull. Am. Phys. Soc. 4, 278 (1959). 
eA. G. W. Cameron, Chalk River Report CRP-690, 1957 (unpublished). 


6 See reference 22, p. 348 
*7 H. Hurwitz and H. A. Bethe, Phys. Rev. 81, 898 (1951). 
#8 A. G. W. Cameron, Can. J. Phys. 36, 1040 (1958). 


KAUFMAN 
with experiment. A further correction to 6 was found 
to be necessary in the case of Cu, in order to obtain a 
reasonable agreement with experiment. Dostrovsky 
et al.,™ in their Monte Carlo evaporation calculations, 
included a “symmetry” term in 4, for nuclei with Z=N, 
which seem to have a lower level density than expected 
from pairing alone. Cu®* is in this class, with Z= N=29, 
and a correction of 0.5 Mev was added to the 6 for Cu®* 
and also Co™, the other symmetric nucleus in the 
calculation. The values of 6 used in the calculation are 
given in Table IV, with the shell and symmetry correc- 
tions that gave the best fit to the experimental data. 
Equation (8) for the level density has the undesirable 
property of eliminating all levels between the ground 
state and the characteristic level, which would strongly 
affect the calculated cross section near the threshold. 
Since the level density in this region is small and 
probably constant, it would be desirable to set w=C 
there. Weinberg and Blatt® have proposed a formula 
which allows this to happen in a smooth manner. Their 


TABLE IV. Values of 5 used in the calculation. 5z and dy are 
taken from Cameron’s table, while the shell and symmetry terms 
are those that gave the best fit to experiment when added in. 


Nucleus dsym 5total 


Cu 
eaNi** 
osNi*? 
aCo*" 
aif ‘oo 
27Co™ 


Fe 


Oawnu 
2 


Ns 


3 
2. 
1. 
1 


oS 


wo 
uw 
Ds) 


expression i 


(9) 


Both Eq. (8) and Eq. 
with results which will be described below. 

The parameter a has been calculated on the basis of 
several models, and measured in a number of experi- 
ments." As in the work of Dostrovsky et al.,™ values of 
a= A/10 and a= A/20 were used at first, and then a was 
regarded as an adjustable parameter to be determined 
by comparison with experiment. 

The values of the parameters used in the calculation 
are summarized in Tables II-IV. The barrier heights in 
Table II were calculated for a nuclear radius of 
R=1.5A*X10-" cm and a deuteron radius of 1.21 
X10-*% cm. The radius of interaction for the alpha 


particle chosen was that obtained from the elastic 


9) were used in the calculations, 


** Dostrovsky, Fraenkel, and Friedlander, Phys. Rev. 116, 683 
(1959). 
* 1. G. Weinberg and J. M. Biatt, Am. J. Phys. 21, 124 (1953). 
® Dostrovsky, Rabinowitz, and Bivins, Phys. Rev. 111, 1659 
(1958), discuss the values obtained. 





REACTIONS 


scattering of alpha particles,” R= (1.41444+4-2.190) 
X 10-" cm. The masses used in calculating the threshold 
energies are from Wapstra,* except where noted. The 
relationship between these energies and L’ is 


U—S,—S,=E,+Q(p,xy). (10) 
B. Results and Discussion 


Some general features of the calculation will be dis- 
cussed first, and then the results will be compared with 
experiment. The effect of using Eq. (8) or Eq. (9) for 
the level density was compared first. It was found that 
Eq. (8) resulted in calculated cross sections which were 
displaced from the experimental curves toward higher 
energies by several Mev, and which had a steeper rise 
in the initial portion. The calculations could be made 
to agree better with experiment by subtracting a fixed 
amount from each 6, making some of them negative. 
This is equivalent to redefining the position of the 
characteristic level, so that it lies below the ground 
state of some nuclei. Using Eq. (9) for the level density 
with positive values of 6 gave curves in much better 
agreement with experiment near threshold; this level 
density formulation was therefore used in all subsequent 
calculations. 


1000, 





o, MILLIBARNS 








. 
ea 


6s 6 TF #8 
Ep, MEV 





4 = 
Ss 2 


Fic. 3. Calculated excitation functions for Ni**(p,2p), Ni®*- 
(P.mp), Ni**(p,pm), and Ni**(p,d), using a= 4.5. The curve labeled 
‘sum” is the sum of the three reactions producing Ni’. The 
experimental points are given for comparison. 


* Kerlee, Blair, and Farwell, Phys. Rev. 107, 1343 (1957). 
3A. H. Wapstra, Physica 2i, 385 (1955). 
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6 9 
Ep, MEV 
Fic. 4. Calculated ratio of the cross section for producing Co* 
to that for producing Ni*’, using three values of a. The ex al 


mental points are given for comparison. The point at 21.5 
is from reference 3. 


The value of the level density parameter @ had an 
effect on both the shape of the curves and the size of 
the cross section. Lowering a, which is equivalent to 
raising the nuclear temperature for a given excitation 
energy, increased the (~,a) and (p,pm) cross sections, 
and decreased the (p,2) cross section. The initial rise 
of the (pa) and (p,pn) curves was steepened also. As 
pointed out by Dostrovsky ef al.," decreasing @ usually 
increases the emission probability of the “rarer” par- 
ticles relative to neutrons. In this case, the neutron is 
itself ‘rarer’ than the proton, hence the result above. 

The exact values of 6 used are not as important to 
the calculation as their relative magnitudes. Apart from 
shell effects, an even-even nucleus should have a 6 of 
about twice that of an odd-even or even-odd nucleus, 
and an odd-odd nucleus a 4 of zero. If the values of 6 are 
changed, a change in @ will often restore the original 
curves, or very nearly so. Thus the “best values” of 
the parameters reported below are not unique, but 
rather are representative of a range of possible values. 
On the other hand, this fact gives confidence that 
reproducing the experimental curves depends more on 
the general features of separation energies and relative 
magnitudes of 5, rather than on some special combina- 
tion of numbers. 

As an example of this, a decrease in the shell con- 
tribution to 6 for 28 protons leaves the (p,2p) and 
(pnp) cross sections almost unchanged. This is because 
the former reaction must proceed through Ni** as an 
intermediate nucleus, while the latter reaction ends in 
Ni*’; if the 6 for both nuclei is decreased, the two re- 
actions both increase by almost the same amount. 

The best fit to the experimental data was obtained 
using the values of 6 listed in Table IV, and with 
a=4.5. The computed curves for these values are 
compared with the experimental data in Figs. 3-5. 
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Fic. 5. Calculated excitation function for Ni®*(p,a), using a=4.5. 
The experimental points are given for comparison. 


Figure 3 shows the (p,2p) cross section, and how the 
total (p,pn) cross section is made up of the sum of the 
three reactions which produce Ni*’. That the (p,np) 
cross section is much larger than the (p,pm) cross 
section can be understood as follows: Evaporation of a 
neutron from Cu® is likely to leave the Cu®* nucleus 
with considerable excitation energy, since low-energy 
neutrons are not hindered by a Coulomb barrier. But 
the separation energy of a proton from the latter nucleus 


KAUFMAN 


is only 2.6 Mev, and since a proton need only compete 
with a gamma ray, a (~,wp) reaction results if the Cu®* 
is left with more than about 5 Mev of excitation. On the 
other hand, when Cu® evaporates a proton, the resulting 
Ni®* nucleus is likely to have a low excitation energy, 


since the proton must have enough energy to penetrate 
the Coulomb barrier efficiently. This favors proton 
emission from the Ni®* nucleus because of the 4 Mev 
lower separation energy of the proton. Thus, most 
(p,n) reactions are followed by proton emission, while 
very few (p,p) followed by neutron 
emission, and most of the Ni®’ results from the (p,mp) 
reaction. 

Figure 4 shows the ratio of Co®’ to Ni*’ formed as a 
function of proton energy, and the computed curves 
for three different values of a. It is seen that a lower a 
favors more neutron emission relative to proton emis- 


reactions are 


sion, as noted above. These curves enabled the choice 
of a=4.5 to be made. 

Figure 5 shows the calculated curve and experimentai 
points for the Ni°*(p,a) reaction. Although the threshold 
region and the peak cross section are in fair agreement 
with experiment, the calculated curve has a slower 
rise and a sharper peak than is found experimentally. 
Attempts to modify this shape by changing the param- 
eters met with little success. If a is lowered sufficiently, 
the curve can be made to fit the points quite well below 
12 Mev, but then the peak cross section is too high. 
Lowering 6 for Co, or lowering the alpha-particle 
barrier produces much the same effect. 
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Analysis of Elastic Cross Sections and Polarization of 10-Mev Protons* 
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The differential elastic cross section and polarization of 10-Mev protons scattered by argon and copper 
have been analyzed using a diffuse surface optical model potential with a spin-orbit term. The model 
parameters were varied systematically, the best fits with the experimental data being determined by a 
method of least squares. As in other analyses, it was found that almost equally good fits could be obtained 
over a range of values of the radius constant, Ro, in this case, for Ro approximately between 1.20 and 1.30. 
Only the value of the real part of the central potential was markedly different for the best fits obtained for 
various Ro in this range. The experimental polarization data is not precise enough to determine the spin-orbit 


potentials to within better than 1 or 2 Mev. 





I. INTRODUCTION 


HE differential elastic cross sections and polariza- 

tion of 10-Mev protons scattered by argon and 
copper’ have been analyzed? using a diffuse surface 
optical model potential with a spin-orbit term of the 
Thomas type,’ 


V (r)= —(V+iW) f(r) + (h/ec)? 
X (VstiWs)(1/r)(df/dr)e-14+-Vel(r). (1) 


The form factor for both the real and imaginary parts 
of the central potential is the same, namely 


f(r)=[+exp(r—R)/a}", (2) 


and the derivative of this same form factor appears in 
the spin-orbit term. The Coulomb potential, Vc, is 
that corresponding to a uniformly charged sphere of 
radius R.* Altogether there are six parameters, V and W, 
Vs and Ws, the rounding parameter a, and the radius 
constant Ro which appears in the usual expression for 
the nuclear radius, 


R= R,A*X10- cm. (3) 


II. METHOD FOR DETERMINING THE 
BEST PARAMETERS 


Our method for determining the parameters which 
give the best agreement with experiment involves using 


* Research supported in part by the National Science Founda- 
tion and the Office of Naval Research. 

1 The 9.75-Mev experimental cross-section data for argon and 
copper is that of N. M. Hintz, Phys. Rev. 106, 1201 (1957); 
the 10-Mev experimental cross-section and polarization data for 
argon, as well as the polarization data for copper, is that of 
L. Rosen, Proceedings of the International Conference on the 
Nuclear Optical Model, Florida State University, Tallahassee, 
1959 (unpublished). We are indebted to Dr. Rosen for furnishing 
us his results prior to publication. 

* The calculations were performed on the SWAC, Numerical 
Analysis Research, Department of Mathematics, and also on 
the IBM-709, Western Data Processing Center at UCLA. 

* The Riesenfeld-Watson notation is used here. W. B. Riesenfeld 
and K. M. Watson, Phys. Rev. 102, 1157 (1956). 

* See, for example, Melkanoff, Nodvik, and Saxon, Phys. Rev. 
106, 793 (1957). 


the quantities X,* and X,?. The quantity X,? is the sum 
of the squares of the weighted difference between 
experimental and theoretical cross sections and X,? is 
the corresponding quantity for the polarization. The 
criterion for the best fit is that the quantity X*=x,?+-Xx,? 
be a minimum. It should be pointed out that the 
quantities X,*, X,?, and X*® as we have defined them are 
meaningful only when comparing fits corresponding to a 
given set of data. 

It should also be pointed out that there is an element 
of choice with regard to the weighting factors to be 
used in determining X,? and X,?; the resulting parameters 
are not entirely insensitive to this choice. In this 
analysis we have always used the standard deviations 
which were reported with the experimental data, that is, 
we have written 


2 
x,? . 
- | Ao exp (9;) | 


where the sum runs over all experimental points, and 
similarly for X,*. Other weighting schemes are, of 
course, possible. For example, an analysis which 
artificaily weights the forward angles more than the 
backward angles would presumably yield values of the 
parameters which are somewhat different from those 
found in the present analysis. 

The minimization of x? was carried out in three stages. 
In the first stage, the parameters V, W, a, and Ro were 
kept fixed and only the spin-orbit strengths Vs and 
Ws were varied until a minimum was obtained for x’. 
The values so obtained appear to be determined 
primarily by the polarization data. In the second stage, 
the four parameters V, W, a, and Ro were varied, 
keeping Vs and Ws fixed at the values found in the 
first stage. The third stage consisted in fixing V, W, a, 
and Ro at the values found in the second stage and 
making a final variation on Vs and Wg. 

In each case, the minimization of x? was carried out 
by choosing initial parameter values and setting up an 
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Ic. 1. Minimum values of the sums of the squares of the 
weighted differences between experimental and theoretical cross 
sections and polarizations as a function of radius for proton 
scattering on copper at 9.75 Mev. The spin-orbit parameters 
were held fixed during variations. 


appropriate Taylor series expansion in the parameters 
involved, keeping terms up to and including the second 
order. The resulting approximation is of course valid 
only over a limited region in the parameter space. 
Once the expansion coefficients have been numerically 
determined, one can predict the minimum value of x’, 
as well as the parameters which yield this minimum, by 
differentiating and solving the resulting system of 
simultaneous linear equations. When it is obvious that 
the predicted values of the parameters lie outside the 
region of validity of the Taylor series expansion, one has 
to choose a new set of initial parameters and repeat the 
whole process. 

When this procedure was carried out for the four 
parameter variation involved in the second stage, 
it was found to be quite unsatisfactory as a consequence 
of the strong compensating effects between the param- 
eters V and Ro. This compensation means that there 
exists a long valley in the V, Ro subspace and under 
this circumstance the minimization procedure becomes 
very sensitive to the approximations used in determin- 
ing the expansion coefficients. To avoid these difficulties, 
it was found expedient to carry out the four parameter 
variation by fixing Ro at some value and to vary V, W, 
and ¢@ until a minimum was obtained for x*, then to 
change R, to a slightly different value and again vary 
V, W, and a, and in this manner to explore the physically 
acceptable range of Ro. 
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SAXON 
Ill. COPPER 


The first stage analysis for copper indicated the 
tentative best value of the spin-orbit potential to be 
VstiWs=4+0i. The results of the second stage 
analysis keeping the spin-orbit potential fixed at this 
value are shown in Fig. 1, where the minimum values of 
X,*, X,’, and X?, for fixed Ro are plotted versus Ro. The 
absolute minimum for x” occurs at a radius of about 
Ro= 1.26; however, this value should perhaps not be 
taken too seriously inasmuch as the agreement with 
experiment using the 1.26 parameters is not markedly 
better than that using the 1.20 or the 1.30 parameters, 
as can be seen from Fig. 3. The polarization data in 
this case seem to favor a larger radius and the nominal 
value of Ro=1.26 represents a slight compromise 
between the polarization data and the cross-section 
data. 

In Fig. 2 are shown the values of V, W, and @ which 
yield the minimum values of x? which are plotted in 
Fig. 1. The imaginary part of the central potential 
remains fairly constant at about 8 Mev and the round- 
ing parameter a at about 0.52 fermi. As to be expected, 
the real part of the central potential varies considerably 
and in this case seems to follow a V R* law with »n=2.35. 
This point is discussed somewhat further in Sec. V. 
Also shown in Fig. 2 is the reaction cross section, cr, 
corresponding to the best fits for various Ro. It is clear 
that in this instance a measurement of the reaction 
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Fic. 2. Values of the real central potential V, the imaginary 
central potential W, the rounding parameter a, and the reaction 
cross section og corresponding to the best fits for various radii 
for proton scattering on copper at 9.75 Mev. The spin-orbit 
parameters were held fixed during variations. 
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cross section to within considerably better than 5% 
is needed to disentangle the V—R ambiguity. 

The third stage variation on the spin-orbit potential 
yielded a value which was only slightly different from 
that found in the first stage, Vst+iWs=3.5+1.0i 
instead of 4.0+0i. The resulting improvement in the 
agreement with experiment is scarcely noticeable, 
however. It is our conclusion that the polarization data 
is not sufficiently precise to specify the spin-orbit 
potentials to within better than 1 or 2 Mev; in partic- 
ular, it is not possible to ascribe any significance to 
the small imaginary part of the spin-orbit potential. 

Figure 3 shows the comparisons of the experimental 
and theoretical cross sections (actually the ratios to 
the Rutherford cross section) and polarization for 
copper® for the three cases Ro=1.20, 1.26, and 1.30 
using the corresponding best values of V, W, Vs, Ws, 
and a. In general, the agreement between the experi- 
mental and theoretical cross sections and polarization 
in the case of copper is quite acceptable except for the 
forward angles. There seems to be no combination of 
parameters® which will remove the discrepancy which 
occurs between 20° and 50° and at the same time 
preserve the fit for angles greater than 50°. The final 
results for copper are listed in Table I. It might be 
noted that the values of the parameters V, W, and a, 
as well as the quality of the fit to the cross section data 
are not significantly different from that obtained by 
Glassgold et al.’ using the potential given by (1) but 
without the spin-orbit term. 


IV. ARGON 


The first stage analysis for argon yielded a value 
VstiWs=8.5+2.0i for the spin-orbit potential, 
approximately twice that found for the case of copper. 

Two sets of cross-section data were available, those 
of Hintz at 9.75 Mev' and those of Rosen at 10 Mev.’ 


TABLE I. Result of optical model analysis of Hintz 9.75-Mev 
cross-section data and Rosen 10-Mev polarization data for 
proton scattering on copper. Energies are in Mev, lengths in 10™ 
cm, and cross sections in barns. 





Ro V W 
120 615 8. 0.526 
123° S61 3 0.522 
1.26 549 0.518 
1.28" 52.9 0.515 
130 S309 0.513 


0.671 
0.702 
0.725 
0.746 
0.762 





* The third stage variation on the spin-orbit parameters was not carried 
out. 


* The theoretical polarizations were computed using an incident 
energy of 9.75 Mev although the experimental polarizations 
correspond to an incident energy of 10 Mev. This was done for 
convenience and it was verified that the resulting error thus 
introduced is negligible. 

* The use of a surface absorption instead of a volume absorption 


may remove some of this discrepancy; F. Bjorkland (private 
communication ). 


7 A. E. Glassgold, W. B. Cheston, M. L. Stein, S. B. Schuldt, 
and G. W. Erickson, Phys. Rev. 106, 1207 (1957). 
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Fic. 3. Best fits obtained in the optical model analysis of the 
Hintz 9.75-Mev cross-section data val the Rosen 10-Mev polariza- 
tion data for proton scattering on copper for the three radii 
Ro=1.20, 1.26, and 1.30. 


The Rosen data was analyzed for the two radii Ro= 1.20 
and 1.26, the best values of the parameters obtained 
being listed in Table II. The fits at these two radii 
are almost equally good, with Ro=1.20 being slightly 
favored. The third stage analysis yielded Vs+iWs 
= 8.5+2.0i for the 1.26 radius, the same as found in 
the first stage, and Vs+iWs=10.0+-2.0i for the 1.20 
radius. The comparison of experimental and theoretical 
cross sections and polarizations is shown in Fig. 4. 
The agreement is remarkably good for both radii. 

The Hintz cross-section data (in conjunction with 
the Rosen polarization data®) was analyzed somewhat 
more completely, five different radii being investigated. 
The minimum values of X,’, X,?, and X* are shown in 
Fig. 5, and the parameters which yield these minimum 
values are shown in Fig. 6. In contrast to the situation 
for copper, the polarization data in this case seems to 


TaBLe Ii. Final results of optical model analysis of Rosen 
cross-section and polarization data for 10-Mev proton scattering 
on argon. Energies are in Mev, lengths in 10-" cm, and cross 
sections in barns. 
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Fic. 4. Best fits obtained in the optical model analysis of the 
Rosen cross-section and polarization data for 10-Mev proton 
scattering on argon for the two radii Ro=1.20 and 1.26. 


favor a smaller radius. The minimum value for x? 
occurs at approximately Ro= 1.27, but, as in the case 
of copper, there is really not much to distinguish one 
radius from another over the range Ro=1.20 to 1.30. 
The third stage analysis yielded values for the spin-orbit 
potentials which were insignificantly different from 
those found in the first stage and the final value 
Vst+iWs=8.5+2.0i was adopted for all radii in- 
vestigated. But again, the fits obtained with potentials 
which deviate by 1 or 2 Mev from this value are 
almost equally acceptable. The final values of the 


TABLE III. Results of optical model analysis of Hintz 9.75-Mev 
cross section data and Rosen 10-Mev polarization data for 
proton scattering on argon. Energies are in Mev, lengths in 
10-" cm, and cross sections in barns. 


W a 


7) 


oR 
0.656 
0.681 
0.704 
0.729 
0.775 


0.469 
0.479 
0.487 
0.496 
0.524 
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parameters are given in Table III and the comparison 
of experimental and theoretical values for the radii 
Ro=1.20, 1.265, and 1.33 is shown in Fig. 7. 

Except for the spin-orbit strengths, the best values of 
the parameters for argon are quite close to those for 
copper. Furthermore, the results obtained using the 
Rosen cross sections are in good agreement with those 
obtained using the Hintz cross sections except for the 
rounding parameter, a, and the reaction cross section 
or, which are somewhat larger for the latter case. 
These differences appear to be due to the influence of 
the Hintz cross sections at the backward angles. 


V. THE V—R AMBIGUITY 


The results of this analysis indicate that the situation 
with regard to the well-known V —R ambiguity remains 
practically unchanged polarization data is 
included in the optical model analysis. For energies 
which are not too high the value of V for a given radius 
R is determined primarily by the positions of the 
maxima and minima of the cross section and polariza- 
tion and these positions are affected only slightly by 
the other parameters. 

For the two elements investigated in this analysis, 
it appears that the data determines only the combina- 
tion VR", with w=2.35. It is interesting to note that 
this is very close to the value of m which is predicted 
if one assumes that the cross sections and polarization 


when 


Vv," 8.5 Mev 


(FIXED) 
W,= 2.0 Mev 
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Fic. 5. Minimum values of the sums of the squares of the 
weighted differences between experimental and theoretical cross 
sections and polarization as a function of radius for proton scatter- 
ing on argon at 9.75 Mev. The spin-orbit parameters were held 
fixed during variations 
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are left relatively unchanged when V and R are varied 
in such a way that the effective number of waves 
inside the nucleus is a constant,® that is, in such a way 
that «R=constant, where «=[2M(E+V)/h*}! is ‘the 
effective interior wave number. 

In fact, this provides a convenient empirical way of 
characterizing the information on V and Ro obtained in 
this analysis. In Fig. 8 we have plotted the best value 
of V for a given Ry versus 1/R,?. These values are taken 
directly from Tables I and ITI. As can be seen from 
Fig. 8, the plotted points exhibit a remarkably linear 
behavior for both argon and copper, so that the relation 
between V and R, can be taken to be of the form 


Ro 2M (e+ V)/#? }}=8, (4) 


the constants « and 8 being determined by fitting a 
straight line to the points plotted in Fig. 8. Thus we 
find e=9.4 Mev, 8=2.21 for copper, and «=9.2 Mev, 
8=2.19 for argon. Since these values of ¢ are only 
slightly different from the incident energy, E=9.75 
Mev, our results for V and Ro for both copper and 
argon are fairly precisely summarized by the relation 


«R= 2.20 (copper and argon, E=9.75 Mev) (5) 


together with the statement that Ry probably lies 
between 1.20 and 1.33. 
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Fic. 6. Values of the real central potential V, the imaginary 
central potential W, the rounding parameter a, and the 
reaction cross section ag corresponding to the best fits for various 
radii for proton scattering on argon at 9.75 Mev. The spin-orbit 
parameters were held fixed during variations. 


8 J. S. Nodvik, Proceedings of the International Conference on 
the Nuclear Optical Model, Florida State University, Tallahassee, 
1959 (unpublished). 
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Fic. 7. Best fits obtained in the optical model analysis of the 
Hintz 9.75-Mev cross section data and the Rosen 10-Mev polariza- 
tion data for proton scattering on argon for the three radii 
Ro=1.20, 1.265, and 1.33. 


It appears that the above method of characterizing 
the V—R ambiguity also applies quite well at 17 Mev, 
although for some of the heavier elements the value of 
the constant « seems to be 2 or 3 Mev lower than the 
incident energy, in qualitative agreement with what 
might be expected from Coulomb effects. Figure 8 
also shows a plot of the best value of V versus 1/R,? 
for the case of proton scattering on copper for an 
incident energy E=17.3 Mev. These values are taken 
from the analysis of Glassgold and Kellogg. (This 
analysis does not include spin-orbit effects but as 


Taste IV. Variation of the parameter «Ro with energy 
for proton scattering on copper. 





1 31.5 


3 
27 2.37 


*A. E. Glassgold and P. J. Kellogg, Phys. Rev. 107, 1372 
(1957). 
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Fic. 8. Best values of real central potential V as a function of 
1/R¢ for proton scattering on copper and argon at 9.75 Mev and 
for proton scattering on copper at 17.3 Mev. 


mentioned earlier, these are not expected to cause much 
change in V). In this case we find e= 17.1 Mev, 8= 2.27, 
so that again the constant ¢ is quite close to the incident 
energy E. 

Optical model analyses for proton scattering on 
copper have also been carried out for incident energies 
of 5.25 Mev,” and 31.5 Mev," however, in each case 
for only one value of the radius. The results are as 
follows: E=5.25 Mev, Ro=1.31, V=52.5 Mev; 
E=31.5 Mev, Ro=1.33, V=35 Mev. Making the 
assumption that the situation at these energies is not 
very different from that at 10 and 17 Mev, i.e., that 
the V—R ambiguity is characterized by Eq. (4) with 
e=E, enables us to map out the behavior of the 
parameter «Ro with energy. This is summarized in 
Table IV. The dependence of «Ry on E over the range 
considered is approximately linear (deviations from 

” Melkanoff, Nodvik, and Saxon (unpublished). 


1 Melkanoff, Nodvik, Saxon, and Woods, Phys. Rev. 106, 793 
(1957). 
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Fic. 9. Behavior of the real central potential V as a function of 
the incident energy for various radii for proton scattering on 
copper based on the assumptions made in Sec. V. 


linearity seem to begin at roughly E=30 Mev) and 
is represented rather well by the relation 


«Ro= 2.14+ (0.0073)E (copper, E=5 to 30 Mev). (6) 


It would appear that the relation (6) summarizes the 
only precise quantitative information regarding the 
values of V and Ro» for copper in this energy range which 
can be obtained from optical model analyses in the 
absence of any information on the reaction cross 
section. Figure 9 shows the behavior of V as a function 
of the incident energy E for copper for various Ro 
assuming that the relation (6) holds over the range 
E=0 to 30 Mev and that Rp» is independent of the 
energy. 

Although the present analysis is perhaps the most 
comprehensive done thus far, it is limited in that only 
two elements at a single energy have been investigated. 
It would be premature at this stage to draw any general 
conclusions even on the purely empirical level considered 
here. In addition it may be misleading to regard the 
value of the potential at the center of the nucleus as 
having any particular significance in these analyses. It 
appears that the scattering is actually more sensitive 
to the surface than the volume features of the potential, 
at least at higher energies where the mean free path 
becomes smaller than the nuclear radius.* These and 
other questions related to the shape of the optical model 
potential are currently under investigation. 
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The differential cross section for the elastic scattering of nitrogen from thin carbon foils was measured 
from about 40 to about 140 deg in the center-of-mass system. The measurements were made at three 
energies : 27.3 Mev, 23.5 Mev, and 21.5 Mev, mean energy in the 1-Mev thick targets. The angular resolution 
was about 1 deg. Scattered nitrogen and recoil carbon atoms were counted in coincidence. Positions of the two 
counters, as prescribed by the kinematics of elastic scattering, served to discriminate against inelastic 
events and transfer reactions. The differential cross sections at all three energies exhibit marked structure 
especially beyond 90 deg. An optical model scattering calculation using a Saxon potential with V=45 Mev, 
W =6 Mev, and ¢=0.65 fermi was performed. The results of the caiculation exhibit fair agreement with 
the data. The results of the e-:periment are also compared with the predictions of a sharp cutoff model for 
elastic scattering and show no agreement with the theory. Analyzing the data in terms of a diffraction 
model the positions of the well-defined minima yield an interaction distance R such that ro= 1,18+-0.02 in 


the relation R=r9(A,'+A;!). 





INTRODUCTION 


HE elastic scattering of nuclei by nuclei is of 

intrinsic interest because it may yield information 
on the behavior of gross nuclear matter. The earliest 
such experiments dealt with nigrogen-nitrogen scatter- 
ing. More recently the scattering of carbon from gold; 
and nitrogen, oxygen, and neon from bismuth has been 
studied.? In these experiments the scattered particles 
were detected with nuclear emulsions and identified 
by their range, a technique which is suitable only if 
the elastic cross section is large compared with those 
inelastic scattering or transfer reactions which might 
be confused with elastic scattering. 

The situation is somewhat better with scintillation 
detectors which have been used to study the elastic 
scattering of oxygen from gold, nickel, aluminum and 
carbon.* 

Recently a more powerful technique was employed 
at this laboratory in which the scattered and the recoil 
particle are detected in coincidence.‘ The angles of 
both detectors and the pulse-height information from 
each are used to identify an event as elastic scattering, 
and to differentiate it from other reactions. This method 
allows measurement of differential elastic cross sections 
as small as several tenths of a millibarn/sr in the 
presence of large counting rates from other reactions. 
The coincidence technique, used first for elastic 
scattering of N™ by Be’, is here applied to another 
target element-carbon. Carbon was chosen because it 
can be readily prepared in thin self-supporting foils and 
its low-lying excited states are well separated from the 
ground state. Deviations from Rutherford scattering 


* Operated for the U. S. Atomic Energy Commission by 
Union Carbide C ration. 

1H. L. Reynolds and A. seseae 8 Phys. Rev. 7 1378 (1956). 

* E. Goldberg and H. L. R Phys. Rev. 112 , 1981 (1959); 
Bull. Am. Phys. Soc. 4, 253 rosie, 

*J. A. McIntyre, S. D. Baker, and T. L. Watts, Phys. Rev. 

116, 1212 (1959). 

‘M. L. Halbert and A. Zucker, Phys. Rev. 115, 1635 (1959). 
(Hereinafter this paper is referred to as I.) 


were expected since the beam energy available exceeds 
the Coulomb barrier. In the present measurement, 
nitrogen-14 at 27.3, 23.5, and 21.5 Mev (mean labora- 
tory energy in the target) was scattered from carbon 
foils and the differential cross section measured from 
about 40 to about 140 deg.® 


EXPERIMENTAL PROCEDURE 


The experimental procedure employed in_ this 
experiment was essentially identical with the one 
described in I. Two scintillation counters in coincidence 
were used inside a 24-in. diam scattering chamber, 
Fig. 1. A small aperture (} deg half angle in the labora- 














Fic. 1, Schematic drawing of the scattering chamber. 


5 All angles are in the center-of-mass system unless otherwise 
noted. 
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tory system) on the defining counter determined the 
solid angle. The aperture of the conjugate counter was 
always large enough to count all recoil particles from 
elastic events detected in the defining counter. Frequent 
experimental checks were made as outlined in I to 
verify that no coincidences were being lost. These 
checks included variation of conjugate-counter position, 
aperture, and threshold setting for the coincidence 
gating circuit. 

Both counters were 0.005-in. CsI(Tl) on Lucite 
light pipes mounted on DuMont-6291 photomultiplier 
tubes. Linear amplifiers were used for pulse amplifica- 
tion. The pulses from the defining counter were 
analyzed with a 20-channel pulse-height analyzer, gated 
by the coincident pulses from the conjugate counter. 
The resolving time of the coincidence circuit was about 
2.8 usec. 

Reference I gives a detailed account of the design of 
this type of experiment, and we will not dwell on it 
here. The carbon experiments were considerably cleaner 
than the beryllium experiment because (1) the counting 
rate from oxygen impurity in the carbon targets was 
never more than a few percent of the carbon counting 
rate, (2) the inelastic events are well separated in 
angle and pulse height, (3) the transfer reactions are 
all endoergic and are also well separated from elastic 
events, and (4) counting rates from carbon were 
generally higher. Multiple scattering and the low energy 
of the coincident particles at some angles prevented us 
from measuring the cross section at angles smaller than 
40 deg and larger than 144 deg. 

From 40 deg to about 102 deg the defining counter 
was used to count nitrogens while the conjugate 
counter accepted recoil carbons. From 92 deg to the 
largest angles measured, carbons were counted in the 
defining counter and nitrogens in the conjugate counter 
for the reasons outlined in I. The ten-degree region 
between 92 and 102 deg provides an overlap which 
essentially checks the beam direction with respect to 
the defining counter position. At small angles and 
again at large ones the target was tilted toward the 
conjugate counter to reduce the energy loss in the 
target and decrease the effect of multiple scattering on 
the low-energy particles. 

Mild steel magnetic shields were affixed to the 
counters and placed along the beam path to minimize 
the effect of the fringing field of the cyclotron on the 
paths of the particles. An antiscattering aperture was 
placed just below the target and a }-in. diameter beam 
collimating aperture was near the entrance of the 
beam pipe. At full energy the angular divergence of the 
incident beam was at most 0.1 deg (lab). For reduced 


energy runs nickel or aluminum absorbers were placed 
on the beam collimator. The antiscattering aperture 
then limited the beam on the target to an angular 
divergence of about 1 deg (lab). All apertures were 
circular. Taking into account the angular acceptance 
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of the defining counter, the finite size of the beam spot 
on the target, multiple scattering, and angular diver- 
gence of the incident beam, the center-of-mass angular 
resolution is estimated to be about +1 deg for the 
full-energy data and about +2 deg for the two lower 
energy measurements. 

Carbon targets were made by diluting a commercial 
alcohol suspension of colloidal graphite’ with ethyl 
alcohol until a fairly thin mixture was obtained. This 
was poured out on a clean glass plate and allowed to 
dry. The carbon film was carefully floated off in water 
and mounted on a thin plastic frame. Targets obtained 
in this way were between 150 and 200 ug/cm? thick. 

It was found that the counting rate from a given 
target gradually increased over a period of weeks. 
Presumably, carbon from the pump oil was being 
deposited on the target. To prevent this from affecting 
the results frequent runs were made at 60 deg. All data 
were normalized to these 60-deg runs. The absolute 
cross section at this angle was then measured in short 
runs using several foils which were weighed before 
and after bombardment. 

The beam energy was lowered from 27.3 Mev mean 
energy in the target to 23.5 Mev by placing a 0.989 
mg/cm? Ni absorber on the beam collimator. Upon 
substitution of a 1.269 mg/cm? Al foil, the mean 
energy was found to be 21.5 Mev. Each of these 
energies was measured by placing a hydrogen-filled 
chamber at the forward port of the scattering chamber, 
and measuring the in emulsion of protons 
scattered at zero degrees. The energy loss in one target 
was determined by a fourth run in which the target was 
inserted in the beam. We thus had two methods for 
estimating the energy loss of the nitrogen ions in the 
carbon target. One the direct measurement. 
Another method was to calculate the energy loss from 
the measured target thickness. The stopping power of 
carbon for nitrogen ions was calculated from the known 
stopping power of nickel and by using the relative 
stopping powers for carbon and nickel for protons of 
the same velocity as the nitrogen ions.’ The two 
estimates differed by about 8%, well within what one 
expects from either the accuracy of the measurement or 
the reliability of the calculation. Several targets were 
used in the course of the experiment. Care was taken 
to select only those targets whose thickness did not 
differ by more than 20% from the 1-Mev thick target 
which was used for the energy loss determination. 

The targets contained C” and C"* in their normal 
isotopic fractions, 98.9% and 1.1%, respectively. The 
counter angles according to the 
kinematics for N'‘— C” scattering. At the largest angles 
studied C'™ scattering would have been completely 
rejected by the coincidence scheme, but at the smallest 


range 


was 


were always set 


*“TDag” dispersion Number 154, obtained from Acheson 
Colloids Company, Port Huron, Michigan. 

7 W. H. Webb, H. L. Reynolds, and A. Zucker, Phys. Rev. 102, 
749 (1956). 
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angles the counting rate probably included all elastic 
C'* events. All calculations were made on the basis of 
a C” target. Unless the C'* cross section is more than an 
order of magnitude larger than the C™ cross section, 
the error introduced by assuming a pure C™ target is 
always smaller than the standard deviations quoted in 
the table of results. 

Finally, because of our energy discrimination and 
angular resolution, we believe that no inelastic or 
transfer events from carbon, or scattering from impu- 
rities were confused with elastic scattering. 


RESULTS 


The results of this experiment are given graphically 
in Fig. 2. In addition we have tabulated the numerical 
values of the elastic scattering cross section and its 
ratio to the Coulomb cross section in Table I. The 
errors listed in the table are standard deviations of the 
relative cross sections. These include contributions from 
the following sources of error: (1) counting statistics, 
the major source of error at angles larger than 120 deg, 
(2) random errors in beam current measurement and 
integration, contributing about +2% at all angles, 
(3) other sources such as uncertainties in background 
subtraction principally of importance at the largest 
angles. The error in setting the defining-counter angle 
is +0.1 deg (lab) corresponding to about +0.2 deg c.m. 

In addition to the relative errors listed in Table I, 
there are systematic errors which do not change the 
shape of the angular distribution, but do affect the 


+ + 
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Fic. 2. The differential cross section of N“—C" elastic scatter- 
ing at 27.3 Mev, 23.5 Mev, and 21.5 Mev as a function of the 
nitrogen c.m. angle. Mean energies in the target are shown. 


N BY C 1547 
absolute value of the cross section. These errors 
arise from uncertainties in (1) in the target thickness, 
purity, uniformity and angle; (2) the solid angle 
subtended by the defining counter; (3) the average 
charge of nitrogen ions emerging from the target; and 
(4) the beam-integrator calibration. All percent errors 
given below are estimated standard deviations. 

The target thickness was determined by weighing 
the carbon foils and measuring their area. These 
measurements were subject to an error estimated to 
be +8%. 

The uniformity of the targets is more difficult to 
evaluate. No measurable difference in the counting 
rate was found when various portions of a foil were used ; 
data from four different targets gave the same results 
when normalized to the same target weight. The effect 
of nonuniformity is thus probably small compared to 
the 8% error in the thickness measurements themselves. 
The uncertainty in measuring the target angle produced 
an error smaller than 2% in the cross section. 

The solid angle subtended by the defining aperture, 
computed from its diameter and its distance from the 
target, could have been in error by about 4%. The 
average charge was calculated from the equilibrium 
charge distribution for nitrogen in plastic foils.* It also 
might have been in error by several percent. The 
absolute calibration of the beam integrator was 
uncertain by a similar amount. Fortunately these three 
uncertainties may be eliminated by measuring the 
counting rate for some process with a known cross 
section from a farget of accurately known thickness. 
In effect one substitutes one error, that in the thickness 
of this secondary target, for the three uncertainties 
given above. 

The process chosen for the absolute calibration was 
elastic scattering of nitrogen from a thin nickel foil. 
The available nitrogen energy is well below the Coulomb 
barrier for nickel, and the scattering cross section can 
therefore be calculated. It was found that over the 
entire range of defining counter settings used in the 
nickel scattering the cross section exhibits the expected 
csc*(0/2) shape, thus providing a check on the measured 
laboratory angles. The N—C absolute differential 
cross section calculated from the measured solid angle, 
the estimated average charge of the beam, and the 
integrator calibration agreed with the cross section 
based on the nickel calibration to within 2%. 

The uncertainty in the nickel thickness measurement 
was +3%. The root-mean-square error from all 
systematic factors was thus about 9%, due mostly to 
the uncertainty in the carbon target thickness. 

At certain angles, notably around 100 deg and 135 
deg, regions where the structure is most pronounced, 
some lack of reproducibility of the data was noted. 
This was investigated very extensively, and it was 


*H. L. Reynolds, L. D. Wyly, and A. Zucker, Phys. Rev. 98, 
474 (1955). 
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Taste I. Differential cross section for N“—C* elastic scattering and its ratio to Coulomb scattering. 








27.3 Mev 
Standard 
da/diie.m. deviation* 
(mb/sr) (percent) do/dacou 


Nitrogen 
c.m. angle 
(degrees) 


40 382 
42 309 
44 262 
46 214 
48 179 
50 
52 


134 
89.9 
54 68.6 
56 
58 
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90 
92 
93.8 
94 
96 
97.1 
98 
98.8 
100.5 
102 
104 
106 ey: 
107.4 1.94 
110 1.50 
112 1.16 
114 0.810 
116 0.615 
118 0.509 
120 0.615 
122 0.763 
124 0.982 
126 aad 
128 1.65 
130 ae: +e 
132 AS 0.104 
134 ‘ 0.0991 
136 1.82 0.0932 
138 ‘ 0.0836 
140 ait ad 
142 


37 
30 
60 
50 
07 
08 
34 
34 
89 
82 
09 
A9 
05 
47 
48 


1 
1 
1 
1 
1 
1 
2 
2 
2. 
2. 
2. 


0.0567 
0.0470 
0.0381 
0.0278 
0.0221 
0.0191 
0.0240 
0.0310 
0.0414 


0.0746 


da /die.m. 
(mb/sr) (percent) do/dacout 


1.24 
144 a, ‘és 1.29 





21.5 Mev 
Standard 
da/diem. deviation* 
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* The standard deviation is for random errors only, For systematic errors see text. 


shown not to be due to counting losses, inhomogeneities 
in the target, errors in measuring beam intensities or 
fluctuations in beam direction. About the only factor 
over which we had no control and which could result in 
nonreproducible data is variation of the beam energy. 
The energy dependence of the cross section is quite 
pronounced and varies considerably from angle to 


angle as can be seen from Fig. 2. If we take as a typical 
value from our results a factor of 0.65 as the change in 
cross section per Mev energy change, then a fluctuation 
of 1% in beam energy would effect about a 20% 
change in the cross section 

The beam energy is measured by the proton recoil 
technique. The uncertainty in this measurement is 





ELASTIC SCATTERING OF N BY C 


+300 kev out of ~27.8 Mev, or approximately + 1%. 
It was not practical either to monitor the energy to 
1% or to keep it constant within that amount. Instead 
all cyclotron parameters such as dee voltage, frequency, 
and deflector voltage were carefully monitored and 
kept as constant as cyclotron operation would allow. 
The best system to compensate for this effect as well 
as for the accretion of carbon on the target proved to be 
measuring cross sections at various angles alternately 
with the cross section at some fixed angle. We chose 
60 deg for the fixed angle. A change in energy, then, 
would change the counting rate at 60 deg as well as 
at the angle investigated. This scheme worked especially 
well where the cross section is smooth. The points shown 
in Fig. 2 are averages of experimental data taken as 
ratios to 60 deg. At those angles where a change in 
energy produced a significant shift in the oscillatory 
pattern, the fluctuations could not be entirely eliminated 
by taking ratios to 60 deg. The remaining fluctuations 
are included in the standard deviations listed in Table 
I. Normalizing 60 deg runs at all three energies were 
taken on the same day, so that the relative cross 
sections are probably accurate to +3%. 

The direction of the incident beam was determined in 
two ways: first, by burning a spot on a piece of tape 
placed over the defining collimator and, second, by 
measuring the cross section on both sides of the incident 
beam. This was done in the region between 92 and 102 
deg. First the defining counter detected nitrogens and 
subsequently it detected carbons. At all three energies 
the sharp minima in the cross section occurred at the 
same angles with both modes of counting. We conclude, 
therefore, that the beam direction was constant and 
known to an angle at least equal to the angular resolu- 
tion of the defining counter. The errors in the cross 
section produced by errors in angle setting are not 
significant in this experiment. 


DISCUSSION 


The field of nucleus-nucleus collisions is a relatively 
new one and no body of theory has been developed for 
it yet. Recently, however, much has been done to 
explain nucleon-nucleus scattering, particularly since 
the advent of the optical model of the nucleus.’ This 
model, first developed for neutron and proton scattering, 
has been adapted with satisfactory results to the 
scattering of deuterons and a-particles from various 
nuclei. It seemed, therefore, worth while to examine 
the possibilities this model offers for nucleus-nucleus 
scattering even though the physical relevance of the 
model is not apparent at this time. 

This investigation is being made by R. H. Bassel, 
M. A. Melkanoff, and R. M. Drisko with the aid of 
IBM 704 and 709 computers. Preliminary results only 


* For recent references to papers on this subject see Procesdings 
of the International Conference on the Nuclear Optical Model, 
edited by A. E. S. Green, C. E. Porter, and D. S. Saxon (Florida 
State University, Tallahassee, 1959). 
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Fic. 3. Comparison of the data (shown as dots) with the 
results of some preliminary optical model scattering calculations 
(smooth lines). The optical model used a Saxon potential with 
the following parameters V=45 Mev, W=6 Mev, a=0.65 fermi, 
ro=1.32 fermis. Comparisons at three energies are shown with 
the ratio of the elastic to Coulomb cross section plotted vs the 
nitrogen c.m. angle. The same optical parameters were used at the 
three energies. 


are available; they produce fair fits with the data. 
Figure 3 shows the best fits so far obtained with a 
Saxon potential. The parameters which produce the 
best fits, V=45 Mev, W=6 Mev, ro=1.32 fermis, and 
a=0.65 fermi are very much like optical model param- 
eters deduced from nucleon-nucleus scattering. To be 
sure, the fits are not very good, but it must be borne in 
mind that they are the results of a very preliminary 
and incomplete search for parameters. 

The maximum at 132 deg for the 27.3-Mev data 
seems to be especially difficult to fit. It may be that this 
is due to transfer-elastic events such as a deuteron 
transfer from the nitrogen to the carbon or a neutron 
exchange transfer, neither of which can be distinguished 
from elastic scattering. 

The following argument for the applicability of the 
optical model calculations to N—C scattering was 
suggested by Breit.” For close collisions the model 
constants are such that the wave disappears very 


” G. Breit (private communication). 
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Fic. 4. Comparison of the 27.3-Mev data (shown as dots) with 
a sharp cutoff calculation (smooth curve) using /eutors=7. The 
ratio of the elastic to Coulomb cross section is plotted vs the 
nitrogen c.m. angle 


rapidly as the two particles interpenetrate. Therefore 
even though the model has no plausibility for strong 
interpenetration this particular fault of it should not be 
detrimental because the condition for inapplicability 
is not concerned with the most frequent events. In the 
N+C scattering the distance within which the probabil- 
ity of penetration is decreased to 1/2.718 on account 
of the effect of W is ~0.5110~" cm. In this estimate 
it was assumed that E—Viotai=0. Now Veota=V 
+Veoou; and for ro>=1.32f the distance for contact is 
6.20f which gives Voouw=9.71 Mev. For Eja=23.5 
Mey, i.e. Eg.m,.= 10.85 Mev, there is available in the 
center-of-mass system at r=6.20f only 1.14 Mev 
kinetic energy. Unless the real part of the optical model 
potential sets in suddenly at contact, which is improbable 
|E—Vtotai| is small compared with W and the absorp- 
tion should be strong, as estimated. The attractive 
real potential of the optical model does not have a 
really strong influence until it becomes large. Thus if 
| E—Votai| =W the decay length caused by absorption 
is increased only by about 25% in comparison with 
E—Vwtsi=0. The success of the optical model in 
giving approximate fits is therefore an indication of 
its qualitative correctness for the larger distances but 
says nothing regarding the interaction at small 
distances. 

The sharp cutoff model for elastic scattering was 
developed by Blair for cases where semiclassical 
approximations are expected to hold. It has produced 
good fits with elastic scattering experiments of nitrogen 
on nitrogen' and carbon on gold.? The Blair model has 
failed, however, to reproduce the data for N—Be 
scattering, I. 


1 J. S. Blair, Phys. Rev. 95, 1218 (1954). 
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The differential cross section in this model is given by 


exp[ — in In sin®(6/2) Je 


“a 
> (21+1)é*'P;(cos8) 
2ik 0 


The cutoff 1 value of 7 was calculated on the basis of 
the semiclassical relation 


1(l+1 (2uR?/h?)(E— Ez), 


where yp is the reduced mass, £ the center-of-mass energy, 
Es the Coulomb barrier, and R=1.5 (A,*+<A,'). The 
results of this calculation (carried out on an IBM 650) 
are compared with experimental results in Fig. 4. 
To point up the structure we compare o/ocoy rather 
than the cross sections themselves. The fit is not good. 
Some of the predicted positions of maxima and minima 
are reproduced by the data, but this may be fortuitous. 
Calculations with cutoff / values of 5, 6, 8, 9, yield 
equally unsatisfactory results and fail to reproduce the 
positions of the extrema. Calculations at the two lower 
energies fit the data no better. However, an improved 
fit is obtained if one uses larger cutoff / values than the 
ones obtained from the semiclassical relation above. 

The sharp cutoff model is valid if 7=2Z,Z:2e*/hv is 
much larger than unity. At the energies investigated in 
this experiment the values of » are 4.8, 5.2, and 5.4. 
Also, it has been observed that in a-particle scattering” 
the model breaks down when o/o¢cou;<1/n. On this 
basis a good fit with the 27.3-Mev data would not be 
expected since o/o, is always smaller than 1/. For 
fairly large portions of the experimental results at the 
lower energies ¢/¢coui> 1/7; nevertheless the agreement 
between the predictions of this theory and the measured 
cross sections is poor. 

In a-particle scattering from light elements and 
nucleon scattering from heavy elements angular 
distributions similar to ours have been observed. 
These are sometimes interpreted as diffraction patterns. 
If one uses the Born approximation for scattering from 
a square well the positions of the extrema of the 
diffraction patterns can be approximated by those of 
the function 7;(¢R)= 7: 2kR sin(@/2)], where ji is 
the spherical Bessel function, g the momentum transfer, 
k the wave number, and R&R the interaction radius. 
After the first few oscillations of the Bessel function 
this is equivalent to the statement that R= (x/2k) 
XA siné/2 where Asin(@/2) is the interval between 
successive minima. Calculating ro>=R/(A,!+A;4) in 
this way from the two most pronounced minima at 
each energy (between 90 and 135 deg), we obtain a 
value of ro>=1.18+0.02 fermis. The error here is just 
the standard deviation of the three values of ro. This 
is somewhat smaller than r9>=1.32 fermis employed in 

83H. E. Wegner, R. M. Eisberg, and 


G. Igo, Phys. Rev. 99, 
825 (1955). 





ELASTIC SCATTERING 


the optical model fitting, and considerably smaller than 
the value of ro>~1.5 fermis which is obtained from 
reaction cross sections. 
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Single Particle Motion in a Deformed, Nonlocal Potential Well* 
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The effects of the nonlocal character of the average nucieon- 
nucleus interaction on single particle motion in a strongly de- 
formed field are examined by using a simple phenomenological 
description of the nonlocal interaction and introducing an effective 
mass approximation for a finite nuclear system. 

The eigenvalues and eigenfunctions of the anisotropic harmonic 
oscillator potential are used as a starting point for a perturbative 
treatment of the nonlocal interaction, and the resulting energy 
level scheme is given as a function of the nuclear deformation. A 
conventional spin-orbit interaction has also been included in these 
calculations. 


1. INTRODUCTION 


T is well known that the collective rotational and 

vibrational excitations observed in nuclei throughout 
most of the periodic table find a ready interpretation 
in terms of the Bohr-Mottelson collective model which 
in general embodies a complicated interweaving of 
single particle motion and collective motion of the 
nucleus as a whole.'* However, this unified description 
of nuclear motien simplifies considerably in the two 
limiting cases when the nucleus is almost spherical or 
has a strongly deformed equilibrium shape. Because of 
the close relation between the nuclear equilibrium 
shape and nucleon configuration, nuclei assume a near 
spherical equilibrium shape in the vicinity of closed 
shells and the collective excitations are predominantly 
of a vibrational character about the spherical shape. 
On the other hand, nuclei lying in regions between 
closed shells* have a strongly deformed equilibrium 
shape as evidenced by the large quadrupole moments 


* This work was partially supported by the U. S. Atomic 
Energy Commission. 

t Present address: Physics Department, Massachusetts Insti- 
tute of Technology, Cambridge, Massachusetts. 

1A. Bohr and B. R. Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 27, No. 14 (1953). 

2S. A. Moskowski, Handbuch der Physik (Springer-Verlag, 
Berlin, 1957), Vol. XX XIX (a comprehensive recent review). 

* Large deformations are known to occur in nuclei with 155<A 
<185 and A>225. Nuclei around A~25 also appear to exhibit 
otational spectra, [G. Rakavy, Nuclear Phys. 4, 375 (1957) ] 


The main effects of the nonlocal interaction appear as an in- 
crease in the level spacing of the unperturbed oscillator states 
combined with an additional interaction energy which can be 
interpreted as an effective angular momentum dependence of the 
average potential field. 

Calculations of nuclear equilibrium detormations based on the 
computed level schemes are presented. It is found that the pre- 
ponderance of prolate nuclear shapes found empirically can be 
accounted for quite well by the nonlocal model and results essen- 
tially from the favoring of high angular momentum substates that 
are introduced by the nonlocal interaction. 


and pure rotational spectra observed for such nuclei.‘ 
For large equilibrium deformations of this type one 
finds that the nuclear motion separates into collective 
and intrinsic single particle modes which are approxi- 
mately independent of each other.’ The wave function 
of the nucleus can then be expressed as the product 


V=P 1X, (1) 


apart from some symmetrization terms.? Here #,,1; de- 
scribes the collective rotational motion of the nucleus 
and zero-point vibrations about the nonspherical equi- 
librium shape ; x denotes the intrinsic wave function for 
single particle motion in the average deformed field of 
the nucleus, which we wiil denote by V(r) and which 
can be regarded as static if the period of rotation of the 
nucleus is much longer than a single particle period in 
the average field.® 

The present discussion is confined to this latter re- 
gion where the nuclear motion is adequately described 
by Eq. (1). In particular, we examine how the velocity 
dependence of the average nuclear field affects the in- 
trinsic motion of the individual nucleons. 

According to Eq. (1) the main features of nuclear 
rotational states are independent of the details of the 
intrinsic motion of the nucleons themselves. However, 


‘ The experimental data is summarized by K. Alder, A. Bohr, 
T. Huus, B. Mottelson, and A. Winther, Rev. Modern Phys. 28, 
432 (1956). 

* This is the strong-coupling approximation of A. Bohr. 
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a more complete application of the collective model to 
other nuclear properties requires explicit knowledge of 
the intrinsic wave functions for single particle motion 
in the nonspherical field of the nucleus. Calculations of 
this type have been carried out by several authors,® 
perhaps most extensively by Nilsson,’ using simple 
spheroidal wells to approximate the deformed nuclear 
field. The predictions of ground-state spins and other 
nuclear properties based on simple potentials of this 
type are in good agreement with observation.* However, 
the recent self-consistent field methods of Brueckner 
and collaborators’ which take into account the correla- 
tions in the nuclear wave functions, show that the 
average nuclear potential is of a nonlocal nature. Thus 
according to the Brueckner theory, the average nucleon- 
nucleus interaction is represented by a nonlocal poten- 
tial (r|V|r’) in coordinate space, and the wave equa- 
tion describing nucleon motion in the nucleus is 


modified to 


(h?/2m)) V+ Ey= fo V ie W(r')dr’, (2) 


for a particle of mass mo and energy E. 

Accordingly we assume (2) to be the basic wave 
equation describing the intrinsic single particle motion 
in the deformed nucleus. In principle (r| V |r’) should 
now be the self-consistently determined nonlocal po- 
tential for the nucleus under consideration. However, 
as we will only be interested in the qualitative effects 
of including nonlocality in the nuclear potential, it is 
reasonable at this point to adopt a simple phenomeno- 
logical approach used elsewhere” and assume a physi- 
cally reasonable form 


(r| Vi r’)=VU(r+r)/26.(r—r’), (3) 


for the nonlocal potential appearing in Eq. (2). As 
before, 5.(r—r’) represents some normalized approxi- 
mation to the 5-function and V(r) is an ordinary po- 
tential. The specific form (3) is primarily based on the 
observations (i) that the nonlocal interaction must be 
Hermitian, and (ii) that the approximate validity of 
calculations employing local potentials indicates that 
nonlocal effects should not be too large. The parameter 
a is thus a measure of the nonlocality in the potential, 
a=0 corresponding to the local case. By expanding the 
interaction term appearing in the wave equation (2) 
about r when the nonlocal potential is given by (3), 
one finds that the single particle wave function x satis- 


* A list of authors who have studied nucleon motion in a non- 
spherical potential is given by K. Gottfried, [Phys. Rev. 103, 
1017 (1956) }. 

7S. G. Nilsson, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 29, No. 16 (1955). 

®*B. R. Mottelson and S. G. Nilsson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Skrifter 1, No. 8 (1959). 

*H. A. Bethe, Phys. Rev. 103, 1353 (1956) (this paper contains 
references to earlier work). 

” W. E. Frahn and R. H. Lemmer, Nuovo cimento 5, 1564 
(1957). 
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fies the modified wave equation” 
if 1 . om 
|—r+20— p+ Pp — 


42m m 2m 


fo V (r)X= Ex, (4) 


where 
m= mol 1— (a*mo/2h*) V(r) | 


is the effective nucleon mass appearing in a fully sym- 
metrized kinetic energy operator. It is important to 
note that the form of Eq. (4) is altogether independent 
of the particular function used to represent 6,, and de- 
pends only on the assumed separability of the nonlocal 
potential into a “center of mass” and relative coordi- 
nate dependence as used in (3). 

The potential V(r) appearing in (4) is now a local 
potential, which for a real nucleus should be of a 
Woods-Saxon shape,"' having a diffuse edge. In our 
case V(r) must also be nonspherical. Thus to determine 
a realistic set of X’s one would have to find the self- 
consistent solutions of Eq. (2) for a nonspherical 
nucleus, a procedure which would represent an ex- 
tremely involved problem in general. However, if the 
nonlocality is described in a phenomenological way by 
assuming that Eq. (4) is valid, the nonlocal problem is 
only slightly more difficult than the corresponding local 
case, provided V(r) has a simple form. Obviously the 
self-consistency supposed in (2) is entirely lost this way. 

The introduction of a diffuse edge for the deformed 
field is, however, equally difficult to treat, whether we 
include nonlocal effects or not. We will neglect details 
of this type here arguing that edge effects might only 
be important for loosely bound particle states, leaving 
the deeper states relatively unchanged. 

Hence we consider single particle motion described 
by the wave equation (4) where V(r) is a spheroidal 
oscillator potential to which we add a spin-orbit term 
of the usual type to produce the correct single particle 
level scheme in the spherical limit. A simple perturba- 
tion treatment of the nonlocal problem defined by (4) 
is then possible if one expands the X’s in terms of 
anisotropic oscillator wave functions. A brief outline 
of the perturbation procedure is presented in the next 
section, together with the resulting level scheme. We 
discuss in Sec. 3 the main effects of the nonlocal inter- 
action in the deformed field as embodied in the modified 
wave equation (4), and the close connection this type 
of nonlocal interaction has with the Nilsson potential.’ 
Calculations of nuclear equilibrium deformations based 
on the energy level scheme presented here will be 
found in Sec. 4. 


2. NONLOCAL OSCILLATOR POTENTIAL 


In this section we consider the eigenvalues and 
eigenfunctions of the modified wave equation (4) when 
V(r) is given by the anisotropic oscillator potential of 


™ R. D. Woods and D. S. Saxon, Phys. Rev. 95, 577 (1954). 
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depth Vo. Considering only deformations with axial 
symmetry, we have 


V(r)=—VotW(t); W(t)= mad? 


XU(e2+y)A+2A7]. (5) 


As usual, wo is the classical frequency and r= (zx,y,2) 
denotes the coordinates of the particle relative to a set 
of axes fixed in the nucleus. According to (5) the nuclear 
volume is independent of the deformation and the 
equipotentials are spheroids of revolution about the 
nuclear symmetry axis which is taken as the « axis. 
A is the deformation parameter, A>1 corresponding to 
a prolate and A <1 to an oblate deformation. 
Substituting for V(r) from (5) in the wave equation 
(4) one can write 
(Hot+-H’)X= EX, (6a) 
where 
Ho= — (f?/2m*) V+ V(r), (Sb) 
and 
H’= (2/16) [(WV?+20WV+ VW |, 


m* is the reduced nucleon mass at the center of the 
nucleus and is given by 


m* = mol 1+ (a*mo/2h*) Vo}. (6d) 


The Hamiltonian Hp is identical with the corresponding 
local Hamiltonian except that the free nucleon mass mo 
is replaced by the effective mass m*. The operator 1’ 
represents the nonlocal effects coming from the spatial 
dependence of the nuclear potential and will be treated 
as a perturbation on the operator Ho. This is consistent 
with the assumptions made in the derivation of wave 
equation (4). In addition we also include a spin-orbit 
interaction C(I-s) of the type used by Nilsson, so that 
the total perturbation on H» becomes 


U=H'+C(I-s). (7) 


It might be pointed out that since (I-s) has simple 
commutation relations with the momentum operators 
appearing in the symmetrized kinetic energy operator 
in (4), inclusion of this spin-orbit interaction as part 
of the local potential in (5) instead of adding it on 
directly as we have done in (7), only changes the co- 
efficient C, which is fixed empirically in any event. The 
final result would thus be completely equivalent to 
Eq. (7). 

As pointed out by Nilsson,’ the basic set of wave 
functions belonging to H» which are most convenient 
to use in a perturbation calculation depends upon the 
magnitude of the deformation of the potential field. 
For small deformations the particles’ orbital angular 
momentum | is still an approximate constant of motion 
so that the isotropic harmonic oscillator wave functions 
form a useful basic set in which to expand the single 
particle wave functions X. On the other hand for a 
strongly deformed field, there is an approximate separa- 
tion of the nucleon motion into oscillation modes along 
the symmetry axis and in a plane perpendicular to it, 


(6c) 
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and the wave functions of the anisotropic oscillator are 
more convenient to use as a basic set. Recently, the 
Nilsson potential has been treated in the latter repre- 
sentation by Rassey.” It also provides the most appro- 
priate representation to use for the present problem. 

We consider then single particle motion in the 
strongly deformed spheroidal force field given by (5). 
The total orbital angular momentum F now no longer 
commutes with Hp» and is not conserved. The only con- 
stants of motion are the components I, and s, of the 
orbital and spin angular momentum along the nuclear 
symmetry axis with quantum numbers m and m,= +}, 
respectively. These constants of motion are not altered 
when the nonlocality is included since the operator H’ 
defined in (6c) always has the same symmetry as the 
unperturbed Hamiltonian H». When the spin-orbit 
interaction is included, however, the only strict con- 
stants of motion are the parity w and the total projec- 
tion j,=1,+8, of the particles’ angular momentum 
along the nuclear axis with quantum number 2= m-+-m,. 
The remaining quantum numbers which characterize 
the single particle motion are m and mg, denoting the 
number of oscillation quanta along and in a plane 
perpendicular to the nuclear symmetry axis.’ 

To put our results in a dimensionless form, we intro- 
duce the variables p= (m*w*/h)tA'y, 9= (m*w*/h)tA-1z 
and ¢, where (r,z,@) are the cylindrical coordinates of 
the particle, @ being the angle of rotation about the 
nuclear symmetry axis. The anisotropic oscillator wave 
equation with the modified Hamiltonian H, is separable 
in these variables and the eigenvalues are easily shown 
to be” 


Eo=((n+1)AH+- (ms+-9)A~ Shos*, (8) 


measured from the bottom of the well. Here ftw* 
= (m/m*)*huw gives the increased level spacing due to 
the nonlocal interaction.?"“ 

The corresponding single particle wave functions, 
including spin, are 


v(nnymm,) = p'™! Ram(p)Hna(n) expl—-4(e?+9")] 
X exp(imp) X (a or 8), (9) 


where Ra» and Hn; are Laguerre and Hermite poly- 
nomials.'* For a given » the quantum number m can 
take on the values —m, —(n—2), ---, (n—2), m. As 
usual, a and # denote the spin functions belonging to 
m,=4 and —4, respectively. 

In order to investigate the effects of the nonlocality 
and spin-orbit perturbation terms appearing in U, we 
must diagonalize the total Hamiltonian H=H,+U 


2 A. J. Rassey, Phys. Rev. 109, 949 (1958). 

% For details see L. Pauling and E. B. Wilson, Introduction to 
Quantum Mechanics (McGraw-Hill Book Company, Inc., New 
York, 1935). 

a E. Frahn and R. H. Lemmer, Nuovo cimento 6, 1221 
(1957). 

1 See P. M. Morse and H. Feshbach, Methods of Theoretical 
Physics (McGraw-Hill Book Company, Inc., New York, 1953), 
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in the (s#smgmm,) representation formed by the wave 
functions (9). Since the spin and parity are still strict 
constants of motion when all perturbations considered 
here are included, we need only consider matrix ele- 
ments of H connecting states of the same spin and 
parity. In addition we confine ourselves to a given 
major oscillator shell defined by the quantum number 
N=n-+n;, neglecting thereby the small intershell 
couplings. 

The matrix elements of Ho+U are simple to obtain 
in the representation (9). Ho is diagonal and is equal 
to Ee given in Eq. (8). The nonlocal operator H’ is 
diagonal in m and m, but not in n or m3. The nonvanish- 
ing elements turn out to be (see Appendix) 


H'=K, 
(nn3| K\nns) 
= —4}{[n(n+2)+2]A+4(n+1)(n:+4)A-? 
+[ma(mst+1) +} JA} —fAm!, 
(n—2,n3+2|K|nnsz) 
= —$A~4(n?—m?)4(n3+1)*(m3+ 2)), 
=} mwa. 


(10) 


The matrix elements of (I-s) in this representation are 
given by Rassey.” 

The parameter «’ in (10) is a measure of the strength 
of the nonlocal interaction and can be expressed" in 
terms of the mass reduction at the center of the nucleus 
through Eq. (6d). Introducing the dimensionless pa- 
rameters uw and y through =yhw* and C=yhw*, we 
finally get 


H=((m+1)A#+ (m3+4)A*+uK+7(I's) hw*, (11) 


for the total Hamiltonian. The choice of the parameters 
pu and ¥ is discussed below. 

As pointed out previously, we need only consider 
matrix elements of (11) that connect states lying in the 
same oscillator shell and which have the same spin and 
parity. The energy eigenvalues of the perturbed system 
are then obtained by an exact diagonalization of the 
dimensionless matrices (H/fw*) for each value of the 
deformation. We call these eigenvalues E(kQw) and 
denote the associated eigenvectors by Cy... The extra 
quantum number & distinguishes between the different 
roots of the matrix, i.e., between different levels having 
the same || and w. Due to axial symmetry each level 
is still degenerate in +2. The eigenvectors C,,9 also 
provide the expansion coefficients for the intrinsic wave 
functions x in terms of the basic set given in Eq. (9). 
One can write 
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where the summation goes over all unperturbed states 
belonging to the same JN, Q, and w. 

We have calculated the dimensionless eigenvalues 
and eigenvectors of (11) by machine for all oscillator 
shells up to N=6 for 13 values of A ranging from 0.6 to 
1.4. The resulting level scheme is plotted in Fig. 1 as 
a function of the deformation; an additional scale 
shows the more usual deformation parameter 6 defined" 
by A=exp(#é). The quantum number & referred to 
above labels the spherical level sequence as indicated. 
The set {k,Q,w) then identifies a deformed level com- 
pletely. In Fig. 1 we have labelled each level by its spin 
and parity only, followed by the appropriate asymp- 
totic quantum numbers in brackets (see Sec. 3). 

In these computations we have taken »=0.03, and 
= —0.10 for the nonlocality and spin-orbit parameters. 
This value of » corresponds to a mass reduction m* 
=(0.5m» in a medium weight nucleus,“ and the spin- 
orbit strength y is identical with that used previously.’ 
A complete table of the Cy, is not given here.’* How- 
ever, their general behavior as a function of the de- 
formation is indicated in the following section. 


3. CONNECTION WITH THE NILSSON POTENTIAL 


The main effects of the nonlocal interaction considered 
in the previous section divide up into modifications in- 
troduced by the reduced mass appearing in the unper- 
turbed Hamiltonian Ho, and the perturbative effects of 
the H’ interaction given in (6c) which depends on the 
spatial variation of the nuclear potential. As seen from 
Eq. (8) the reduced mass in Ho leads to the familiar 
result?“ that the level spacing of a nonlocal oscillator 
must increase due to the increased effective kinetic 
energy. By comparison, the H’ perturbation has the 
smaller but nevertheless more important effect of 
splitting up the unperturbed levels in each shell in a 
characteristic way, and hence determines the main 
features of the nonlocal level scheme. 

Apart from the change in energy scale due to the in- 
creased oscillator spacing, the nonlocal level scheme 
shown in Fig. 1 with spin-orbit coupling included turns 
out to be very similar to that given by Nilsson.’ In 
particular, the spherical level order in our calculation 
is identical with the ordering arrived at in Nilsson’s 
calculations with the same spin-orbit strength, except 
that our upper levels are more strongly bound. The 
reason for this equivalence can be seen directly by 
examining the structure of the H’ matrix given in (10) 
for the limiting cases of large and small deformations. 


** A table of coefficients is available on request from the Physics 


Xz.0= > Ci,a(nnymm,)y(nnymm,), 


Department, Florida State University, Tallahassee, Florida. 





Fic. 1. Energy levels in a nonlocal anisotropic oscillator potential with spin-orbit coupling for nonlocality and spin-orbit constants 
«=0.03hw* and C= —0.1hw*. The level spacing parameter can be estimated as fw* =82A~4 Mev. [V. F. Weisskopf, Nuclear Phys. 3, 
423 (1957).] The horizontal scale shows the deformation parameter A with an additional scale for the more usual parameter 6. Each 
level is labelled by its spin and parity quantum numbers |Q| and w, followed in brackets by the asymptotic quantum numbers nngnm, 
which are appropriate for large deformations. The two possible values 4-4 for m, are indicated by sign only. In addition, the quantum 
number & referred to in the text is given along the vertical axis at A=1 for each state and indicates the spherical level from which a de- 
formed level originates, as shown in the inset. Neutron and proton closed shells are also indicated. 
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When A differs considerably from unity only the di- 
agonal elements of H’ are important, and as written 
consist of a sum of two terms which have rather 
different effects on the unperturbed energy levels. The 
first term has exactly the same degeneracy as the un- 
perturbed energy E» and thus only depresses each oscil- 
lator shell as a whole, becoming more important in the 
higher oscillator shells. On the other hand the splitting 
of each unperturbed state is caused by the term 
—4x°Am? which separates substates of different angular 
momentum m. This term is formally equivalent to the 
interaction —4AP, in the total Hamiltonian and 
strongly favors orbits of high angular momentum, 
especially for prolate deformations. The resulting 
stronger binding of high angular momentum states has 
an important effect on total energies and calculated 
equilibrium deformations (see Sec. 4). 

For small deformations the nondiagonal elements of 
H’ also become important and must be taken into 
account by diagonalizing the entire interaction (10). 
In this case it is easier to work directly in spherical 
coordinates with isotropic oscillator wave functions as 
a basic set. Then H’ is diagonal and again separates 
into terms only affecting the energy of a shell as a 
whole, and a term which is equivalent to —4x*F in the 
interaction.'? Thus we see that the interaction Al, 
appearing for the strongly deformed field goes over 
into F as A—+ 1, and has the same effect as Nilsson’s 
DF interaction. If we further identify D with our value 
for —4x*, the two interactions have the same order of 
magnitude.'” 

We wish to point out that the appearance of the 
angular momentum operators F or 1? in the nonlocal 
interaction H’ only depends on the rotation symmetry 
that V(r) has and not on the spatial dependence of 
this potential. Hence we conclude that these operators 
are characteristic of the type of velocity dependent 
interaction described by the wave equation (4). 

Inspection of the table of C’s shows that one coeffi- 
cient in the expansion (12) rapidly becomes much 
larger than the rest as the deformation increases. This 
result has also been obtained for the Nilsson potential” 
and indicates that any wave function X;,9 can be well 
approximated by the most dominant state occurring in 
its expansion in terms of the wave functions (9) when 
the deformation is large. 

The rapid dominance of a particular unperturbed 
state in the expansion of X is readily understood in 
terms of the degeneracies occurring in the unperturbed 
energy Ey and the selection rules for the matrix ele- 
ments of H’ and C(I-s) in the representation (9). For 
from Eq. (8) it follows that in the small deformation 
limit Eo is degenerate in m and m; and only depends on 
the total quantum number JN; the zero order wave 
function belonging to this state must necessarily be a 
linear combination of the type (12) when all perturba- 


7W. E. Frahn and R. H. Lemmer, Nuovo cimento 6, 664 
(1957). 
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tions are included. However, as the deformation in- 
creases this degeneracy is lifted. For large deformations 
such originally degenerate states become well separated 
and a perturbative treatment of the nonlocal and spin- 
orbit interactions will involve matrix elements which 
belong to the same m and m; and which can at the most 
be nondiagonal in m or m,. The selection rules for H’ 
and C(I-s) show that all nondiagonal elements of this 
type vanish, and accordingly the interaction U is 
already diagonal if we neglect all matrix elements 
between nondegenerate states. No diagonalization is 
necessary and the eigenvalues of H are just the di- 
agonal values given in (11) which can now be classified 
by the asymptotic quantum numbers'® (nnymm,) as 
indicated in Fig. 1. The wave functions (12) obviously 
reduce to a single term X=y(nngmm,). These are usu- 
ally called the asymptotic solutions’ and are expected 
to hold as long as the spacing of the unperturbed levels 
is much larger than the off-diagonal elements of the 
interaction U which connect them.” 


Exoct Energies 


Acymoto 
A ‘tot 


Approx 











Deformation Parometer A 

Fic. 2. Comparison of the exact energy values for the |Q| =4 
states in the N =2 shell of the nonlocal! oscillator potential with 
the approximate solutions given by the diagonal elements of Eq. 
(11) alone. The asymptotic quantum numbers for each state are 
given in brackets, and the nonlocality and spin-orbit constants 
are the same as for Fig. 1. 

18 G. Alaga, Phys. Rev. 100, 432 (1955). 

19 See for instance E. M. Corson, Perturbation Methods in the 
Quantum Mechanics of n-Electron Systems (Blackie and Son, 
Limited, London, 1953). 
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The exact and asymptotic solutions of the eigenvalue 
problem (11) are compared in Figs. 2 and 3 for the 
(4,4,4+), (5,4,4+) and (6,4,4+) deformed states belong- 
ing to the VN=2 shell. The asymptotic quantum num- 
bers for each state are indicated in brackets. 

The broken curves in Fig. 2 show the diagonal values 
of H, and the solid curves the exact eigenvalues calcu- 
lated by diagonalization of the complete energy matrix 
for N=2 and |Q| =4. One observes that the asymptotic 
approximation is rather reliable from |A—1, 20.2, but 
can be very misleading at smaller deformations when 
the nondiagonal elements become increasingly im- 
portant. We also point out that the (4,3,4+-) and (5,4,+-) 
levels must exchange their approximating asymptotic 
states as shown in Fig. 2 since the unperturbed levels 
given by Zp invert as A passes through unity, and the 
asymptotic quantum numbers of a deformed state must 
change accordingly (see Fig. 1). The expansion co- 
efficients shown in Fig. 3 likewise reflect the asymptotic 
properties of the wave functions X belonging to the 
deformed levels in Fig. 2, and provide a direct indication 
of the relative importance of the nondiagonal elements 
of H which the asymptotic approximation neglects. 
One sees that a particular asymptotic wave function 
always predominates at deformations where its eigen- 
value is a good approximation to the exact one. We 
illustrate with the (5,4,+) level. For this state one finds 


X5,4= 0.58 (020+) +0.82y (200+), (13) 
at A=1, changing to 
X5,4=0.35y (020+-)+0.91y(111—)+0.23y(200+-), (14) 





(020+) 








(45+) State (020+) 











09 1p 
Deformation Parameter A 


Fic. 3. Squares of the normalized expansion coefficients for the 
wave functions of the (4,4,4+-) and (5,4,4-) deformed states in 
the N=2 oscillator shell. The bracketed numbers indicate the 
quantum numbers of the wave function in the basic set (9) to 
which each coefficient belongs. 
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when A=1.2. The predominance of ¥(111—) at this 
deformation is obvious. We note that the ¢-dependence 
of ¥(111—) does not allow this wave function to 
appear in (13) which is just an expression for the 
2s-isotropic oscillator wave function in cylindrical 
coordinates. 

The connections between the exact and asymptotic 
solutions illustrated for the V = 2 shell are generally true 
for all the deformed levels given in Fig. 1. In particular, 
all states turn out to be predominantly asymptotic in 
character for |A—1|2>0.2, or |6| 20.27, ie., for de- 
formations which are of interest in strongly deformed 
nuclei. Thus one expects the simple asymptotic ap- 
proximation given by the diagonal elements in (11) 
to be a useful representation for the energy levels of 
such nuclei. 


4. NONLOCAL INDEPENDENT PARTICLE MODEL 


We next consider nonlocal effects on the predicted 
equilibrium shapes of nuclei within the framework of 
the independent particle model. The nuclear equi- 
librium shape is dependent on the nucleon configura- 
tion and can be calculated if we know the variation 
with deformation of the total energy as the deformed 
levels are filled in order of increasing energy. Different 
orbits become available at different deformations and 
the total energy varies accordingly. The minimum value 
of the total energy for a given number of particles 
defines the equilibrium deformation, 

Calculations of this type” based on a simple oscillator 
model of the nucleus do lead to equilibrium deforma- 
tions of the correct order of magnitude, but predict a 
wrong behavior as a function of mass number and do not 
produce the experimentally observed preponderance of 
prolate shapes. We proceed with similar calculations 
based on the nonlocal model. 

First we consider a system consisting of an equal 
number of neutrons and protons moving independently 
in the nonlocal field described by the Hamiltonian in 
Eq. (11) but without spin-orbit interaction, and we also 
ignore any difference between neutron and proton 
states due to the Coulomb interaction. While a simple 
model of this type will not reproduce closed shells at 
the correct magic numbers, it does allow a simple and 
unambiguous identification of the changes introduced 
by the nonlocality in the assumed average potential 
felt by each nucleon. One notes, however, that the 
inclusion of the spin-orbit force is essential before any 
comparison with empirical data can be made. 

Assuming that the average field originates from two- 
body forces only, the total energy of the nucleons in the 
noniocal potential is 


Er(A)=>. 4H) 
$s (We) + (As) +L (mo/m*) —-1 {TH}, 


where (7;) is the average kinetic energy of the ith 


(15) 


™ K. Gottfried, Phys. Rev. 103, 1017 (1956). 
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TABLE I. Values of the coefficients @, @, C;, C2, and C; that 
minimize the total energy when the N =4 shell of the nonlocal 
oscillator (without spin) is consecutively filled up with two par- 
ticles per available state, and the calculated equilibrium deforma- 
tions A. from Eq. (18). 


No. of 
particles @ . eC; 


40 100 832 832 
42 110 1000 872 
44 120 1168 912 
46 110 888 1128 
48 116 944 1248 
50 122 1000 1368 
52 128 1040 1488 
54 136 1144 1584 
56 144 1248 1680 
58 182 1864 1416 
60 188 1920 1536 
62 194 1976 1656 
64 200 2016 1776 
66 204 2040 1888 
68 200 1968 2032 
70 210 2072 2072 


nucleon, and H is the Hamiltonian in (11) with y=0. 
We have neglected any contributions from Coulomb or 
surface energies in the expression (15). No serious error 
is committed by this neglect as long as one is only 
interested in the variation of the total energy with de- 
formation.” Using the asymptotic wave functions to 
evaluate the expectation values in (15) (this amounts 
to making the asymptotic approximation for the single 
particle energies) one finds 
Er(A)=([49(@A!+4@A~) 
—}u(C:A+C,A-!+@;A~) Jhw*, (16) 
where 
@=>> (n+1), @®=>. (2n3+1), 

C,=2> > [2+n(n+1)+m*], @C2=4>E0 (n+1)(2n3+1), 

C3=)>> [2n3(n3+1)+1]. (17) 


The deformation for which (16) has a minimum value 
defines an equilibrium deformation A,.. Differentiating 
(16) with respect to A and setting the result equal to 
zero, one has to the first order in u 


A. = Aot+ su@ 1 2@,Ag’— C2Aq!— 4@; |, (18) 


where Ao= (@/@)! is the equilibrium deformation given 
by the local oscillator model.” Substituting back into 
(16) one obtains the minimum total energy Er(A,). 
It is clear that the sums (17) which determine the 
value of Er(A,.) depend on the order in which thesingle 
particle orbits are occupied. As the deformation changes 
different levels become available, so that the total 
energy has several minima. The smallest value of 
Er(A,) determines the equilibrium deformation. Table 
I gives the values of the sums (17) which lead to the 
lowest total energy as the N=4 shell of the nonlocal 
oscillator model fills up progressively with two particles 
per state. The corresponding equilibrium deformations 
calculated from (18) are given in the last column. 
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The behavior of the equilibrium deformation as a 
function of particle number shown in Table I is rather 
different from that predicted by a local oscillator 
model.” The most interesting difference is the definite 
preponderance of prolate shapes to well past the middle 
of the shell. This behavior comes from the — Am? inter- 
action energy in the single particle spectrum and can 
be qualitatively understood by observing (i) that this 
interaction is stronger when the deformation is prolate 
and (ii) that more states with high angular momentum 
components occur in the upper half of a shell when the 
shape is prolate rather than oblate. These factors co- 
operate to lower the total energy considerably in the 
case of prolate deformations and lead to a favoring of 
prolate equilibrium shapes. However, the nonlocal cor- 
rections to the magnitude of the equilibrium deforma- 
tions given by the second term in the expression (18) are 
always small, amounting to a few percent of the local 
value Ao. The equilibrium deformations given in Table I 
already include this correction. 

Another point of difference is the behavior of the 
predicted equilibrium deformations in the vicinity of a 
closed shell which is opposite to that found previously.” 
Although the change of preferred shape from prolate 
to oblate as the particle number passes through a closed 
shell is now in accordance with shell model predictions, 
the strong coupling scheme is not valid in this vicinity 
and the agreement may be quite fortuitous. Moreover, 
residual two-body interactions which we have ignored 
entirely can have important effects when the equi- 
librium shape is nearly spherical.? Nevertheless, it is 
interesting to observe that Eq. (18) does reduce cor- 
rectly to A,=1 at completely filled oscillator shells, 
since one then always finds that @= @ and C,;= C,;=4C;. 

When the spin-orbit force is included in the single 
particle Hamiltonian it is better to use the exact wave 
functions (12) to compute the expectation values of the 
operators in the expression (15) for the total energy. 
In this case it (15) in the 
equivalent form 


2Er(A)=> 


— 


is convenient to rewrite 


E,(kQw)+ (m*/my) > (W; (19) 


by using the virial theorem associated with the sym- 
metrized Hamiltonian in the wave equation (4) (see 
Appendix), after the spin-orbit interaction has been 
added’to H in (15). Then the first term in (19) is just 
a sum over the single particle energies shown in Fig. 1, 
and the expectation value of W is straight forward to 
obtain. The minimum value of (19) now defines another 
deformation parameter which we call A,, and which can 
only be found by evaluating the sums shown in Eq. 
(19) for different A and determining the minimum 
graphically. 

The predicted deformations found in this manner 
are indicated in Fig. 4 by open circles through which a 
smooth curve has been drawn to show the general trend. 
The deformations shown are for consecutive filling of 
the single particle levels of Fig. 1 with two particles 
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per state as a function of the number cf neutrons. For 
comparison the broken curves give the values of A, 
plotted on a different particle number scale so that the 
N=82 shell coincides with the N= 70 oscillator shell. 

The behavior of A,, and A, is seen to be essentially 
the same, except that the closed shells appear at the 
correct magic numbers when the spin-orbit force is 
taken into account also. The predominance of prolate 
deformations in regions between the magic numbers 
still persists and their magnitudes are not significantly 
altered. It is interesting to observe that in spite of the 
rather extreme simplifying assumptions on which the 
calculations of the equilibrium deformations A, are 
based, the behavior of the predicted deformations given 
in Fig. 4 as a function of the number of particles is 
almost quantitatively correct, especially with respect to 
the sudden increase of deformation just after a shell 
closure followed by a gradual decrease in deformation 
as the next shell is filled. This behavior of the nuclear de- 
formations seems to be well established experimentally.” 

Finally we consider different numbers of neutrons 
and protons moving in the average field. Then strong 
deformations can only develop when both the neutron 
and proton numbers lie at about the middle of a shell 
filling and can hence cooperate to produce a stable 
deformed shape. One such situation occurs in the rare 
earth region when the 126-neutron shell and 82-proton 
shell are being filled simultaneously. Our calculations 
for A, shown in Fig. 4 were in just this mass number 
region, but for equal neutron and proton numbers. 

If we neglect the Coulomb interaction as before and 
assume that the neutron and proton level schemes are 








(lower scale) 





iain 





Fic. 4. Calculated equilibrium deformations as a function of 
the number of particles for the consecutive filling up of the non- 
local oscillator potential with two particles per available state. 
The broken curve gives the equilibrium deformations for the non- 
local oscillator without spin-orbit coupling and the open circles 
denote the corresponding values when the spin-orbit term is 
included. The calculated values of A, and A, have been plotted on 
different horizontal scales so that the closing of the N =82 shell 
corresponds to the V =70 oscillator shell. The vertical arrows in- 
dicate the empirica) and oscillator closed shells. 


aN, P. Heydenburg and G. M. Temmer, Annual Review of 
Nuclear Science (Annual Reviews, Inc., Palo Alto, 1956), Vol. 6, 
p. 77. 
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Taste II. Calculated equilibrium deformations from total 
energies based on the nonlocal level scheme presented in Fig. 1 
for some odd neutron nuclei in the region 155<A<185. The 
asymptotic estimates, 5., were evaluated from Eq. (18). The last 
column lists the asymptotic quantum numbers of the odd neutron 
orbit that is available at the measured deformation according to 
the level scheme in Fig. 1, and which is in accord with the experi- 
mental ground-state spin. The empirical data is from references 4 
and 22. 
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identical, the total energy is still given by the expression 
(19) except that summations break up into partial 
sums fer the neutrons and protons separately. Table II 
presents some calculated equilibrium deformations for 
odd neutron nuclei in the rare earth region. We have 
given the values of the more usual deformation pa- 
rameter 6,, defined earlier, rather than A, to allow a 
direct comparison with experiment and with the results 
of Nilsson and Mottelson® who have made extensive 
calculations of nuclear equilibrium shapes based on the 
Nilsson potential. 

Thus 4, is the equilibrium deformation found graphi- 
cally by evaluating the total energies (19) for the con- 
secutive occupation of the nonlocal energy levels with 
the appropriate numbers of neutrons and protons for 
each nucleus considered. For comparison we have also 
obtained the asymptotic estimate 4,, of the equilibrium 
deformation from the expression (18) for A,, by evaluat- 
ing the sums (17) over all the occupied states in ques- 
tion. It is clear that the sequence in which the deformed 
levels are occupied is irrelevant as far as filled shells are 
concerned, and only matters for the partially filled 
upper shell. Hence we have calculated the sums (17) 
by taking the level sequence occurring in the vicinity 
of the predicted deformation 6, for each nucleus. The 
last column in Table II gives the asymptotic quantum 
numbers of the orbit with the correct spin available to 
the odd neutron of each nucleus according to the level 
sequence in Fig. 1 taken at the observed value of 6. 

The close agreement of both estirnates of the equi- 
librium deformation with the empirical values is rather 
interesting, especially since all the 6, turn out positive. 
The reason for this is the same as before, since the pro- 
ton and neutron numbers of the nuclei given in Table II 
separately fall into regions of prolate deformations 
shown in Fig. 4. Furthermore, the assignment of the 
odd neutron orbitals based on the nonlocal level scheme 
which also give the correct nuclear spin is quite effort- 
less and merely reproduces the assignments of Mottelson 
and Nilsson. In fact, the results presented in Table II 
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are essentially those given previously by these authors 
using the Nilsson potential.*- 


5. CONCLUSION 


Our principal aim has been to pursue the possible 
effects of allowing the average nucleon-nucleus field to 
be nonlocal in the sense required by the Brueckner 
theory, but by replacing the full self-consistency prob- 
lem by a much more limited phenomenological approach 
(which has of course no claim to self-consistency what- 
soever) that can be discussed in analytic terms. 

The basic assumption in our treatment of the non- 
locality in the nuclear field lies in the particular spatial 
dependence used in the expression (3) for the nonlocal 
potential which was based on physical plausibility 
arguments alone. However, the further approximations 
involved in deriving the effective mass wave equation 
(4) are not very serious. As was proved elsewhere," the 
form of this equation is entirely independent of the 
specific function used to represent 5,, since in the ex- 
pansion of the nonlocal interaction term in Eq. (3) only 
the even moments of 6, appear (odd moments vanish 
identically) and may be regarded as parameters which 
must be empirically determined. Dropping all moments 
higher than the second, we obtain the effective mass 
equation given in the Introduction. The second moment 
is then proportional to the parameter a? given there, 
which in turn is fixed empirically by the mass reduction. 
The small value of a? (or rather yu which is proportional 
to it) indicates that this approximation is probably 
sufficient for a qualitative study of nonlocal effects 
within the limitations of the present approach. Actually, 
if the next higher order moment of 4, is retained, the 
nonlocal equation can still be reduced to a symmetrized 
wave equation like (4), but the expression for the 
effective mass becomes considerably more complicated.” 
Thus one might conjecture that the effective mass 
equation is a quite general form, the only difference 
arising in the definition of the effective mass. However, 
the magnitudes of such additional terms lie entirely 
within the uncertainties associated with our specific 
choice of nonlocal potential and the shape of the po- 
tential V(r) appearing in the effective mass equation 
(4) and can be safely neglected for the present. 

We also pointed out that the interaction described 
by the effective mass equation is approximately equiva- 
lent to letting the average nuclear potential depend 
on the particles’ orbital angular momentum in a simple 
way and is a direct manifestation of what is usually 
referred to as the velocity dependence of the nuclear 
potential for infinite nuclear matter. This result was 
shown to depend only on the rotation symmetry as- 
sumed for the average field in the present approxima- 


*%B. R. Mottelson and S. G. Nilsson, Phys. Rev. 99, 1615 
(1955). 
* R. H. Lemmer (unpublished). 
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tion and hence is probably representative of the type 
of effects embodied in the full nonlocal interaction.™ 

Further detailed analysis of nuclear ground-state 
properties in terms of the nonlocal level scheme is not 
particularly interesting, since we have shown that the 
nonlocal potential used in these calculations closely 
approximates the Nilsson potential in many respects. 
However, the favoring of prolate nuclear shapes found 
here in equilibrium deformation calculations was much 
easier to interpret in terms of the characteristic 
angular momentum dependence of the effective po- 
tential in the present formulation. The angular mo- 
mentum dependence appeared mainly as a result of the 
particular rotational invariance of the assumed poten- 
tial forms so that these predictions are probably not too 
dependent on the particular choice of an oscillator well 
shape to generate the basic level scheme and wave 
functions. It is important to note, however, that any 
distortion of the pure oscillator well shape (such as 
that effectively produced by the nonlocal interaction), 
or the use of a more realistic average potential shape 
embodying a diffuse edge will lead to a single particle 
spectrum similar to that generated in the present 
calculation. Hence any results dependent on the actual 
level ordering (like the equilibrium deformations) 
should not be regarded as being characteristic of a 
nonlocal interaction alone. However, recent calcula- 
tions*® of deformed single particle states in a diffuse 
nonlocal potential show that the characteristic effects 
of nonlocality pointed out in this paper are retained in 
the more realistic case also, and that the present formu- 
lation does appear to be capable of simulating the effects 
of a full nonlocal interaction in an approximate, but 
nevertheless reasonable manner. 
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APPENDIX 
(a) Matrix Elements 


The matrix elements of the operator H’ defined in 
Eq. (6c) can be computed by operating directly on the 
anisotropic oscillator wave functions, but this method 


*K.A. Brueckner, Proceedings of the International Conference on 
the Nuclear Optical Model (Florida State University, May, 1959), 

. 145. 

28 R. H. Lemmer and A. E. S. Green (to be published). 
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is very tedious and a considerable simplification results 
by employing matrix methods first. Expressing H’ in 
the dimensionless variables given in the text, one has 
H'=}mqwoea?K in terms of the dimensionless operator 


rg 
K=(eV3—1)A+ (ot; Ja 
dr? 


< 
+(9 ——4) a (20) 
dr? 


where V, is the two dimensional Laplace operator in 
cylindrical coordinates. Consider the diagonal elements 
of K first in the asymptotic representation. Recalling 
that the separated differential equations for the aniso- 
tropic oscillator may be written in the operator form 


—V2+p'=2(m+1); —(@/dy*)+n?=2(ns+4), (21) 


the matrix elements of the differential operator in (20) 
can be found in terms of the well-known matrices (p’) 
and (n*) by appropriate premultiplication of the rela- 
tions (21). In this manner the required diagonal ele- 
ments are found to be 


(V2) = —4(n+1)*—J (m1), 
pa" /dnt)= (V2) = — (n+1) (ns 9), 
(Pd?/dy?)= —4(ma+4)+4, 


and on making the relevant substitutions in (20) the 
diagonal elements of K given in Eq. (10) in the text 
are obtained. 

The off-diagonal elements of K are easy to obtain by 
the above method since only the middle term in (20) 
involving both p and y contributes. One finds with the 
help of (21) that 


(n—2, ny+2, m| K|\nngn) 


=2A-H(n—2|p?|n)(nst+2\9?\ ms), (23) 
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which immediately reduces to the result given in the 
text. 


(b) Virial Theorem 


A virial theorem appropriate to the velocity depend- 
ent Hamiltonian appearing in Eq. (4) can be established 
in the usual manner by calculating the time rate of 
change of (p-r) and setting the result equal to zero. 

The Hamiltonian of Eq. (4) may be written as 


H=Tymt+V(r), (24) 


where 7,ym denotes the symmetrized kinetic energy 
operator appearing in (4). The virial theorem then fol- 
lows by requiring that the average value of the com- 
mutator bracket [H,(p-r) ], where # is given by (24), 
must vanish. Evaluating the commutator in the usual 
way one finds 

(Tsym)= }(r- VV), (25) 


which is identical with the virial theorem for static 
potentials except that the kinetic energy operator must 
be symmetrized as in Eq. (4). However, the effective 
nucleon mass appearing in (25) is not the same as in 
(4) but is given by the interesting expression 


m= mol 1— (a*mo/2h*) (V(r) —4$2-VV) }". 


In particular, for an oscillator type potential like that 
given in (5), one finds that (26) reduces to 


m= mol 1+ (a*mo/2h*)Vo t= m*, 


(26) 


(27) 
and the virial theorem (25) assumes the simple form 
mo/m*(T ») i (V), (28) 


where T)= p*/2m is the ordinary kinetic energy. Eq. 
(28) can also be verified by calculating average kinetic 
and potential energies directly, and is responsible for 
the last term in Eq. (19) for the total energies. 
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Proton capture resonances in Ne™ have been observed at 775 kev, 865 kev, 1010 kev, 1120 kev, 1215 kev, 
1296 kev, and 1354 kev for proton bombarding energies ranging between 600 kev and 1500 kev. Pulse-height 
spectra of the resultant gamma radiation are presented for the two lowest resonances. At the 776-kev reso 
nance the transitions are predominantly to the ground state, whereas the 865-kev resonance seems to decay 
mainly to the 2.25-Mev state. Arguments are presented showing that this is consistent with identifying this 


level as the second T =1, J =2* state in Na™. 





INTRODUCTION 

ODIUM-22 is one of the least investigated members 

of a series of nuclei with A=4n+2. The energies 
of the first and second T=1 states are not well estab- 
lished. Recently Temmer and Heydenburg' have 
investigated the reactions Ne(He*,p)Na™ and 
F*(a,n)Na** and conclude that the first T=1 state is at 
666 kev above the ground state. In support of this 
conclusion they cite that the systematics of the Coulomb 
energy differences calculated for mirror nuclei in this 
region of mass predicts a state at about this energy. 
But this procedure does not allow for the difference in 
symmetry properties of the protons in A and A—1 mass 
nuclei. Also if this were indeed the first T7=1 state, the 
second T7=1 state should be expected at about 2 Mev 
above the ground state. Browne and Cobb? have 
however reported convincing evidence for a-particle 
groups to both the 1.95- and 1.99-Mev states resulting 
in the Mg*(d,v)Na*™ reaction, a process that is not 
expected to lead to T=1 states. It is at the same time 
interesting to note that the a-particle group leading to 
the 2.25-Mev level in Na” is very much less certain. 
The compound nucleus in the Mg*(d,a) reaction is 
highly excited which leads one to expect rather strong 
T mixing in the resonance levels. Using this argument to 
excuse the appearance of T7=1 states rather than 
expect them one may conjecture that the 2.25-Mev 
state is the second 7=1 state. This would require the 
first T7=1 state at approximately 940 kev, considerably 
higher than proposed by Temmer and Heydenburg. 
Assuming a uniform charge distribution inside the 
nucleus a 7=1 state at about this energy is predicted 
if one uses a nuclear radius R= 1.43 A!X10- cm. In 
the present paper we are concerned with testing this 
hypothesis by investigating the y-ray spectra resulting 
from the proton capture reaction in Ne”. 


EXPERIMENTAL PROCEDURE 
The Ne* targets, used in this experiment, were 
prepared® by absorbing the neon gas onto a suitable 


* This work has been supported in part by the U. S. Atomic 
Energy Commission. 

1G. M. Temmer and N. P. Heydenburg, Phys. Rev. 111, 1303 
(1958) 

2C. P. Browne and W. C. Cobb, Phys. Rev. 99, 644(A) (1955). 

* The targets were supplied by the Atomic Energy Research 
Establishment, Harwell, England. 


metallic backing after the three stable isotopes had 
been mass spectroscopically separated. The precise 
isotopic abundance of the Ne could not be obtained 
from the Harwell laboratory. Experience indicated 
however that considerable overlap exists between the 
mass 21 and mass 22 beams since all of the resonances 
resulting from the Ne**(p,y) reaction‘ were observed 
in the range of proton energies investigated. 

The gamma rays were detected with a 3 in. diameter, 
2% in. thick Nal crystal which was mounted on a 
Dumont 6263 Photomultiplier tube. Because of the low 
cross section of the reaction the counter was placed 
within a few millimeters from the target allowing the 
crystal to subtend a solid angle of over w steradians. 
The pulses were amplified and analyzed on a RCL 
256-channel pulse-height analyzer. Simultaneously the 
total number of gamma rays of energy greater than 3 
Mev were recorded on a conventional scaler. 

A systematic search was made for resonances resulting 
from the Ne*(p,y) reaction for proton bombarding 
energies ranging between 600 kev and 1.5 Mev. To 
minimize target deterioration, the beam current was 
restricted to 0.5 microampere. This interval was 
covered in approximately 5-kev steps except at those 
regions at which a resonance structure was apparent. 
Observations were then repeated and the pulse-height 
spectra observed. A genuine Ne*! resonance could, in 
this way, be readily distinguished from resonances 
resulting from contaminants. The most prominent 
resonances were analyzed by comparing the distri- 
butions with standard pulse profiles from the 9.18-Mev 
gamma ray from the C"(,y) reaction, the 6.14-Mev 
gamma ray from the F"(p ry) reaction, the 4.43-Mev 
gamma ray from the B"(#,7) reaction and the 1.37-, 
1.63-, and 2.76-Mev gamma rays from the Na™(p,q) 
and Na”™(p,7) reactions. 


EXPERIMENTAL RESULTS 


In the range of energies investigated a number of 
resonances could positively be associated with the 
Ne*(p,y) reaction. They occur at proton energies of 
775 kev, 865 kev, 1010 kev, 1120 kev, 1215 kev, 1296 
kev, and 1354 kev. Of these only one resonance, reported 

‘J. J. Singh, V. W. Davis, and R. W. Krone, Phys. Rev. 115, 
170 (1959). 
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by Brostrom ef al.§ at 765 kev, had previously been 
observed. This resonance is well isolated and has an 
experimental width of about 6 kev. The 865 kev 
resonance is partially masked by the Ne” resonance at 
859 kev and the close-lying strong F” resonance at 
876 kev. Its experimental! width is less than 2 kev. The 
higher energy resonances are less intense and are masked 
by a continuum of gamma rays resulting from target 
contaminations. Figure 1 shows the resonance structure 
up to approximately 1 Mev. With the few targets 
available it seemed uneconomical to make a careful 
study of the entire excitation function. A detailed 
investigation of the resonances above 1 Mev was there- 
fore not attempted. 

The pulse-height distributions of the 776-kev and 
865-kev resonances were examined in detail. Figure 2 
shows the results for the 776-kev resonance. Experi- 
mental distributions observed both on and off resonance 
are indicated. The resultant genuine spectrum is shown 
by the solid line. An extensive investigation of the 
nature of the background radiation was carried out to 
justify this method of background subtraction. With 
the actual target in place, pulse-height distributions 
were examined at proton energies ranging between 700 
kev and 900 kev. These distributions indicated a 
constant background of 7 rays below 3 Mev and an 
energy dependent background of y rays above 3 Mev, 
the latter notably due to F” contamination. At 859 kev 
there is some indication of approximately 9-Mev y 
radiation which is evidently the result of the Ne” 
resonance at this energy. This same resonance gives 
also rise to a 2.7-Mev y ray; its contribution to the 
background spectrum is however percentage-wise so 
small that no energy dependence can be detected. Three 
low-energy y rays are observed: a relatively intense 
1.43-Mev y ray and weaker y rays at 2.15 Mev and 2.6 
Mev. Measurements indicate that this radiation is 
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Fic. 1. Excitation curve for Ne" (p,7) 
for E,=750 kev to 1020 kev. 


* K. J. Brostrém, T. Huus, and J. Koch, Nature 160, 498 (1947), 
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Fic. 2. Pulse-height distribution observed at the 776-kev 
resonance. Plotted are the results obtained both for 2, =776 kev 
and E,=764 kev. The resultant genuine spectrum is indicated by 
the heavy line. 


present in the laboratory background and therefore 
independent of bombarding energy. 

The predominant mode of decay of the 776-kev 
resonance level is to the ground state, although weak 
secondary cascades cannot be entirely ruled out. The 
strong background y rays of 2.15 Mev and 2.60 Mev 
mask the low-energy spectrum to such an extent, to 
make it difficult to assign secondary decays with 
certainty. A very different spectrum is observed for the 
865-kev resonance. Figure 3 shows the pulse-height 
distributions for both the high-energy y rays (with 
the off resonance contribution at 859 kev already 
subtracted) and the low-energy y rays for which the 
on and off resonance distributions have been included. 
The analysis of the high-energy spectrum is indicated 
by the dotted and dashed curves. The background 
contributions resulting from the 873-kev F” resonance 
is sufficiently smaller at 859 kev than at 865 kev to 
account for the 6.14-Mev component in the subtracted 
spectrum. It should be emphasized that the structure 
above 5.5 Mev cannot be accounted for by the emission 
of high-energy gamma rays leading to the low lying 
states in Na® (notably the 0.89-Mev state). The most 
intense gamma rays observed have energies of 5.3 Mev 
and 4.5 Mev. They fit well into the known level scheme 
for Na* accounting for transitions through the 2.25- 
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Fic. 3. Pulse-height distribution observed at the 865-kev 
resonance. The diagram on top gives the resultant spectrum above 
2.75 Mev and shows its decomposition into various gamma rays. 
The bottom diagram shows in detail the low-energy spectrum 
observed at this resonance. 


Mev and either one or both of the 2.98-Mev and 3.07- 
Mev states. Aside from this the spectrum is complex. 
Weak alternate cascades may however be identified. 
One of these confirms the existence of a state at 3.78 
Mev, the other requires a 4.25-Mev state not previously 
reported. It is of interest to note that the three step 
cascade through such a 4.25-Mev state would account 
for the fact that the 2.25-Mev and 2-Mev gamma rays 
are more intense than their respective feeder gamma 
rays. A T=1 state at about this energy would be 
expected if the 2.25-Mev level were the T=1, J=2* 
analog of the 1.28-Mev state in Ne**. The alternate 
cascade going from such a 4.25-Mev state to either the 
1.98-Mev or 2.07-Mev states, and from there to the 
ground state can of course not be ruled out. Such a 
mode of decay, if it were very prominent, would indeed 
lend support to the contention that the second T=1 
state is located at approximately 2 Mev. The low 
intensity of this cascade (less than 10%) and the fact 
that an intense transition is observed to the 2.25-Mev 
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state rather than either the 1.98-Mev or 2.07-Mev 


states suggest however that this assignment is unlikely. 


DISCUSSION 


The most notable feature of the two pulse-height 
distributions is the marked difference by which the 
two resonance levels decay. The 776-kev resonance 
decays almost entirely to the ground state, whereas the 
865-kev resonance shows very weak transitions to any 
of the states below 2.25 Mev. This indicates that 
angular momentum selection rules alone are not 
sufficient to explain these results as one would expect 
that at least one of the low lying states would have a 
spin and parity that would permit favorable competition 
with the observed modes of decay. One is therefore 
led to believe that isotopic spin selection rules are 
operative in this instance. 

Coupled with the observation by Browne, ef al. that 
the a-particle group to the 2.25-Mev state in the 
Mg™(d,a)Na™ reaction is the most questionable, one 
is tempted to assume that this is the T=1, J=2t, 
state in Na™. The preferential decay to this state may 
then be accounted for by assuming that the transition 
is £1 which in turn would require the 865-kev resonance 
level to be T=0, J=1, 2, 3. The absence of a decay to 
the T7=1, J=0* state can be understood if one restricts 
the J value of the compound state to 2- or 3 as this 
would require either M2 or F3 radiation to a 0* state. 

The predominant groundstate transition from the 
776-kev resonance can be made consistent by assigning 
to this resonance level T=1 and J=2-, 3-. This would 
make the 7.47-Mev gamma radiation £1, forbidding 
at the same time a transition to the 2.25-Mev state by 
E1 radiation. From this discussion it is clear that these 
two resonance levels may have the same spin and parity 
but a different value of isotopic spin. One would there- 
fore expect some isotopic spin mixing as a result of the 
Coulomb interaction.* In view of the small experi- 
mental width of either resonance one can estimate the 
expected isotopic spin impurity in each state to be 
about six or seven percent. This is not inconsistent 
with the observed intensity ratio of the transitions to 
the ground state and the 2.25-Mev state at the two 
resonances. 

The well known state at 890 kev cannot be identified 
with the postulated 940-kev state because it is known 
to decay exclusively to the 3+ ground state. A 940-kev 
T=1, J=0* state would be expected to decay to 
either the 593-kev or the 666-kev state, if its spin is less 
than 3. It is however disturbing that such a 940-kev 
level has not been observed in Na”*(d,/)Na®* reaction’ 
for which transitions to T=1 states are not forbidden.*® 

*D. H. Wilkinson, Proceedings of the Rehovoth Conference on 
Nuclear Structure, edited by H. J. Lipkin (North-Holland Publish- 
ing Company, Amsterdam, 1958), p. 175. 

7W. F. Vogelsang and J. N. McGruer, Phys. Rev. 109, 1163 
(1958) 


* Neither does this reaction show any evidence of the 666-kev 
state reported by Temmer and Heydenburg 
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The differential and integral beta-gamma directional correlations in the decay of Co and Na™ have been 
measured with scintillation counters. Both beta transitions are allowed but have high ft values. Therefore, 
small anisotropies are not excluded. In the case of Co™ the anisotropy was found to be zero for all beta 
energies above 0.06 Mev; the integral anisotropy was measured to be A = —0.000340.0017 (standard 
deviation). In the case of Na™ the results seem to indicate an energy dependence of the anisotropy ; the value 
is uncertain because of coincidences between positrons and annihilation quanta. 





I. INTRODUCTION 


T is well-known that the beta-gamma directional cor- 
relation is isotropic in the allowed approximation.'? 
This has been verified experimentally in a number of 
cases.?~* There are, however, small order effects which 
may give rise to an anisotropy even for allowed beta 
transitions. These effects are essentially due to forbidden 
matrix elements*:*.’ neglected in the allowed approxima- 
tion and, if the Gell-Mann modification® of the law of 
beta-decay is correct, to terms arising from mesonic 
corrections.‘:*7 Both kinds of anisotropic terms usually 
are more pronounced at higher energies. 

It was the purpose of the present investigation to look 
for small order effects in allowed beta-decays with high 
fi values. In such cases, the ordinary allowed type decay 
is strongly slowed down and the forbidden contributions 
might be expected to become important. For this 
reason, Co™ and Na” were chosen. The decay schemes 
of these isotopes are given as inserts in Figs. 2 and 3. 
The values for log ft of the main beta groups are 7.5 and 
7.42, respectively. 

The question of an anisotropic beta-gamma directional 
correlation is to some extent® related to the shape of the 
beta spectrum. The shape of the Co® beta spectrum has 
been measured to be allowed.’ Na” has been found to 
have an allowed spectral shape between 0.16 and 0.47 
Mev"; on the other hand, an excess of low-energy 
electrons has been reported." 

t Work was performed in the Ames Laboratory of the U. S. 
Atomic Energy Commission. 

*On leave from Max Planck Institute for Nuclear Physics, 
Heidelberg, Germany. 

1 See, for example, H. Frauenfelder, Beta- and Gamma-Ray 
Spectroscopy, edited by K. Siegbahn (Interscience Publishers Inc., 
New York, 1955), Chapter XIX. 

2 See: H. Frauenfelder, Annual Reviews of Nuclear Science 
(Annual Reviews, Inc., Palo Alto, 1953), Vol. 2, p. 129. 

* R. M. Steffen, Proceedings of the Rehovoth Conference on Nucleor 
Structure, edited by H. J. Lipkin (Interscience Publishers Inc., 
New York, 1958). 

*R. M. Steffen, Phys. Rev. Letters 3, 277 (1959). 

5 Boehm, Soergel, and Stech, Phys. Rev. Letters 1, 77 (1958). 

*T. Hauser, Ph.D. thesis, State University of Iowa, 1956 (un- 
published). 

7J. Bernstein and R. R. Lewis, Phys. Rev. 112, 232 (1958); 
M. Morita, Phys. Rev. 113, 1584 (1959). 

5 M. Gell-Mann, Phys. Rev. 111, 362 (1958). 

* F. Bonhoeffer, Z. Physik 154, 62 (1959). 

” H. Daniel, Nuclear Phys. 8, 191 (1958). 

“ Hamilton, Langer, and Smith, Phys. Rev. 112, 2010 (1958). 


There have been several determinations of the beta- 
gamma directional correlations in the decay of Co and 
Na™, Early work? resulted in correlations isotropic 
within a few percent. Recently, Steffen found the corre- 
lation in the decay of Co to be isotropic’ and the 
correlation in the decay of Na™ to be anisotropict: 
A= (—0.03+0.04) percent at 0.2-Mev 6 energy (Co™) 
and A=(—0.27+0.04) percent at 0.35-Mev 8 energy 
(Na”). 


Il. EXPERIMENTAL TECHNIQUES 


The Co® source was prepared by evaporating in vacuo 
high specific activity material on an Al-film of 1.7 
mg/cm’. The source strength was 8 wC. The Na™ source 
was prepared by evaporating carrier-free solution to 
dryness on a Mylar film of 0.85 mg/cm’; the insulin 
technique was applied. The source strength was about 
15 wC. Each source was about 6 mm in diameter. The 
source-holding frames were made from thin Al foil. 

Figure 1 shows the geometry of the counter arrange- 
ment used in the present experiments. Part of the 
equipment has already been described.” The vacuum 
chamber wall is made of Al. The chamber was evacuated 
to better than 10-* mm Hg. The beta rays were detected 
either by an anthracene crystal of 1} in. diameter and 
4 mm thickness or by a Pilot B plastic scintillator of 1 in. 
diameter and 0.45 mm thickness. The anthracene 
scintillator was used for the differential correlation while 
the plastic scintillator was used for the integral correla- 
tion. Both scintillators were covered with 150 ug/cm? of 
Al. The energy resolution of the anthracene beta counter 











Fic. 1. Counter arrangement. For integral correlations the 
anthracene crystal (Anth) was replaced by a thin Pilot B plastic 
scintillator. 


"RK. C. Waddell, Ph.D. thesis, Iowa State University, 1955 
(unpublished). For the present experiments the set up has been 
greatly modified. 
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Fic. 2. Fermi plot of the Co® beta spectrum. No corrections 
have been applied. The insert shows the disintegration scheme as 
given by [Strominger, Hollander, and Seaborg, Revs. Modern 
Phys. 30, 585 (1958) ]; energies in Mev. 
was 14% at 0.624 Mev. Figures 2 and 3 show the Fermi 
plots of the Co® and Na® 8 spectra, respectively; no 
corrections have been applied. These data were obtained 
with an RCL 256 channel pulse-height analyzer and 
were treated in groups of ten channels. The gamma rays 
were detected by a 3 in.X3 in. Harshaw Nal crystal 
which was not shielded by lead. The energy resolution 
of the gamma counter was 5.3% at 1.275 Mev. The 
source could be adjusted by screws from outside. The 
gamma counter was moved by means of an electric 
motor device. 

The fast coincidence circuit was operated at 2r 
= 0.16 usec. For taking the differential correlation, beta 
pulses in coincidence with a gamma pulse were fed into 
the 256 channel analyzer. The gamma pulses were 
selected with a single channel analyzer. For Co™ and 














Fic. 3. Fermi plot of the Na™ beta spectrum. No corrections 
have been applied. The insert shows the disintegration scheme as 
given by reference 10; energies in Mev. 
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Na”, gamma pulses corresponding to energies above 
0.54 and 1.05 Mev, respectively, were admitted. In 
taking the integral correlation, the 256 channel analyzer 
was used only for control purposes. Out of the total 
gamma pulse-height spectrum, only the photopeaks of 
the two Co® gamma rays or the photopeak of the Na 
gamma ray, respectively, were admitted. Points were 
taken in the 90° and in the 180° positions. The length of 
time for an individual point was 10 min (differential 
correlation) or 2 min (integral correlation). 

The Co® data were corrected for gamma-gamma 
coincidences. In the case of the differential correlation, 
the pulse-height distribution well above the end point 
of the beta spectrum was extrapolated to the lower 
energies. This extrapolated distribution was then sub- 
tracted from the total intensity distribution to get ap- 
proximately the distribution due to the beta rays only. 
In the case of the integral correlation, the gamma- 
gamma contribution to the total coincidence rate was 
obtained with the help of the calculated detection proba- 














l 
0.2 





MEV € — ———e 


Fic. 4. Differential correlation for Co™. The indicated errors are 
the standard deviations. The horizontal line represents the average 
of all points. 


bility of the Pilot B scintillator for Co® gamma rays. 
This detection probability was estimated to be about 
0.27% of the detection probability for Co™ beta rays. 
Thus the correction due to gamma-gamma coincidences 
is almost negligible in the case of the integral correlation. 

The Na” data were distorted by coincidences between 
positrons and annihilation quanta. These coincidences 
were more intense in the 90° position because of the 
larger solid angle subtended by the gamma detector at 
the beta detector. Their intensity depended strongly on 
the pulse-height selection in the gamma branch. The 
influence of these coincidences was noticeable, even 
with the high discrimination actually used in the gamma 
branch,” because of summing effects in the gamma 
crystal. Since the magnitude of this effect was unknown, 
no correction has been applied. However, an approxi- 
mate correction for the summing of beta pulses and 
annihilation quanta pulses in the beta crystal has been 
applied. For this purpose the pulse height distribution 
well above the beta endpoint was extrapolated to lower 
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energies. This extrapolated distribution was then sub- 
tracted from the total intensity distribution in the beta 
branch. 

All the angular correlation data have been corrected 
for the finite angular resolution. 


Ill. RESULTS AND DISCUSSION 
Co® 


The anisotropy of the integral Co® beta-gamma direc- 
tional correlation for Es 20.06 Mev was found to be 


A = —0.0003+0.0017. 


The stated error is the standard deviation. 

Figure 4 shows the differential correlation. Obviously, 
the correlation is not a function of the beta energy. 
Summing the counts in the beta spectrum range leads 
to an integral anisotropy of A =0.0034+0.0026 (stand- 
ard deviation). This is, within statistics, completely 
compatible with no integral correlation, but, neverthe- 
less, must be considered to be less certain because the 
correction for gamma-gamma coincidences is less certain 
in the case of a thick beta crystal. 

The present results on Co® are in complete agreement 
with earlier work.?~* They do not permit any conclusion 
on the Gell-Mann terms.*:5.? 


Na” 


For the anisotropy of the integral Na* beta-gamma 
directional correlation with Eg>0.1 Mev the value 
A=-—0.020+0.002 (standard deviation) was obtained. 
As stated in Sec. II, no correction for coincidences be- 
tween positrons and annihilation quanta has been ap- 
plied. Therefore, the value for A given above must not 
be considered as correct. It can be used only to get a 
lower limit of A: 

A>-—0.026. 


DECAY OF 


Co** AND Na*? 











1 
0.5 





Fic. 5. Differential correlation for Na®. The indicated errors are 
the standard deviations. The data have not been corrected for 
coincidences between positrons and annihilation quanta. See text. 


Figure 5 shows the measured differential correlation. 
It is estimated that the coincidences between positrons 
and annihilation quanta will essentially shift the value 
of A independently of the beta energy. Hence, the result 
on the differential correlation seems to indicate an 
energy dependence, although it does not exclude an 
energy-independent correlation. 

The present results on Na™ are not in disagreement 
with earlier work? because the statistical errors of the 
latter are large. The results are also not in disagreement 
with the work of Steffen.‘ 
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(n,He*) Reactions of Medium Weight Nuclei Induced by 14.8-Mev Neutrons* 
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Activation of the following pure monoisotopic elements with 14.8-Mev neutrons gives rise to (m,He*) 
reactions as observed by measuring the radioactive products having the following measured half-lives and 
formation cross sections: Mn®*(#,He*)V™, 2+0.3 min, 2-6 mb; Co™(n,He*)Mn*, 1.754+0.2 min, 1-3 mb; 
As’*(n,He*)Ga™, 5.10.3 hours, 3-7 mb; and Rh'*(m,He*)Tc™, 15+3 min, 1.5-3.5 mb. A qualitative dis- 
cussion is presented concerning the possible mechanisms for these reactions. Work is being continued to 


observe other (m,He*) reactions. 


INTRODUCTION 


NE of the authors' has measured the angular and 
energy distribution of alpha particles arising from 
14.8-Mev neutron bombardments of medium weight 
nuclei. Fulmer et al.? have measured the energy and 
angular distribution from (f,a) reactions at energies 
from 9.5 to 23 Mev. In both cases the energy distribu- 
tions observed indicated that many more alpha par- 
ticles, with energies below that of the Coulomb barrier, 
were emitted than was normally anticipated. 

Except for light nuclei* and 22-Mev proton reactions 
on medium nuclei, no other reactions involving He? 
particle* emission have been reported. However, if He’ 
particle emission exhibits the same anomolous energy 
distribution behavior as reported for alpha particles, 
then it should be possible, in certain cases, to observe 
the products of (m,He*) reactions. 

From a consideration of reaction Q values and ease of 
identification of products, a number of isotopes were 
chosen to be bombarded with 14.8-Mev neutrons from 
the 7 (d,n)He* reaction at 400 Kev on the University of 
Arkansas Cockcroft-Walton Accelerator. Table I lists 
the target nuclei, preliminary measurements of the 
cross sections and other pertinent information. 


EXPERIMENTAL 


The target materials, in all but one case, were in the 
form of metals with a purity of 99.9% (as supplied by 


* Supported in part by the U. S. Atomic Energy Commission. 

+ Present address: Department of Physics, Kyoto University, 
Kyoto, Japan 

t Visiting scientist at Gustaf Werner Institute for Nuclear Chem- 
istry, University of Uppsala, Sweden, 1959-1960. 

'T. Kumabe, E. Takekoshi, H. Ogata, Y. Tsuneoka, and S.-Oki, 
Phys. Rev. 106, 155 (1957); J. Phys. Soc. Japan 13, 129 (1958); 
I. Kumabe, J. Phys. Soc. Japan 13, 325 (1958). 

*C. B. Fulmer and B. L. Cohen, Phys. Rev. 112, 1672 (1958); 
C. B. Fulmer and C. D. Goodman, Phys. Rev. 117, 1340 (1960). 

* Li®(d,He*)He'*: S. H. Levine, R. S. Bender, and J. N. McGruer, 
Phys. Rev. 97, 1249 (1955); Li*(p,He*)Het*: J. G. Likely and F. P. 
Brady, Phys. Rev. 104, 118 (1956); Li’(d,He*)Het*: J. B. French 
and A. Fujii, Phys. Rev. 105, 652 (1957); S. H. Levine, R. S. 
Bender and J. N. McGruer, Phys. Rev. 97, 1249 (1955); 
Be*(d,He*)Li*: M. M. Winn, Proc. Phys. Soc. (London) A67, 946 
(1954); B(p,He*)Be®: J. B. Reynolds, Phys. Rev. 98, 1289 (1955); 
G. H. McCormick, H. G. Blosser, B. L. Cohen, and E. Newman, 
J. Inorg. Nuclear Chem. 2, 269 (1956). 

‘The notation, He’, is by no means a conclusion that He® 
particles are emitted as such, but refers rather to the product 
arising from the emission of two protons and one neutron in any 
combination. 


A. D. Mackay, Company, New York). Phosphorus was 
irradiated as analytical reagent grade phosphorus pent- 
oxide. The gross-beta decay was followed with a 2— x end- 
window methane flow proportional counter and the data 
was corrected for the usual sources of error.* 

Identification of the products was accomplished by 
comparison with the well established half-lives* of the 
nuclides formed in the irradiation. The cross-section 
values for the (m,He’*) reactions are reported as the 
limits found in analyzing the gross beta-decay curves, 
and are relative to the internal flux-monitor cross 
sections. These monitor cross sections were chosen from 
values reporied in the literature (Table II) and the 
Mn**(n,a)+(n,p) and Co™(n,«) values have been con- 
firmed in this laboratory. For the cases of Al, P, and V 
an external Cu monitor foil was used to determine the 
incident neutron flux. The cross-section value of 556 mb 
as reported by Yasumi’ for the Cu™(,2n)Cu® reaction 
was used here. 

In the case of Mn®*, samples were counted using an 
82.7 mg/cm? aluminum absorber to eliminate the possi- 
bility of detecting any activity arising from the highly 
uncertain 2 minute excited state of Mn™ that may have 
been produced during the irradiation. 

The products of the Co® irradiation were separated 
chemically by precipitating the MnO, fraction after 
addition of iron carrier to the solution made from Co™ 
target material. It was found that the 1.75 min activity 
assigned to Mn*’ followed the 2.6 hour Mn*®, producing 


TABLE I. Observed cross sections of the (m,He*) reaction with 
various target nuclei. 


Measured 
cross section 
Literature* (millibarns) 


Residual 


nucleus 


Half-life 
Measured 


Target 


Q value 
nucleus 


(Mev) 


uMn vs 2+0.3 min 2.0 
271Co* Mn" 1.75 +0.2 min 1.7 min 
aaAs78 Ga™ 5.1+0.3 hours 5.0 hours 
eRhie Tc'@ 1543 min 15 min 
3A}? Na*™ 1 min 
iP" Al™ 6.6 min 
aVv® Sc# ee 57 min 


® See reference 6 


*R. G. Wille and R. W. Fink, Phys. Rev. 112, 1950 (1958). 
*D. Strominger, J. M. Hollander, and G. T. Seaborg, Revs. 
Modern Phys. 50, 585 (1958) 


7S. Yasumi, J. Phys. Soc. Japan 12, 443-453 (1957). 
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(n,He?*) 


TaBe II. (n,He*) reactions and relative monitor reactions and 
cross sections. 





Monitor 
Cross section Refer- 
(mb) ence 


11.8+1.2 


Reaction 


As”5(n,p)Ge™ 

Co (n,a)Mn* 
Mn**(n,p)+ (n,a) 
Rh" (n,p)Ru™ 


Reaction 


As"*(n,He*)Ga™ 
Co™® (n,He*?)Mn*" 
Mn**(n,He®)V* 
Rh (n,He*®)Tc™ 





3043 b,c 
149+37 b 
11+3 d 





* E. B. Paul and R. L. Clarke, Can. J. Phys. 31, 267 (1953). 

> See reference 1. 

°l. L. Preiss and R. W. Fink (to be published). 

4G. Brown, G. C. Morrison, and H. Muirhead, Phil Mag. 21, 785 (1957). 


the same relative counting rate in the chemically sepa- 
rated and untreated samples. 

In the cases where the (n,He*) products were ob- 
served, the possibility that activity arising from the 
activation of sample impurities influenced the gross- 
decay was eliminated by considering the cross sections 
involved. The minimum impurity cross sections required 
to produce the observed activity would have to be of the 
order of one to two barns. In all instances this value is at 
least one order of magnitude larger than the known or 
anticipated values of other sample impurities. 


DISCUSSION 


If the Q values® are correct, the He’ particles would be 
emitted with very low energies. In the case of cobalt for 
example, He’ particles would have energies less than 2.3 
Mev. Alpha particles arising from the Co™(n,a) reaction 
having energies less than 3 Mev have never been ob- 

* A. H. Wapstra, Physica 21, 367 and 385 (1955). A. G. W. 


Cameron, Chalk River Project Report CRP-690, 1957 (un- 
published). 
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served.' Kikuchi® and Evans” have explained the energy 
distribution of the alpha particles from the Al?"(n,a)Na™ 
and (y,p) reaction, respectively, by introducing a diffuse 
nuclear potential. This consideration would enhance the 
penetration of He’ particles through the potential 
barrier of an excited compound nucleus and may be a 
significant point in explaining the observed cross sec- 
tions. An alternate approach is that the (,He*) process 
may arise through a mechanism other than compound 
nucleus formation. For example, a direct process, such 
as a pick-up reaction involving a proton pair may be 
involved. Another description of this process may be a 
direct interaction between the incident neutron and a 
“preformed” He’ existing as a “cluster” at or near the 
nuclear surface, since there is evidence that the nuclear 
surface is rich in clusters in dynamic equilibrium." 

Additional experimental results must be obtained be- 
fore conclusions on the extent of the contribution of 
compound nucleus formation or direct interaction proc- 
esses can be reached. A further study of this problem and 
a search for other (m,He*) reactions is in progress at this 
laboratory. 
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Energy Dependence of Transient Changes in the Primary Cosmic-Ray Spectrum* 
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Quantitative comparisons are made between the cosmic-ray 
intensity variations observed by a Geiger counter telescope and 
ionization chamber at a high geomagnetic latitude, high latitude 
neutron monitors at sea level, and at two different mountain alti- 
tudes, Geiger counter telescopes situated 40 meters of water 
equivalent underground, and a neutron monitor and Geiger 
counter telescopes at a low geomagnetic latitude. Long-term and 
short-term variations are considered. As the intensity variations 
were large, and as the instruments were all of good statistical 
accuracy, considerable reliance can be placed in the determina- 
tions. It is shown that similar comparisons published by other 
investigators are in agreement with these determinations, pro- 


vided adequate allowance is made for the altitudes at which the 
data were obtained. Writing the differential energy spectrum of 
the primary cosmic radiation as j(£), and measuring £ in Bev, 
the inter-instrument comparisons are used to show that the aver- 
age spectral changes approximate to the law 67(£)=const 
(1+£)-*j(E); where 8~0.9 for short and 
8=~1.2 for long-term 
It is shown that the 
markedly dependent e evidence is presented 
that there might be a north-south asymmetry in the long-term 
variation, the amplitude being greater in southerly directions. 


term variations, 
variations 
amplitude of the long-term variation is 


upon altitude. Som 





INTRODUCTION 


N an earlier paper' neutron data obtained near 
Hobart (geomagnetic latitude (A) =52°S) were com- 
pared with neutron data from Mawson (A=73°S) and 
Lae (A=16°S), and with meson data from Hobart. 
From thesg comparisons, a number of qualitative con- 
clusions were reached regarding the changes which 
occur in the rigidity spectrum of the primary cosmic 
radiation during short- and long-term variations. 
Other cosmic-ray detectors are operated by the Uni- 
versity of Tasmania, and the present paper presents 
further inter-instrument comparisons based upon the 
data from these detectors. Comparisons with data ob- 
tained by other investigators are also made. On the 
basis of these, and the earlier inter-instrument com- 
parisons,' the average functional dependence of spectral 
change upon energy is determined for long- and short- 
term events. 


EQUIPMENT 


The University of Tasmania’s instruments from 
which the data considered in this paper were obtained 
are listed in Table I. The geometries of the neutron 
monitors are similar to those recommended for use 
during the International Geophysical Year.* The Maw- 
son monitor is operated by the Australian Antarctic 
Research Expeditions, for the conduct of whose cosmic- 
ray program the University of Tasmania is responsible. 

The Geiger counter telescopes have been described 
elsewhere.’ Briefly, they consist of three square, equally 
spaced trays of Geiger counters. For the period con- 


* This work was carried out during tenure of an Australian 
Atomic Energy Commission studentship, and later, a General 
Motors Holden Research Fellowship. 

t Now at Physics Department, Massachusetts Institute of 
Technology, Cambridge, Massachusetts. 

1K. G. McCracken, Phys. Rev. 113, 343 (1959). 

2 J. A. Simpson, Annals of the International Geophysical Year 
(Pergamon Press, New York, 1956), Vol. 4, p. 351. 

*N. R. Parsons, Australian National Antarctic Research Ex- 
pedition Interim Report, No. 17, 1957 (unpublished). 


sidered here, the separation of the extreme trays was 
equal to the sensitive length of the counters (that is, a 
cubical geometry). There is 10 cm of lead absorber be- 
tween the bottom two trays. 

A description of the underground observatory, and a 
detailed report of the intensity variations observed by 
the semicubical telescopes will be given in another 
paper. In brief, the telescopes comprise three trays of 
Geiger counters, the sensitive area of each tray being of 
dimensions 1 mX 1 m, the extreme tray separation being 
0.5 m. 

The ionization chamber is similar to the well-known 
Carnegie Type C instrument.‘ It is filled with com- 
mercial nitrogen to a pressure of 60 atmospheres, and is 
shielded at the top, and on the four sides, by 10 cm of 
lead. Figure 1 is a simplified block diagram of the re- 
Taste I. Some details of the University of Tasmania’s ob- 
servational program, summarizing the station locations, the in- 
struments from which the data used in this paper were obtained, 
and the mean hourly counting rates of the instruments. These 
particulars apply to the period subsequent to June 1, 1957. The 


Hobart neutron monitor is 725 meters above sea level. All the 
other detectors are within 100 meters of sea level. 


(Geo 
mag 
netic 
lati- 
tude 


Mean 
hourly 
counting 
rate 


Location Instrument 


8000 
48 000 each 
35 000 
130 000 


Lae, New Guinea 16°S Duplex neutron monitor 
I'wo cubical 
Duplex neutron monitor 
Cubical teles« ope 
23-liter ionization 
chamber 
I'wo semicubical tele 
scopes 40 m.w.e. (me- 
ters water equivalent) 
underground 
Mawson, Ant 73 Duplex neutror 
arctica 


telescopes 
$7°S 


Hobart, Tasmania 
and environs 


34 000 each 


33 000 


monitor 


‘A. H. Compton, E. O 
Instr. 5, 415 (1934). 
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Fic. 1. Simplified block diagram of the Hobart ionization chamber. The chart deflection produced by a given change in 
cosmic-ray intensity is determined by the setting of the sensitivity control. 


cording apparatus used in conjunction with the ioniza- 
tion chamber. The collection electrode is connected to 
a vibrating condenser, the ac signal from which, after 
amplification, energizes one coil of an induction motor, 
a reference signal 90° out of phase being fed to the 
other coil. The motor drives a pen across the recording 
chart, and, at the same time, a roller on the pen carriage 
picks a de voltage off a precision wound resistance strip. 
A fixed fraction of this dc voltage is fed back to the 
ionization chamber collection electrode via the feedback 
condenser, Cr. The circuits have been so arranged that 
the pen always moves to the point where the feedback 
voltage cancels out the voltage across the vibrating 
condenser. Thus the voltage across the insulator be- 
tween the collection electrode and the earthed guard 
ring is always very small, and consequently leakage 
currents are negligible. By using air as the dielectric, 
and wide spacing of the plates, leakage across Cy is 
also reduced to a negligible figure. 

Radioactive contamination of the chamber and its 
surroundings contributes to the total ionization cur- 
rent. By comparing the ionization currents observed at 


ground level and 40 m.w.e. underground, and from a 


knowledge of the ratio of the meson intensities at the 
two locations (calculated from observations made with 
the semicubical telescopes), the contribution due to 
radioactive contamination was calculated. This has 
enabled observed variations in chart deflection to be 
converted into percentage changes in the cosmic-ray 
ionization current. 


CORRECTION FOR ATMOSPHERIC CHANGE 


The neutron data have been corrected using an 
attenuation length of 145 g cm™. It has been shown 
recently that this value is about 5% in error’; however, 
it was not deemed necessary to recalculate the results 
presented in this paper, as the neutron variations 
observed at high latitudes during the periods considered 
were in excess of 7%, and therefore the residual varia- 
tions of atmospheric origin (of the order of +0.5%) 
were relatively unimportant. 


*K. G. McCracken and D. H. Johns, Nuovo cimento 13, 96 
(1959). 
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Taste II. Correction coefficients for the Hobart meson de- 
tectors. The negative decay coefficients refer to the height of 
the 125-millibar level. 








Hobart cubical telescope 

Mass coefficient : 

Negative decay coefficient : 
Hobart ionization chamber 

Mass coefficient : 

Negative decay coefficient : 
Hobart underground telescopes 

Mass coefficient*: —0.85% per cm of mercury 

Positive decay coefficient*: +0.07% per °C 

(temperature of 100 to 200 millibar stratum) 


— 1.63% per cm of mercury 
—4.88% per km 


— 1.80% per cm of mercury 
—5.02% per km 





* See reference 7, 


Radiosonde information indicates that the day-to- 
day cho nges in the temperature of the atmosphere at 
Lae are small, and a simple correction of the meson 
data for barometric change was deemed adequate. For 
the present analyses, the Lae meson data were corrected 
using the Trefall’s theoretical coefficient of — 2.31% per 
cm of mercury.® 

The coefficients used in the correction of the Hobart 
cubical telescope, ionization chamber, and under- 
ground telescope’ data are summarized in Table II. 
They were all obtained from correlation analyses of the 
cosmic-ray and atmospheric data observed during 1957 
and early 1958. As primary intensity variations intro- 
duce errors into such analyses, only those days on which 
the Hobart neutron counting rate lay within a range 


of 4 % were employed, thereby limiting the non- 
meteorological variations in the meson data. 


SHORT-TERM VARIATIONS 


Let R; be the daily mean counting rates observed by 
the ith recorder. The measure of relative amplitude 
(0:/R,)(R2/o2) defined in an earlier paper® will be used 
to compare the percentage variations observed by re- 
corders 1 and 2, and will be called the recorder 1-re- 
corder 2 relative amplitude. [o;= > (X;—X,)?/(N—1).] 
This measure is used in preference to the simpler meas- 
ure (8R:/R,)(R./dR2), where 6R; is the difference be- 
tween the minimum value of R; and the value prior to 
the event, for the following reasons: 

(1) On plotting scatter diagrams of the data ob- 
tained at two widely separated stations during the 
onset and recovery of Forbush-type decreases, it is 
sometimes found that the point corresponding to the 
day of minimum intensity deviates considerably from 
the line defined by the general trend of all the points. 
This is believed to be due to the marked, quickly 
changing asymmetries which occur in the Forbush de- 
crease mechanism during the first one or two days of 
the event.® The (6R,/R,)(R2/5R2) measure, being based 
on these anomalous points, therefore includes a con- 


* H. Trefall, Proc. Phys. Soc. (London) A68, 953 (1955). 

7R. B. Taylor (unpublished). 

8 A. G. Fenton, K. G. McCracken, D. C. Rose, and B. G. Wilson, 
Can. J. Phys. 37, 970 (1959). 
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tribution produced by the asymmetry, and is not a 
good indication of the relative changes in the counting 
rates produced by the average change in the energy 
spectrum. The (c;/R;)(R:/o2) measure, being based on 
the general trend, which is predominantly that of the 
data obtained after the disappearance of the asym- 
metries, is therefore to be preferred. 

(2) There are small meteorological variations re- 
maining in the corrected data. The meteorological con- 
ditions at Hobart exhibit a rough periodicity of about 
5 to 7 days. While the meteorological contributions will 
broaden the scatter diagrams of data 1 against data 2, 
they will not seriously affect the general trend, as the 
recovery of all the events considered occupied con- 
siderably longer periods, namely, from 10 to 20 days. 
Thus the (¢;:/R,)(R./c2) measure will not be very 
sensitive to the residual meteorological contributions. 
No such compensation for meteorological conditions 
occurs when using the (6R,/R;)(R./sR:) measure. 

Using the (cy, R,)(R:/o2) definition, the relative 
amplitudes appropriate to a number of instruments 
were calculated for a number of the subintervals used 
in reference 1. The results are listed in Table III. In 
the case of the neutron monitor-underground meson 
relative amplitude, the fragmentary nature of the data 
from the underground observatory prevented the above 
measure from being used, and the less accurate (6R; /R,) 
< (R:/5R:) measure was employed. 

An earlier series of inter-instrument analyses’ has 
shown that, in the case of the neutron component, 
short-term event amplitude is a function of altitude. 
Figure 2 reproduces the average dependence found. 


TO HERSTMONCEUX 


RELATIVE 





AMPLITUDE 





T _ 
1.0 20 3.0 
ALTITUDE ( km) 


Fic. 2. The amplitude of variations in the counting rate of a 
neutron monitor as a function of altitude. Short-term variations 
(black circles) and the long-term variation (black squares) are 
considered. Event amplitudes are expressed relative to those ob- 
served at Herstmonceux (altitude=20 meters). The data were 
obtained at observatories at approximately the same geomagnetic 
latitude (52°< |A| <49°). 
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TABLE III. The relative amplitudes (R.A.) of the variations observed by a number of the recorders operated by the University of 
Tasmania. Standard errors are given. The correlation coefficients (712) between the data used to derive the various values of the relative 


omnate are listed (year—1957). 














Relative \. Period 
amplitude \, 


June 1- 
June 28 


1.9340.21 


July 28 
2.03 +0.11 
0.96 
1.48+0.04 
0.99 
2. — 07 


Mawson neutron- 
Lae neutron 
Hobart telescope- 
Lae telescope 
Hobart neutron- 





R.A. 


Hobart telescope 0.98 0.99 0.92 
2.124-0.19 
91 


Hobart neutron- R.A. 
Hobart ion 

Lae neutron— 

Lae telescope ris 
Hobart ion- J 
Hobart telescope Tia 
Hobart neutron- R.A. 
Underground telescope 


2.4620.17 


June 29- = July 29- 


Aug. 24 


3.45+0.40 
6.88 

1.37+0.08 
0.97 

2.16+0.20 


Oct. 20- Nov. 14 Mean 
Nov. 13 Dec. 10 —_—-value 


2.0740.17 2.6640.25 2.49 
1.52 
2.28 
2.41 
1.33 
0.95 


Aug. 24- Sept. 21- 
Sept. 20 _ Oct. 19 


2. 3040. 24 





poor 
correlation 
1.57+0.32 
0.78 
2.67+0.21 
0.95 
2.48+0.30 


0.87 
1.31+4-0.16 
0.87 
0.98+0.08 
0.93 


2.5240.18 
0.94 
1.30+0.10 

0.94 
0.74+0.05 0.9040.07 


0.95 0.95 
7.3 +0.7 7.3 


0.95 
2.4940.16 
0.95 
1.58+0.23 

0.89 








COMPARISON WITH THE LITERATURE 
(SHORT-TERM VARIATIONS) 


A number of investigators have published the results 
of relative amplitude determinations. However, these 
results do not all agree with those presented in Table 
III. In particular, the values of the Hobart telescope- 
Lae telescope relative amplitude are considerably 
greater than the well-established value of 1.1 for the 
Cheltenham ion-Huancayo ion relative amplitude,’ 
and further, the values of the Hobart neutron—Hobart 
ion relative amplitude are about half those found by 
Fonger for the Climax neutron-Freiburg ion relative 
amplitude." 

Various measures of relative amplitude have been 
used by earlier investigators. Thus writing the re- 
gression coefficients between the percentage variations 
in data 1 and 2 as by. and ba, the measures 5,2, 1/2, 
3 (byo+1/be), (6R R,)(R./sR:) (defined in previous 
section) and regression coefficients derived by assign- 
ing weights” to the data have all been used in addition 
to the measure (0:/R,)(R2/o2) employed in this paper. 
It has been shown” that when the correlation coefficient 
ro>0.8, the three measures }(by2+1/b2:), (0:/R:) 
< (R2/o2) and a weighted regression coefficient based 
on weights applicable to the data from the University 
of Tasmania’s recorders” are in reasonable agreement, 
while the agreement with either },2 or 1/b2: is poor for 
r12<0.9. Thus for comparison purposes, whenever an 
author has listed either 5,2 or 1/b2:, and has also given 
the correlation coefficient ri2, then o:/e, has been 


*S. E. Forbush, Phys. Rev. 54, 975 (1938). 

” S. E. Forbush, J. Geophys. Research 59, 525 (1954). 

" W. H. Fonger, Phys. Rev. 91, 351 (1953). 

#2 Using weights which reflect the errors in the corrected data. 
It has been shown" that for the high counting rate neutron moni- 
tors and telescopes operated by the University of Tasmania, the 
standard deviations of the daily means of the corrected data are 
all between 0.2% and 0.4%, regardless of the figure to be expected 
from statistical fluctuations alone. This is believed to be due to the 
presence of uncorrected meteorological effects, and to a lesser 
extent, equipment variations. 

%K. G. McCracken, Ph.D. thesis, University of Tasmania 
(unpublished). 





calculated (b:2=r201/o2), and used in the following 


discussion. 


Altitude Effect 


As the relative amplitudes reported in the literature 
have been based upon data obtained at various alti- 
tudes, an examination must be made of the depend- 
ence of event amplitude upon altitude. This has been 
done already for the neutron component® (Fig. 2). 

Table IV summarizes the published data on the 
altitude effect in the case of the meson component at 
high geomagnetic iatitudes. From this table it appears 
that the event amplitude is greater at the Hafelekar 
than at sea level, and the extrapolation of this meager 
data suggests that the percentage variations observed 
by a shielded ionization chamber at 3350 m will be about 
1.6 to 2.0 times those observed at sea level. 

To determine the altitude effect at a low latitude the 
ionization chamber data from Mt. Norikura™ (2840-m 
altitude, A=26°N) were compared with those from 
Tokyo (20-m altitude, \=26°N) the relative ampli- 
tude averaged over seven of the short-term events 
occurring during 1957 being found to be 1.7. Unfor- 
tunately, while both chambers were shielded with 10 
cm of lead, the Tokyo chamber was situated under a 


Tasre IV. Comparison of ionization chamber variations ob- 
served at various altitudes with those observed at sea level. All 
observatories are at geomagnetic latitudes between 45° and 50°. 








Detector 1 
Altitude 
(meters) 


1-2 Relative Refer- 
amplitude ence 


¢ *heltenham 0.81+0.21 a 
Cheltenham 0.77 b 
Cheltenham 1.01+0.15 a 
Cheltenham 1.40+4-0.03 a 


Location Detector 2 





( “aristchurch x 
Freiburg 240 
Canberra 800 
Hafelekar 2300 





*S. Yoshida and Y. Kamiya, J. Geomag. Geoelect. 5, 136 (1953). 
+ W. H. Fonger, Phys. Rev. 91, 351 (1953). 


™T am indebted to Dr. Miyazaki for providing me with these 
data. 
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TaBLe V. The dependence of event amplitude upon latitude 
for ionization chamber data. The figures apply to short-term 
events. Only a few events were used to obtain the Teoloyucan 
and Hafelekar comparisons. 


1-2 Relative Refer- 
amplitude ence 


1.11, 1.06, 1.1 


Detector 1 
Location 


Detector 2 
Location IN 


Cheltenham a,b,c 


Huancayo 1° 
(3350 m) 
Huancayo 1° 1.58 
(3350 m) 
Huancayo 1° 
(3350 m) 


Teoloyucan 30 
(2285 m) 

Hafelekar 48 
(2300 m) 


1.59 


*S, E. Forbush, Phys. Rev. 54, 975 (1938). 
+S. E. Forbush, J. Geophys. Research 59, 525 (1954). 
eW. H. Fonger, Phys. Rev. 


91, 351 (1953). 

further 40 cm of concrete (1.1 meters water equivalent). 
As a rough estimate, taking the concrete shield to be 
the equivalent of 1.1 m.w.e. of the atmosphere, the 
percentage variations observed by an ionization cham- 
ber shielded with 10 cm of lead at 3350 m would be 
about 1.6 times those observed by a similar instrument 
at sea level. 


Latitude Effect 


The published data on the dependence of event 
amplitude upon latitude are given in Table V. The 
most reliable of these determinations is the Cheltenham- 
Huancayo relative amplitude, and this has led a number 
of investigators to conclude that event amplitude is 
only slightly latitude dependent. 

From the altitude effect for ionization chamber data 
deduced earlier, and taking the Cheltenham—Huancayo 
relative amplitude to be 1.1, the high latitude varia- 
tions at 3350 m are estimated to be between 1.7 and 2.2 
times those at Huancayo. Thus the value of 1.58 for the 
Teoloyucan—Huancayo relative amplitude is reasonable, 
whereas earlier investigators have regarded it with 
suspicion.®-! 

As there is still a marked altitude effect at low lati- 
tudes (A= 26°), the variations at sea level at the equator 
will be less than those at Huancayo. Assuming that the 
value of 1.6 estimated to be the altitude effect between 
3350 m and sea level at A\=26° also applies at the 
equator, and using the observed value of 1.1 for the 
Cheltenham—Huancayo relative amplitude, the high 
latitude-low latitude relative amplitude at sea level is 
estimated to be about 1.1X1.6~1.7. Bearing in mind 
the uncertainties in the derivation of this result, it is 
not inconsistent with the value of 1.5 found for the 
Hobart-—Lae relative amplitude applicable to the cubical 
meson telescope data (Table III). 


Neutron-Meson Relative Amplitude 


Table VI lists the various values which have been 
published for the high latitude neutron-meson relative 
amplitude. While all the meson detectors were situated 
near sea level, a number of the determinations were 
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based upon neutron data obtained at mountain alti- 
tudes. To permit comparison, the values of the relative 
amplitudes which would have been obtained if the neu- 
tron monitors had been at sea level have been estimated 
using Fig. 2. 

There is a reasonable agreement between the values 
found using the meson telescope data from Manchester, 
Ottawa, Resolute, Hobart, and Herstmonceux. The 
majority of the values found using ionization chamber 
data are somewhat higher, but can be reconciled to the 
values found using the telescope data by taking into 
account the value of 0.95 found for the average ioniza- 
tion chamber-cubical telescope relative amplitude at 
Hobart, and the fact that this is somewhat variable 
(Table ITI). 

The high value of 3.8 derived from the Climax- 
Freiburg determination for a period during 1951 sug- 
gests that the neutron monitor-ionization chamber rela- 
tive amplitude has changed with time.'’® While this 
hypothesis is supported by the data presented in refer- 
ence 1, it must be accepted with some caution, as the 
Climax-Cheltenham (1951) and the Manchester (1953) 
determinations listed in Table VI are not inconsistent 
with the 1957 values 

In the majority of cases then, the results reported in 
the literature can be reconciled to those presented in 
Table III if allowance is made for the altitudes at which 
the data were obtained. Further, in view of the fact 


TABLE VI. Average values of the short-term neutron-meson 
relative amplitude (R.A.). When neutron data have been obtained 
at mountain altitudes the relative amplitude which would have 
been observed if the monitor had been at sea level has been esti- 
mated [ written (R.A.)s }. Ail data have been obtained at geomag- 
netic latitudes >48 


Refer- 


ence 


Detector 1 
(neutron 


Detector 2 


meson ) A. (R.A.)s 


Manchester telescop 
Ottawa telescope 


Manchc ster 
Ottawa 
Resolute 
Hobart 
Herstmonceux 
Climax 
Climax 
Syowa 
Climax 
Hobart 


a 
b 
b 


Rwan © w 


ow 


Resolute telescope 
Hobart telescope 
Herstmonceux telescope 
Freiburg ion 
Cheltenham ion 

Syowa 10r 

Cheltenham i 

Hobart ior 


& SO Oo OS 


NM Ww bd & UID bo te = DS 
NN NN WW bh * he 


Nr OOO Ow 


al J 

bA.G 
(1958). 

¢ Table III of this pay 

4 Derived from data s 
Palmer. The same subinte 
monceux and the Hobart 

eW. H. Fonger, Phys G 51 (195 

'M. Kodama and za ept. lonosphere Res. Japan 11, 99 
(1957) 


eH. V. Neher and S. E. Forbush, P Re 


van Heerden and T. Thar hpilla hil. Mag. 46, 1238 (1955). 
Fenton, K. B. Fenton, and se, Can. J. Phys. 36, 824 


ul and Mr. D. R 


vf the Herst- 


87, 889 (1952). 

that too small a cor- 
» radioactive contamination of the 
Freiburg chamber. This would result in the derived percentage 
variations being smaller than those in the cosmic-ray ionization 
current, and thus the Climax-Freiburg relative amplitude would 
be too big. This would explain why the Climax-Freiburg and the 
Climax-Cheltenham determinations, while referring to the same 
period during 1951, are substantially different. 


would be 


4 An alternative explanatior 
rection has been made for tl 
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Fic. 3. Illustrating the selection of disturbed days (open circles) and undisturbed days (filled in circles). 
The Hobart daily mean, pressure corrected neutron intensities for the period October-December, 1957, are 


plotted. 


that the variations during 1957 were large, and since 
the instruments operated by the University of Tasmania 
provide data of good statistical accuracy, it is considered 
that considerable reliance can be placed in the results 
given in Table ITJ. 


LONG-TERM VARIATIONS 


The monthly mean undistrubed neutron intensity 
was defined in reference 1. Recapitulating, a selection 
was made of those days on which the Hobart neutron 
intensity was unaffected by short-term variations. In 
the selection, the view was taken that disturbed days 
were (1) those during the onset and recovery from 
Forbush-type decreases, (2) those during which the 
intensity was showing a systematic trend which re- 
sulted in intensity changes in excess of 3% within a 
period of 3 days, and (3) those on which the intensity 
was depressed below adjacent maxima by more than 
3%. Figure 3 indicates the class to which each day 
during the period October 1 to December 31, 1957, was 
assigned. 

The dependence of undisturbed intensity upon time 
was plotted in reference 1. This graph indicates the 
manner in which the long-term change affected the 
neutron intensity. 

Using the same days as were used in the case of 
Hobart, the monthly mean undisturbed neutron in- 
tensities for the period August, 1957, to January, 1958, 
were determined for Mawson, Lae, Uppsala, Ottawa, 
Sulphur Mountain, Resolute, and Herstmonceux."* 
Plotting the values for all other stations against the 
values found for Herstmonceux, and fitting straight 
lines to the points so found by eye, the amplitudes of 
the long-term changes observed at various observa- 
tories relative to those observed at Herstmonceux were 
found. In Fig. 4, the diagrams yielding the Sulphur 
Mountain, Hobart, Uppsala, and Lae relative ampli- 
tudes are plotted. In Table VII, the various relative 
amplitudes are listed. 

It can be seen that (1) with the exception of Mawson, 
the amplitudes of the long-term changes in the data 


‘6 Data kindly supplied by Dr. A. E. Sandstrém, Dr. D. C. 
Rose, the Astronomer Royal, and Mr. D. R. Palmer. 


obtained at high latitude, sea level stations were the 
same; (2) plotting the Sulphur Mountain, Hobart, and 
Uppsala relative amplitudes against altitude on Fig. 2 
yields points which can be fitted reasonably well by a 
straight line. The long-term variation is clearly more 
dependent upon altitude than is the short-term variation. 

Consider the fact that the Mawson-Herstmonceux 
relative amplitude is greater than the relative ampli- 
tudes applicable to other high latitude, sea level sta- 
tions. This could be due to an undetected instrumental 
drift at Mawson.'? There is, however, an alternative 
possibility, namely, that the primary intensity changes 
were greater in the asymptotic directions" scanned by 
Mawson. Although such a situation would augment the 
variation at Hobart, the fact that Hobart scans asymp- 
totic directions which are close to the equatorial plane, 
as do Herstmonceux, Uppsala, Ottawa, and Sulphur 
Mountain, would result in the Hobart changes being 
little greater than those which would have .been ob- 
served by an identically situated northern hemisphere 
station. Consequently, the deviation from 7a*straight 
line in. Fig. 2 would be small, and hard to detect. The 
existence of a north-south asymmetry in the long-term 
variation must therefore remain an open question until 
further data are accumulated. 


Tasie VII. The amplitudes of long-term changes in the neu- 
tron component at a number of stations relative to those at 
Herstmonceux. Station altitude and geomagnetic latitude are 
listed. Herstmonceux is at geomagnetic latitude 54°N, and 20m 
above sea level. 











Sulphur Ho- Maw- 


Reso- 
son Ottawa lute 


1Sm 101m 17m 
73°S 57°N 83°N 
12 10 ‘12 


Mt. 


2280 m 725m 
58°N  52°S 
155 1.20 


Station bart Uppsala Lae 
<100m 4m 
58°N 16°S 


1.0 0.30 





Altitude 
Latitude 
Relative 
amplitude 





‘7 If such were the case, equal drifts must have occurred in both 
sections of the duplex monitor, as the ratio of the two counting 
rates did not change. Further, regular determinations of the 
counting rates using a neutron source revealed no systematic 
changes in instrumental efficiency greater than 0.5%. The exist- 
ence of an equipment drift therefore seems unlikely. 

‘8 The asymptotic direction of arrival of a cosmic-ray particle 
is that direction from which the particle is coming before it enters 
the geomagnetic field. 
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Fic. 4. Comparing the long-term variations in neutron intensity 
observed at Sulphur Mountain, Hobart, Uppsala, and Lae with 


those observed at Herstmonceux. Data obtained during the period 
August, 1957—January, 1958, are plotted. 


The Resolute neutron monitor responds to primaries 
from asymptotic directions making a considerable angle 
to the equatorial plane, while the stations such as 
Herstmonceux respond to primaries from asymptotic 
directions close to this plane. Hence the value of 1.0 for 
the Resolute-Herstmonceux relative amplitude indi- 
cates, that, in the northern sky at least, the long-term 
change is independent of asymptotic direction. 

Consider now the neutron monitor-ionization cham- 
ber relative amplitude. Forbush” has shown that during 
1956 and 1957, the changes in the Ottawa neutron and 
the Huancayo ionization data were well correlated, the 
percentage variations in the former being 4.7 times those 
in the latter. In earlier analyses,’ values of 1.11 and 
0.98 were obtained for the Cheltenham ionization- 
Huancayo ionization relative amplitude (long term). 


” S. E. Forbush, J. Geophys. Research 63, 651 (1958). 
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From the mean, 1.045, the Ottawa neutron—Cheltenham 
ionization relative amplitude is estimated to be 4.7/ 
1.045 = 4.50. Ottawa and Cheltenham, both being near 
sea level, and both being in the vicinity of the cosmic- 
ray “knee,” are suitable for such a comparison. 


DERIVATION OF THE ENERGY DEPENDENCE 
OF VARIATIONS 


A critical test of any theory which is advanced to 
explain cosmic-ray variations is that it must be able to 
predict the correct dependence of intensity change 
upon primary energy. The most satisfactory method for 
determining this dependence experimentally for ener- 
gies less than 15 Bev is a comparison of the variations 
observed by a series of neutron monitors, situated such 
that their primary cutoff rigidities are evenly dis- 
tributed throughout the range from 2 to 16 Bv. Until 
such a comparison has been made, a more approximate 
determination is of value, as it permits a preliminary 
test of the various theories. Such a determination is now 
made using the relative amplitude data presented in 
this paper. 

For simplicity, the alpha and heavy particle com- 
ponents of the primary radiation are neglected unless 
there is a statement to the contrary. Let E be the pri- 
mary energy in Bev, and j(£) the differential energy 
spectrum of the primary radiation. 

In reference 1, it was shown by comparison of the 
neutron counting rate variations at Mawson and Ho- 
bart, that the short-term changes in the primary spec- 
trum during a cosmic-ray variation are approximately 
independent of asymptotic latitude. As shown in the 
previous section, this is at least approximately true for 
the long-term variation also. Hence, apart from a small 
longitude dependence which will be neglected, spectral 
change during a cosmic-ray variation is independent of 
asymptotic direction, merely being a function of energy. 
The change in spectrum at energy £ will be written 
5j(E). 

Dorman has shown that the change in the counting 
rate C produced by a change in the primary spectrum 
is given by” 


6C b7(E 
~ f W (E) dE, (1) 


Cc j(E) 


cutoff 


where W(E) is the coupling constant applicable to the 
recorder. In the Appendix, it is pointed out that W(£) 
is not invariant with respect to primary spectral change, 
and that, consequently, the values of W(£) applicable 


* L. I. Dorman, Cosmic-Ray Variations (State Publishing House 
for Technical and Theoretical Literature, Moscow, 1957). Trans- 
lation by U. S. Technical Documents Liaison Office. This method 
is similar in principle to the specific yield function method de- 
veloped by the Chicago group [for example, J. A. Simpson, W. 
Forger, and S. B. Treiman, Phys. Rev. 90, 934 (1953) ]. Dorman’s 
method has the advantage that a detailed knowledge of the pri- 
mary spectrum is not required. 
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to any given recorder change throughout the solar 
cycle. Dorman™ lists coupling constants which are 
applicable to a period of minimum solar activity, that 
is, they apply to the period 1953-55. In the Appendix, 
the coupling constants applicable during 1957 are esti- 
mated from these values. 

Dorman” points out that, as the energy dependence 
of W(E) is different for different recorders, and further, 
as the vertical cutoff energy is different at different 
latitudes, it is possible to determine 5j(£)/7(F) occur- 
ring during a primary variation from a comparison of 
the values of 6C/C observed by a number of different 
recorders. Consider a spectral variation prescribed by 


5j(E)/j(E)=const(1+E)-*, (2) 


where 8 is a parameter characterizing the energy de- 
pendence of the variation. Using both the 1954 and 
1957 values of W(£), and integrating Eq. (1) graphi- 
cally, the vaiues of 6C/C corresponding to spectral 
variations given by Eq. (2) were calculated for a number 
of values of 8 in the range 0.6<8< 2.0. The instruments 
for which these calculations were made were (1) a high 
latitude neutron monitor at an atmospheric depth of 
680 g cm™*; (2) a high latitude, sea level neutron moni- 
tor; (3) the Lae neutron monitor. (The vertical cutoff 
used, 13 Bev, was derived from the map given by 
Kodama et al.”) ; (4) a high latitude and (5) a low lati- 
tude (vertical cutoff 13 Bev) ionization chamber; (6) a 
meson detector under 50 m.w.e. of absorber (40 m.w.e. 
earth plus 10 m.w.e. of atmosphere). The meson coup- 
ling constants were those calculated from latitude 
effect curves which had been corrected for the influence 
of meteorological factors.” From these values of 6C/C, 
various relative amplitudes were calculated for each 
value of 8 considered. In Fig. 5, two of the relative 
amplitudes are plotted as functions of 8. The observed, 
or estimated mean values of the quantities are shown. 

Consider the short-term variation. As the relative 
amplitudes were derived from 1957 data, the 1957 
curves for the relative amplitudes in Fig. 5 are appli- 
cable. It is clear that a value of 8 of about 0.9 describes 
the average energy dependence of the variations reason- 
ably well. 

Now consider the long-term variation. Assuming 
that the spectrum outside the mechanism producing the 
long-term variation is that which was observed during 
1954-55, the energy dependence of the long-term varia- 
tion relative to this spectrum is desired. Hence the 1954 
curves in Fig. 5 are used. If anything, the high latitude- 
low latitude relative amplitude of the long-term varia- 
tion in the neutron component will have decreased with 
time (as a result of the progressive depletion of the low- 
energy end of the spectrum), and so 3.3 can be taken 
as a lower limit for the relative amplitude of the total 
changes during the period 1954-57. There was no 


1M. Kodama, I. Kondo, and M. Wada, J. Sci. Research Inst. 
(Tokyo 51, 138 (1957). 
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Fic. 5. The dependence of relative amplitude (R.A.) upon 8 
[where 8 is the exponent in Eq. (2)], calculated for a period of 
minimum solar activity (labelled 1954), and a period of great 
solar activity (labelled 1957). The observed relative amplitudes 
are indicated. 


noticeable change in the Ottawa neutron—Huancayo ion 
relative amplitude during 1956-1957," so the value of 
4.50 for the Ottawa neutron—Cheltenham ion relative 
amplitude will be taken as being applicable to the 
major part of the long-term change. From Fig. 5, it is 
seen that these relative amplitudes indicate a value of 
1.2, or greater, for 8. 

In Table III a number of relative amplitudes based 
upon cubical telescope data were presented and these 
are now considered. Dorman’s coupling constants for 
the meson component were calculated from latitude 
surveys using ionization chambers, and as yet, no sur- 
veys have been reported using cubical telescopes. How- 
ever, Rathgeber® reports that while a very wide angle 
telescope revealed a latitude effect of 13%, in reason- 
able agreement with ionization chamber surveys,” a 
simultaneous determination using a vertical pointing 
telescope of opening angle 26° 33° yielded a value of 
20%. It therefore appears that the coupling constants 


"=H. D. Rathgeber, Australian J. Phys. 3, 183 (1950). 
™D. J. X. Montgomery, Cosmic-Ray Physics (Princeton Uni- 
versity Press, Princeton, 1949), p. 137. 
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Tasie VIII. Comparison of the values of relative amplitudes 
calculated for a spectral variation of the form 6j(£)=const 
(14+-£)-*j(£) with those observed in practice. The observed data 
apply to the short term variation. 


Relative 3 


amplitude 08 10 12 2.0 Observed 


139 26.1 518 1000 7.3 


High latitude 

neutron-underground 

High latitude meson- is i t2 1.5 
low latitude meson (telescope) 
(ion chambers) 

Low latitude neutron . j ’ : 1.3 
low latitude meson (telescope) 
(ion chambers) 


applicable to a narrow angle, vertical pointing telescope 
are different from those applicable to an ionization 
chamber, the narrow angle telescope, and therefore a 
cubical telescope being the more sensitive to low-energy 
primaries. Consequently, the percentage variations in 
cubical telescope counting rate at high latitudes will be 
greater than those for an ionization chamber (as is 
observed), and the high latitude-low latitude relative 
amplitude will be greater than that applicable to ioniza- 
tion chambers. ‘The intensity variations calculated 
using ionization chamber coupling constants are there- 
fore taken as lower limits of the variations observed 
using cubical telescopes. 

In the calculations reported here, it was assumed that 
primaries with energies <150 Bev do not contribute to 
the counting rate 40 m.w.e. underground. This limit 
could be considerably in error. Furthermore, there are 
considerable uncertainties in the coupling constants 
which are applicable to an underground telescope. For 
these reasons, it is believed that an agreement within a 
factor of about 2 or 3 between observed, and predicted 
relative amplitudes employing underground data must 
be regarded as being satisfactory. 

In Table VIII, relative amplitudes calculated using 
Eqs. (1) and (2) are compared with the means of those 
observed using Geiger counter telescopes (Table ITI). 
All values refer to the short-term variation. Bearing in 
mind the remarks made in the preceding paragraphs, 
the agreement between the observations, and the pre- 
dictions made using 8=0.8 or 1.0 is fairly satisfactory. 

Extrapolating in Fig. 2, the relative amplitudes of the 
neutron variations at an atmospheric depth of 680 g 
cm~? (=3.4 km) and sea level during short- and long- 
term variations are estimated to be 1.45 and 1.8, re- 
spectively. Using the 1957 values of the coupling con- 
stants requires unreasonable high values of 8 in order to 
yield such relative amplitudes. This may possibly indi- 
cate that the variations at low energies deviate con- 
siderably from the energy dependences deduced earlier. 


DISCUSSION 


Parker™ has proposed that the cosmic-ray intensity 
is depressed by clouds of solar matter which cluster 


*E. N. Parker, Phys. Rev. 103, 1518 (1956). 
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around the earth. He calculates from his model the 
spectrum which would be observed at the earth. Thus, 
writing the spectrum of the primary radiation outside 
the cloud cluster as j,,.(E£), he derives 


E(E+2) 


= jaf (3) 


“C+E(E+2)' 


where C is a quantity determined by the properties and 
number of the clouds in the vicinity of the earth. Con- 
sider a change in C produced by the arrival of more 
clouds from the sun. Then for Cp<3, and E>3 

5j(E) 6C 


so 
= 


j(E) Cot E(E+2) 


s —6C(1+E)-*”. 


Reference to Fig. 5 shows that the relative ampli- 
tudes calculated using an exponent of —2.0 fit neither 
the short-term, nor the long-term variations. An inde- 
pendent calculation of the high latitude neutron-Lae 
neutron relative amplitude using Eq. (3), and taking 
into account the alpha and heavy particle spectra,” 
yielded a value of 8.1, whereas the observed values are 
2.5 and 3.3. A specific yield function" calculated from 
the latitude survey reported by Rose et al.** was used 
in this calculation. 

Thus the mechanism originally proposed by Parker 
does not fit the facts. A similar conclusion has been 
reached recently by Brown.” 

Fonger” shows that for an electric field outside the 
geomagnetic field 


1 2 
~ +const }, 
1+£11-—1/(1+ E)? 


57(E) 
qi EB) 


where const~2.0. For E>3, this approximates to a 
(1+) energy dependence, which is in good agree- 
ment with the observed short-term dependence. It was 
pointed out in reference 1 that a geocentric electric 
field situated outside the geomagnetic field will not re- 
sult in the observed event to event variability of inter- 
instrument relative amplitude. However, an electric 
field in the same region as the geomagnetic field will 
alter the distribution of cutoff energies upon the surface 
of the earth, and thereby alter the latitude dependence 
of the relative amplitude. A study of this type of 
mechanism,” on the assumption of one special electric 
field distribution, has shown that a field at a distance 
of about four earth radii from the earth does result in a 
smaller latitude dependence of relative amplitude than 


8M. F. Kaplon, B. Peters, H. L. Reynolds, and D. M. Ritson, 
Phys. Rev. 85, 295 (1952). 

% D. C. Rose, K. B. Fenton, J. Katzman, and J. A. Simpson, 
Can. J. Phys. 34, 968 (1956). 

27R. R. Brown, Nuovo cimento 9, 197 (1958). 

28 J. A. Simpson, Phys. Rev. 94, 426 (1954). 
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when the field is either closer to, or further from the 
earth. Thus an electric field whose distance from the 
earth varies from event to event might predict both the 
variability of relative amplitude, and the correct de- 
pendence of intensity variation upon energy. It appears 
that further investigation of this type of mechanism 
might be worthwhile, despite the fact that the high 
electrical conductivity of interplanetary space would 
appear to preclude the existence of such fields. If the 
cosmic-ray effects can be shown to be consistent with 
such fields, we may have to re-examine our theories of 
interplanetary electromagnetic processes. 
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APPENDIX 


By definition,” the coupling constant W(E) of a 
recorder is given by 


W (E)=m(E)j(E)/C, 


where C is the total counting rate of the recorder, and 
m(E) is defined by C= /etton m(E)j(E)dE. For data 
from which all variations of an atmospheric nature 
have been removed, m(£) is invariant with respect to 
time. If j(£) changes to j(E)+6j(E), and as a conse- 
quence C changes to C+4C, then the coupling constant 


COSMIC-RAY SPECTRUM 


CHANGES 
applicable to the recorder is now 
m(E)[j(E)+6j(E)] 
W'(E)=— — 

C+é6C 





c 
titi iW), (4) 


that is, the coupling constants are not invariant with 
respect to spectral change. 

As marked changes occur in the cosmic-ray spectrum 
during the solar cycle, values of W(£) obtained experi- 
mentally during the period of minimum solar activity 
do not apply during a period of intense solar activity. 
Consequently, the neutron and meson coupling con- 
stants derived by Dorman” from observations made 
during 1952-54" (neutron data) and 1936” (meson 
data), that is, periods of minimal solar activity, are not 
applicable during 1957, a period of very great solar 
activity. 

A preliminary investigation” showed that the long- 
term spectral changes occurring during the period 1954- 
57 could be expressed approximately by 5j(£)=aj(£) 
(1+ £)"*. From the requirement that this expres- 
sion, when inserted in Eq. (1), should predict the ob- 
served 20% change in high latitude neutron intensity,” 
a was determined to be —3.7. [The 1954 values of W (EZ) 
were used in this calculation. ] From 6j(£)=—3.7j(E£) 
xX (1+£)"'*, and Eq. (4), the neutron coupling con- 
stants during 1957 [written W5;(Z)], were estimated 
from the 1954 values [W54(E£) ] thus 


W s7(E) = (100/80) {1—3.7(14+E)*) W54(B). 


In a similar manner, the values of the meson coupling 
constants applicable during 1957 were estimated from 
the 1936 values. 


™ 1D. C. Rose and J. Katzman, Can. J. Phys. 34, 1 (1959) id; 
A. Simpson, W. Fonger, and S. B. Treiman. Phys. "Rev. , 9. 
(1953). 
* A. H. Compton and R. N. Turner, Phys. Rev. 52, 799 (1937). 
| A. G. Fenton, K. B. Fenton, and D. C. Rose, Can. J. Phys. 
36, 824 (1958). 
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The decay rate of negative muons bound to nuclei of atomic 
number Z, Ag(Z), has been investigated experimentally by two 
independent methods: (a) the “sandwich” method, and (b) the 
“calibrated efficiency” method. Both methods are based on the 
fact that the negatron yield per muon, y~(Z), is proportional to 
Aa(Z)/A:(Z), where A;,(Z) is the total disappearance rate of nega- 
tive muons for element Z, and are designed to avoid absolute 
measurements of y~(Z). In method (a), u~ are stopped in a multi- 
layer “‘sandwich” target made by alternately stacking sheets of 
two elements Z, Z’, and the resultant e~ time distribution is 
decomposed into components due to Z and Z’. The ratio of muon 
stops in Z and Z’ is established empirically; knowing Aq(Z’), 
Aa(Z) can be computed. This method was applied to Al, Fe, Zn, 
Cd, Mo, W, and Pb. In method (b), w~ and y* of identical range 
distributions are stopped in a given target, and the e* yield, y*, is 


used as a calibration of the e~ counting efficiency. This method 
has been applied to C, Ca, Ti, V, Mn, Fe, Co, Ni, Zn, I, and Pb. 
The sources of error of either method are discussed in detail. The 
results indicate: 

(1) In the range 20<Z<30, Au(Z)>Adq(0), i.e., the bound 
decay rate exceeds the vacuum (i.e., u*) decay rate; Ag(Z) 
presents a sharp peak near Z = 26 

(2) For Z>30, one finds Ag(Z)<Ag(0), ie., the decay is 
inhibited by binding. The effect is very marked for the heaviest 
elements, e.g., Aa(82)/Ag(0) =0.34+0.04. 

These results are compared with the predictions of simplified 
theoretical models. The peak near Z = 26 is tentatively attributed 
to the Coulomb enhancement of the outgoing electron wave 
function at the point of decay. 





I. INTRODUCTION 


HE general behavior of negative muons in matter 

is well understood in terms of the picture in 
which the muons rapidly reach the ground states of the 
mesic atoms, and disappear from these states by the 
competing processes of capture and of decay. The cap- 
ture rates will depend strongly on the Z, the atomic 
number of the capturing nucleus, because the proba- 
bility of finding the muon inside nuclear matter is 
strongly Z-dependent. This Z-dependence, first quanti- 
tatively discussed by Wheeler,' has by now been well 
investigated in this laboratory? and elsewhere.* The 
decay rates, on the other hand, should in some first 
approximation not be affected at all by the fact that 
the muons are bound, inasmuch as the decay process 
is a purely leptonic one. There are, however, several 
obvious physical effects which will bring about finite 
differences between the bound decay rates and the 
vacuum decay rate (which may be taken as that of a 
positive muon), and some of these have been the subject 
of theoretical investigations” : 

(a) the decay rate is proportional to the fifth power 
of the available energy, and this quantity differs for a 
bound muon from the muon rest mass; 

(b) the orbital motion leads to a Doppler smearing 
of the decay spectrum as well as to a time dilation; 

(c) the outgoing election can no longer be described 


* Research supported by a joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

+ A thesis submitted to the Department of Physics, the Uni- 
versity of Chicago, in partiai fulfillment of the requirements for 
the Ph.D. degree. 

1 J. A. Wheeler, Revs. Modern Phys. 21, 133 (1949). 

2 J. C. Sens, Phys. Rev. 113, 679 (1959). 

*For a survey, see J. Rainwater, Annual Review of Nuclear 
Science (Annual Reviews, Inc., Palo Alto, 1957), Vol. 7, p. 1. 

*C. E. Porter and H. Primakoff, Phys. Rev. 83, 849 (1951). 

5 T. Muto ef al., Progr. Theoret. Phys. (Kyoto) 8, 13 (1952). 

*N. D. Khuri and A. S. Wightman (private communication). 

7H. Primakoff (private communication). 


by a plane wave, being strongly attracted to the point 
of decay by the nuclear Coulomb potential. 

Experimentally, the decay of bound muons has so 
far been investigated in much less detail than the 
capture process.*? The purpose of the present work is 
to provide empirical evidence for the effects just men- 
tioned through the measurement of the decay rates of 
negative muons bound to various nuclei throughout 
the periodic table. Inasmuch as none of the theoretical 
calculations performed to date can claim more than 
semiquantitative validity [effect (c) having been neg- 
lected and the finite size of the nucleus not having been 
properly taken into account ], the results of the present 
investigation may be useful for several reasons: 

(1) The calculation of precise muon-capture rates 
from the experimentally accessible muon disappearance 
rates requires the knowledge of the decay rates.” 

(2) The experimental determination of the relative 
atomic capture probabilities of the constituents of 
chemical compounds in which muons are brought to 
rest, if performed by the convenient method of studying 
the time dependence of the electron appearance rates," 
also requires a knowledge of the bound decay rates for 
the mesic atoms in question. 

(3) The determination of muon-capture rates from 
the number of decay electrons per muon, such as per- 
formed by Lederman and Weinrich,"! becomes quanti- 
tatively meaningful only once the specific bound decay 
rates are known or can at least be interpolated from 
data on neighboring nuclei. 

Section II of this paper contains a description of the 
experimental procedures used in our measurements. 

*F. E. Holmstrom and J. E. Keuffel (unpublished). 

* A. Astbury e al., Proc. Phys. Soc. (London) 73, 314 (1959). 

J. C. Sens ef al., Nuovo cimento 7, 314 (1959). 

"LL. Lederman and M. Weinrich, Proceedings of the CERN 
Symposium on High-Energy Accelerators and Pion Physics, Geneva, 


1956 (European Organization of Nuclear Research, Geneva, 
1956), Vol. 2, p. 427. 
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DECAY RATES OF BOUND NEGATIVE MUONS 


The various sources of error and the corrections applied 
in deriving the final decay rates are discussed in Sec. III, 
while Sec. IV is devoted to the discussion of the results. 


Il, EXPERIMENTAL PROCEDURE 
A. Description of Methods 


Negative muons stopped in an elemental target of 
atomic number Z disappear at a rate" 


A.(Z)=Aa(Z)+A.(Z), (1) 


where A,(Z) is the decay rate and A,(Z) the capture 
rate specific to the target Z in question.” If NV,~ nega- 
tive muons are stopped at ‘=0, the decay electrons will 
appear at a rate 


dN -/dt=Aa(Z)N,- exp[—A.(Z)4), (2) 


i.€., with a time dependence characterized by A;(Z). 
The total electron yield per stopped muon, Y,-, is 
given by 

Yo= No/N =Ae(Z)/A.(Z), (3) 


and is a measure of the desired quantity Ay(Z), once 
A,(Z) is known, say from the study of Eq. (2). In 
practice, the decay electrons from a finite target Z will 
be detected with an efficiency «~(Z) and a solid angle 
AQ-(Z) with an actual yield y~(Z): 


y (Z)= AQ (Z)€ (Z)Aa(Z)/Ar(Z). (3’) 


The determination of the product AQ- (Z)«~(Z), i.e., the 
absolute counting of electrons, necessary for a measure- 
ment of Ag(Z) poses considerable problems. To circum- 
vent these, we have adopted two independent methods : 

(a) “Sandwich” method. Here one compares the elec- 
tron yields y~(Z) and y~(Z’) from two constituents Z, Z’ 
of multi-layer target compounded of alternate sheets of 
two elements Z and Z’. The separation of the observed 
electron yield into y~-(Z) and y~(Z’) is done by decom- 
posing the observed time distribution into two com- 
ponents characterized by A;,(Z) and A;,(Z’), respectively. 
One has 


y-(Z) AQ-(Z)e-(Z) Aa(Z) AZ’) 
= —___— ———_-___., (4) 
y(Z') AQ (Z’)e-(Z") Aa(Z") Ad(Z) 
The “sandwich” arrangement allows one to take (except 
for minor effects which wili be discussed in detail later) 
the first quotient equal to unity. Thus A,(Z) can be 
determined if Ag(Z’) is known [the quantity A,(Z)/ 
A,(Z’) is readily available, e.g., from the observed time 
distribution ]. Taking Z’ sufficiently small, one may 
assume A,y(Z’)~Aa(0)=Ag*, the decay constant of the 
positive muon. With this assumption, the “sandwich” 
We assume though that solely muon decay contributes to the 
electron yield, i.e., that the process N+y" — N+e~ never takes 
place. Empirically, one knows only that this is 5X 10™ rarer than 
muon decay for Z=29 [see: J. Steinberger and H. B. Wolfe, 
Phys. Rev. 100, 1490 (1957)]. 


4 We negiect any dependence of Ag and A, on quantities other 
than Z, e.g., on A. 


method gives Ag(Z) as 


y~(Z)A,(Z) 
A4(Z) =——_ Aa(0) = R(Z)Aq(0), (S) 
y(Z’)A(Z") 


the quantity R(Z) characteristic of the departure of 
the decay rate of a muon bound to a nucleus Z from the 
vacuum decay rate Ag(0), being defined by Eq. (5). 
To evaluate Eq. (5), one must of course accurately 
know the ratio of muon stops V,~(Z)/N,-(Z’). This 
quantity could in principle be calculated from known 
stopping power data, but it is much more reliable to 
determine it by direct measurements. 

(6) “Calibrated efficiency” method. Here y~ and yt 
mesons of identical range distributions are stopped in 
the same target Z, and the yields y~(Z), y*(Z) of nega- 
tive and positive electrons are determined in the same 
counting geometry. Denoting by an index + the 
quantities pertaining to positron counting, one has 


y (Z) (— (Z)e <— Ay(0) 


yt(Z) \aat(Z)er(Z)7 Ag(0) AZ) 
Assuming that the positive and negative electrons in 
question have identical range properties, the “efficiency” 
quotient in Eq. (6) may be set equal to unity, and one 
may write 


Aa(Z) = R(Z)Aa(0)=Ai(Z)y-(Z)/y*(Z). —(6’) 


Method (a) has certain advantages over method (b), 
but is limited by the fact that not all elemental targets 
are available in sheet form. In both methods the 
ultimate limitation on the accuracy with which R(Z) 
can be determined is set by the uncertainties in the 
disappearance rates A;(Z). 

There are two effects which have to be considered in 
using either of these two methods to determine A,(Z) : 

(1) In determining the yields y-(Z) one must make 
sure that one is effectively counting electrons and not 
rays. Since about two or three y rays are produced per 
uw capture? (presumably in the de-excitation of the 
capture products) and since the ratio A,/Ag> 10 for the 
Z’s of interest, even a smal! sensitivity of the “electron”’ 
detector to y’s can cause a large error in R(Z). In a 
heavy element like Pb for instance, where the number of 
capture y’s is about 100 times larger than the number 
of decay electrons, a 1% efficiency of counting 7’s 
would cause a systematic error of about 100% in R(Z). 
The electron telescope used in the present experiment 
was so designed as to have an efficiency of <0.1% for 
counting y’s of energies below 10 Mev. 

(2) The uw and w* beams used in the measurements 
may be highly polarized (viz., 70% in the case of the 
Chicago 145 Mev/c beams") and thus yield anisotropic 
electron distributions when brought to rest in not com- 
pletely depolarizing media. In comparing the electron 


“R. A. Swanson, Phys. Rev. 112, 580 (1958). 
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Fic. 1, Differential range curve of the 145 Mev/c negative 
“muon” beam used. Beam is purified by the method of Campbell 
and Swanson.'* 


yields from different targets (or from muons of opposite 
sign in a given target) in a fixed direction, one has to 
take the dependence of the asymmetry on the type of 
the target and the sign of the muons duly into account. 
Thus positive muons appear to retain their full polariza- 
tion in conductors, while negative muons reaching the 
K shell appear to retain in the most favorable cases 
(targets with spin zero nuclei) no more than about 20% 
polarization.'® This circumstance would falsify the 
results obtained by method (b) by a factor f= (1—da*)/ 
(1—d@-), where d* indicates the effective asymmetry 
parameters for the two muon charges in the character- 
istic distribution W (@)=1+4d* cosé (@=angle between 
u-beam and electron emission directions). The error 
introduced by the same effect in method (a) would 
however be much smaller, since one compares these 
two yields from negative muons, and @~ is known not 
to exceed 0.04 in absolute magnitude." As will be 
discussed below, it is possible to eliminate these asym- 
metry effects by the use of suitable magnetic field 
arrangements. 


B. Experimental Arrangements 
1. Beam Characteristics 


The purity of the “muon” beams used and the precise 
knowledge of their range distributions is very important 
in either of the two methods described above. The 
negative beam had to meet the following requirements : 

(a) be free of e~ contamination—electrons stopping 
in the target would introduce spurious “muon” counts; 

(b) have a minimal x~ contamination—the pion-star 

16 A. E. Ignatenko ef al., J. Exptl. Theoret. Phys. U.S.S.R. 35, 
1131 (1958) (translation: Soviet Phys. JETP 35(8), 792 (1959) ]. 
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products could also effect the muon counting (see 
below). 

We used a purified beam prepared by the method of 
Campbell and Swanson.'* The range distribution of 
this beam, of about 82-Mev mean muon energy, is 
shown on Fig. 1. This figure shows clearly that both 
requirements (a) and (b) were well met. The flux of 
this beam, measured in terms of u~ stops in a target of 
6-8 g/cm? thickness, was 1—1.2 w~/cm? sec over a target 
area of about 10? cm’. 

The positive beam, used in method (b), did not have to 
be purified as extensively as the negative one, possessing 
inherently” a smaller electron contamination. On the 
other hand, by the very nature of the “calibrated 
efficiency” method, the mean range and the range 
distribution of the positive muons had to match these 
same features of the negative muon beam as closely as 
possible. Figure 2 shows a comparison of the w~ and yt 
range distributions as determined near the peaks of 
these distributions with Cu absorbers. In order to 
insure the reproducibility of these distributions for all 
targets, we monitored the magnetic field of the steering 
magnet used for the momentum analysis of the incident 
beam with a Li nuclear resonance probe.'’ With this 
precaution, the reproducibility in locating the centroids 
of the range distributions was in all runs better than 
+0.05 g/cm? of moderator. 


2. Counter Layout and Electronics 

The counter arrangements used in both methods 

were sufficiently similar so as not to require separate 
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Fic. 2. Differential range curves of u~/u* beams used: 
compared near the end of their range 

16 N. P. Campbell and R. A. Swanson (unpublished report) 

17 Preliminary experiments had indicated that the variation of 
the fields (1-29) upon reversal of the current through the steering 
magnet (due to hysteresis of the latter) has a very drastic effect on 
the range distribution. The beam composition was also found to 
be very strongly affected by even slight radial displacements of 
the cyclotron target. 
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description. The general layout will be described with 
reference to Fig. 3, indicating later, whenever necessary, 
the slight modifications that were made when switching 
from one method to the other. 

All counters, 1 through 7, consisted of square plastic 
scintillators coupled by Lucite light pipes to 6810-A 
photomultipliers. The “muon” beam, incident on 
counter 1, passed through a lead collimator Pb and 
then through a copper moderator Cu of sufficient thick- 
ness (~28 g/cm’) to center the muon range curve in 
the target T (6-10 g/cm?). A muon stopping in T was 
signalled by the coincidence-anticoincidence combina- 
tion (12345) (“‘u-telescope”). Especially with the nega- 
tive beam, the two counters (3 and 4) behind the Cu 
moderator were essential in reducing the number 
of spurious muon counts due to the pion induced 
short range particles (protons and neutrons)’. In the 
“sandwich” runs counter 4 consisted of a thin (;’yin.) 
scintillator 4X4 in. in area, this choice was essential 
for measuring the number of stops in the various layers 
of the “sandwich”’ targets. 

The coincidence part of the electron telescope con- 
sisted of one }-in. thick scintillator 5.55.5 in. in 
area (counter 5) and of two }-in. scintillators 8X8 in. 
in area (counters 6 and 7), with two of ;°s-in. thick Al 
sheets sandwiched between them. In method (a) the 
same counters were of smaller area (6X6 in.), but the 
other features of the telescope were unchanged. An 
electron originating from the target was signalled by 
the combination (4567) (“‘e-telescope’”’), where the 4 
anticoincidence excluded electrons coming from decays 
in the moderator. This anticoincidence requirement 
suppressed also all true electron events within about 
10 mysec from ‘=0 (the arrival time of the muon), 
a fact which leads to corrections which will be dis- 
cussed later. 

The total mass of the (567) electron telescope, in- 
cluding the Al absorber, was 5.5 g/cm*. To get an 
upper limit to its y-ray sensitivity, we may first con- 
sider this combination as (57) doubles telescope ; accord- 
ing to the data of Bleuler and Zunti,'* such a com- 








Fic. 3. Experimental arrangement for the measurement 
of the decay rates. 


18 E. Bleuler and W. Ziinti, Helv. Phys. Acta 19, 77 (1946); 


see also W. A. Fowler, C. C. Lauritsen, and T. Lauritsen, Revs. 
Modern Phys. 20, 236 (1948). 
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bination (with the amount of absorber just specified) 
would have an efficiency <10~* for a single photon of 
10 Mev (and less for softer radiations). In view of the 
fact that probably several nuclear de-excitation y’s are 
emitted simultaneously after muon capture, the actual 
sensitivity of such a doubles telescope could however be 
slightly higher than 10~*, through the occurrence of 
two simultaneous Compton events. The triples com- 
bination (567) actually used here eliminates such events 
completely, while the probability of analogous threefold 
events is negligibly small. The effectiveness of the 
addition of a third counter was borne out by auxiliary 
measurement in which w~ and wt decays in Cu were 
compared. 

Both the (12345)-“stop” and (4567)-“start” signals 
were generated by Garwin type” coincidence circuits 
followed by fast triggers.” These “start” and “stop” 
signals were fed to a time-to-puise-height converter 
(T.C.) as timing pulses, in a manner already described 
in detail elsewhere.*** The T.C. output was fed to a 
100-channel pulse-height analyzer (PHA). 

The output rates of both (e and yw) telescopes were 
monitored by 10 Mc/sec scalers (H.P. 520 A), followed 
by conventional slow decades. In determining the 
yields y*, the relevant number of muons is that of 
those capable of contributing an “analyzable” electron. 
In view of the finite dead-time of the T.C.-PHA com- 
bination used here (400 wsec per analysis, leading to 
about 20-30% loss for the beam rates used), this 
number was substantially different from the essentially 
loss-free output of the y-telescope scaler. To correct 
for this, the u-telescope output was monitored through 
a simple transistor block gate which received its block 
signal from PHA, thus preventing the counting of 
any muon arriving during an analysis.” 

A pair of Helmholtz coils, indicated as HC in Fig. 3, 
was mounted together with the counters to provide the 
compensating and/or precessing fields required in the 
various parts of the experiment. The axes of these coils 
were centered with respect to the target 7. 


3. Muon Stop Distribution in “Sandwich” Targets 


The ratio of u stops in the two constituents Z, Z’ of 
each “sandwich” target was measured as follows: 

Contrary to what is indicated on Fig. 3, counter 4 
(7s in. thick) was moved quite close to counter 5, so as 
to leave only a gap of the width of target sheet between 
these two counters. The number, m, of muons (per 
fixed monitor) that stopped in 4 with the correct amount 
of moderator in place was first measured as (12345) 
with the target out (i.e., with nothing between counters 
3 and 4). Next, the first sheet of the “sandwich,” of 
element Z, was inserted between 4 and 5; this gave V, 


“ R. L. Garwin, Rev. Sci. Instr. 24, 618 (1953). 


™W. C. 
(1956). 

™ We are indebted to R. A. Swanson for pointing out this effect 
and for the design of the gate circuit. 


Davidon and R. B. Frank, Rev. Sci. Instr. 27, 15 





D. 


D. YOVANOVITCH 


Taste I. “Sandwich” compositions 


Thickness* in cm 


Number of 
sheets 
(3) 


2X12 
2x10 
2x8 
2x8 
2x8 
2X6 


Z/Z' 
(1) 


13/6 
26/6 
30/6 
42/13 
48/6 
74/6 


‘Sandwich” 
(2) 


Z 
(4) 
0.163 
0.061 
0.155 
0.101 
0.165 
0.050 
0.160 
0.160 


Al-CH, 
Fe-CH, 
Zn-CHy 
Mo-Al 

Cd CH, 
W-CH, 
82/26 Pb-F er” 2X6 
R2 26 Pb Fey,” 2X6 


* All sheets 10 X10 cm in area. 
+ Two Pb-Fe “‘sandwich” targets differing in thickness of Fe sheets. 


counts per monitor, corresponding to stops in 4 and in 
the target sheet Z in question. (Vi—m) gives hence the 
number of stops in this sheet. This same sheet was then 
transferred into the target position (between 3 and 4), 
and another measurement taken, giving m, stops per 
monitor. Hereafter the second sheet of the “sandwich,” 
made of element Z’, was inserted between 4 and 5, 
yielding M, stops per monitor. The number (M,—m)) 
represents the stops in sheet Z’. Proceeding in the same 
manner, the whole “‘sandwich” was stacked, taking 
for each sheet two counts: once inserting it between 4 
and 5, and once adding it to the already measured 
sheets between 3 and 4. The sum }-(N,—n,) is the 
number of muons stopping in the component Z, and 
the sum >> (M,—™m,) is the corresponding number for 
the component Z’. The quantity of interest is the 
ratio S=>-(N;—n,)/3-(M,—m,) of muon stops, i.e., 
S=N,-(Z)/N,-(Z’) [compare the remarks after Eq. 
(5) ]. Concerning the geometry of these measurements, 
it is worth pointing out that the anticoincidence 
counter 5 was considerably larger in area (5.55.5 in.) 
than the ‘‘sandwich” sheets (3X3 in.), and that the 
over-all thickness of the “sandwich” targets never 
exceeded 3 in. so that the relative change in solid angle 
during the process of stacking was negligible. 


Ill. DATA ANALYSIS 
A. Sandwich Method Data 


The elements Al, Fe, Zn, Cd, Mo, W, and Pb were 
investigated by the “sandwich” method ; a preliminary 
account of the results, not including the Pb data, has 
already been given.” In general, the targets consisted 
of 6 to 12 sheets of the element in question, interspersed 
with an equal number of “‘carbon”’ (polyethylene, CH.) 
sheets. The total mass (and hence the individual 
thicknesses) of the latter was so chosen that the heavy 
and the light components of each sandwich contributed 
roughly equal numbers of decay electrons. For the 
Mo (Pb) measurements, Al (Fe) was used instead of 
“carbon” as the light component of the sandwich in 
order to optimize the ratio of the target thickness to 


2 R. A. Lundy ef al., Phys. Rev. Letters 1, 102 (1958). 


of single sheets 


Zz N ‘ / i—m;,) S 
(5) 7 (8) 
0.076 
0.038 
0.038 
0.163 
0.038 
0.038 
0.061 
0.035 


9550 
23 178 
2 2600 
16 362 
45 220 
31 420 
21 356 


19 103 


1.84+0.05 
4.59+0.10 
7.36+0.20 
2.13+0.05 
8.27+0.20 
5.72+0.20 
3.03+0.10 
4.19+0.12 


the total number of sheets. In typical runs, about 10* 
electrons were collected from each component of a 
sandwich. For the heaviest elements, W and Pb, this 
number was limited to about 310* in view of the 
particularly low electron yields. 

The time distribution of the decay electrons, as dis- 
played on the P.H.A., is readily resolved on a loga- 
rithmic plot into two components characterized by the 
disappearance rates A,(Z) and A,(Z’). This is illustrated 
in Fig. 4, which is a typical plot obtained with a Fe-CH, 
target. The electron yield y~(Z) contributed by ele- 
ment Z is essentially given (i.e., except for normalization 
to the number of pertinent muon stops) by the area 
under the component of slope A;(Z). Indicating the 
0 by Vo(Z) one has 


A,(Z). 


ordinate of the electron rates at ¢ 


Ve (Z)~No(Z (7) 
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Fic. 4. Time distribution of the decay electrons from Fe-CH; 
“sandwich” target. Indicated lifetimes correspond to Ay (6) and 
A;*(26) for the twe elemental components of the “sandwich.” 
The indicated errors represent statistical standard deviations. 
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Taste IT. “Sandwich” method data. 





Z/Z' “Sandwich” A.(Z) A,(Z’) 

(1) (2) (3) (4) 

13/6 Al-CH; 11.340.3 4.90+0.4 
26/6 Fe-CH: 49.7+0.7 4.90+0.4 
30/6 Zn-CH; 62.141.0 4.90+0.4 
42/13 Mo-Al 95.2+1.8 11.3 +0.10 
48/6 Cd-CH; 104.5+4.0 4.90+0.04 
74/6 W-CH; 123.5+3.0 4.90+0.04 
82/26 121.9+4.0 49.7 +0.7 


Pb-Fer 
Pb-Fen 121.9+-4.0 49.7 +0.7 











* Asymmetry correction, fs, included (see text). 
> Corrected by R(26) =1.21. 


It is therefore essential that the position of the /=0 
axis be accurately known. Experimentally, this position 
is determined by letting the direct beam traverse both 
telescopes (i.e., by removing all anticoincidence require- 
ments) and by observing on the P.H.A. the channel 
number corresponding to the simultaneous events so 
produced. The position of the time zero channel could 
in this way be determined with an accuracy of +10 
musec. The drift of this position during the entire 
experiment did not exceed this amount. 

The range covered by the T.C. was so chosen as to 
give a clear display of the short component. Thus this 
range was ~6 usec for the Al-CH,; combination, ~3 psec 
for the Fe-CH, sandwich, and ~1 ysec for all the other 
targets. The P.H.A. data were lumped into groups of 
5 channels, starting with that channel nearest to /=0 
which was not affected by the anticoincidence ac- 
tion of 4. 

The resultant data were least-squares fitted, with 
the help of an electronic computer (IBM 650), to a 
time distribution of the form f(/)=A exp[—A,(Z)¢] 
+A’ exp[—A,(Z’)t]+B.™ A, A’ and the background B 
were the unknown parameters, while the total dis- 
appearance rates A;(Z) and A,(Z’) were available from 
other work.? The values of A and A’ so obtained were 
then corrected for the true position of time zero, and 
for finite channel width effects. The corrected param- 
eters, when divided by the fraction of muons stopping 
in the pertinent component, give directly the required 
yields y~ to be used in Eq. (5), when the light sandwich 
component is “carbon” or Al. Where Fe was used as 
the light component, the yield y~(Fe) is corrected by 
the R(Z) value for Fe already determined previously. 

A summary of the constitution of the sandwich 
targets is given in Table I, while the data obtained 
with these targets are summarized in Table II. 


B. Calibrated Efficiency Method Data 


The elements C, Ca, Ti, V, Mn, Fe, Co, Ni, Zn, I, 
and Pb were investigated by this method. This selection 

%In this analysis we neglected the factor exp(Mi), where 
M = instantaneous stop rate, which wouid in principle multiply /(#) 
(see, e.g., discussion in references 2 and 14). This was justified by 
the smallness of the stop rates used: M=8X< 10". 


Analyzed 
electrons S 
(S) (6) 
41719 
26 570 
9839 
8329 

10 799 
7333 
5309 
9684 


No(Z)/No(Z’? 
(7) 


R(Z) 
(8) 


1.84+0.05 
4.59+0.10 
7.3640.20 
2.1340.05 
8.27+0.20 
5.72+0.20 
3.03+0.10 
4.19+0.12 


0.99+0.04 
1.21+0.05 
0.96+0.05 
0.93+0.05 
0.90+0.05 
0.5340.05 
0.27+0.10° 
0.28+0.10" 


1.82+0.05 
5.57+:0.14 
7,09+0.20 
1.98+0.06 
7.42+0.30 
3.03+0.10 
0.66+0.04 
0.98+0.05 





of targets was made with a twofold purpose: (a) to 
investigate closely the region 20<Z<30, and (b) to 
check the Ag(Z) values obtained for certain elements, in 
particular Pb, by the sandwich method by an inde- 
pendent measurement. All Z<30 except carbon had 
about equal thicknesses in radiation lengths, viz., about 
0.559 (this corresponds to 1 cm of Fe). This choice 
was made in order to make the comparison of the 
electron yields from targets in this group particularly 
easy and reliable. In view of the target thickness re- 
quired to stop muons efficiently (6 to 8 g/cm*), the same 
requirement would have been impractical for C, I, 
and Pb. All targets were 10 cmX10 cm in area, and 
were supported by thin styrofoam frames. The latter 
insured reproducible positioning with respect to the 
counters. 

Typical average rates in this part of the experiment 
were 130 u* stops/sec and 30 e+/sec with the positive 
beam. The negative beam gave about 120 yo stops sec, 
while the electron rate varied from 20 e~/sec (for C) 
down to 0.2 e~/sec (for Pb). We aimed at collecting 
10* e~ and 3X10‘ e* per target; for the e~ from the 
heaviest targets this goal could again not be attained 
in view of their low yields. The statistical error con- 
tributed by the electron counts was however for all 
targets smaller than other experimental uncertainties 
which will be discussed below. 

Figure 5 shows the time distributions of positive and 
negative electrons obtained with a Zn target. The 
number of stopped muons contributing to either distri- 
bution is indicated in the figure. The background 
observed in the u~ runs came from two sources: (a) acci- 
dentals from uncorrelated u—e events, and (b) “carbon” 
background due to u~ stops in the counter wrappings, 
and in the carbon and other light impurities contained 
in the targets themselves. Source (b) contributed about 
ten times as much as source (a)- In all cases the ratio, 
8, of the electron counts due te true events and to 
background, taken at time zero, was 20 or better. 

The data were analyzed by first subtracting the 
extrapolated background from the total number of 
counts in a given time distribution. The resultant 
number was further corrected for (1) anticoincidence 
loss near {=0, (2) possible asymmetry effects, and 
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Fic. 5. Time distributions of e~ and e* from Zn target. The 
indicated errors represent statistical standard deviations. The 
background in e time-distribution is due to “carbon” con- 
tamination. 


4 


(3) differences between the e+ and e 
from a given target. 

Our measurements by the calibrated efficiency method 
are summarized in Table III. This table contains all 
the relevant information to justify the errors in R(Z) 
quoted in its last column. 


energy spectra 


C. Corrections and Errors 


We shall first list here errors which could readily 
be eliminated or corrected for, and then discuss one 
important systematic uncertainty—the possible differ- 
ence between ¢* and e~ spectra—for which we had to 
make an allowance in the error quoted for R(Z) without 
being able to assess its magnitude quantitatively. It is 
perhaps worth pointing out that the sources of errors 
discussed here play an equally important role when a 
principle similar to that of “calibrated efficiency” 
method is used to measure muon capture rates as was 
the case in the work of Lederman and Weinrich." 
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1. Muon Distribution within the Target 


The electron yield from a given target is a strong 
function of the range distribution of muons which 
stop in it. Experimentally, we found that for the 
medium Z targets, such as Fe, a displacement of the 
centroid of the muon range peak by 4 in. within the 
target produced a 10% change in the electron yield. 
In order to equalize the corresponding e+ and e~ 
counting efficiencies to within better than +1%, one 
has hence to position ut and w~ range distributions 
within a target to an accuracy of 0.1 g/cm? of the 
moderator. In the present experiment the accuracy of 
this exceeded 0.05 g/cm*. As already mentioned, moni- 
toring the analyzer magnet field with a Li resonance 
probe insured reproducibility to the same accuracy. 


2. Asymmetries in the e* Angular Distributions 


As a consequence of well-known effects, the time 
distribution of positive and negative electrons emitted 
along the beam direction may be modulated as P(t) 
=e Att if the muons retain some polariza- 
tion when brought to rest in a target that is placed in 
an external magnetic field B. The total number of 


(1—d cosw), 


electrons is given by: 


7.) 


N, -f (1—d coswl 
0 


where w/2xr=eB/mc= 13.5 kc/gauss and x=A,/w. The 
term in square brackets represents a correction which 
depends on B and on the asymmetry coefficient 4. 


[1—dx?/(1—x*)]/A, (8) 


The w* runs were performed in the field B=35 gauss, 
where x=0.15 with coefficients @ of —0.22 for 
most of the targets (the ferromagnetic elements Fe, 
Co, Ni, and also I, depolarize u*’s) resulting in a cor- 
rection of less than 0.1%. The u~ runs were made with 
the external field B compensated to zero, because the 
high magnetic fields necessary to make x small appeared 


about 


TABLE III. “Calibrated efficiency” data 


Disapp 
rate A,(Z) Anal. 
< 108 sec™! electr. foe 
(1) (2) t (4) 


1.011+0.005 
1.067 +0.007 
1.068+0.010 
1.085+0.010 
1.095+0.010 
113+0.015 
.113+0.015 
127+0.015 
151+0.015 
143+0.015 
.289+-0.030 
290-+0.030 


S 4.90+0.04 
Ca 30.0 +0.3 9117 
Ti 30.3 +0.5 9687 
Vv 37.9 +06 8278 
Mn 41.8 +0.6 7913 
Fe 49.7 +0.7 8081 
Fe* 497 +0.7 6345 
Cot 58.5 +0.8 8222 


1 
1 
1 
Ni 64.9 +1.0 7910 5 1 
1 
1 
1 


27 709 


Zn 62.1 +1.0 9195 
I 117.4 +3.5 6624 
Pb 121.9 +4.0° 3676 


* All ».~ except »~ for C, corrected by f, = 1.06 +0.02. 


V.* was 3 X10' for 
* Stainless steel. 


all targets 


1.04+0.01 
1.04+0.01 
1.00+0.01 
1.00+0.01 
1.00+0.01 
1.00+0.01 
1.04+0.01 
1.00+0.01 
1.00+0.01 
1.04+0.01 
1.00+0.01 
1.04+0.01 


ve uncorr : ” 


fo ”<10-3 " «10 x 10-3 R(Z) 


(5 6) x 9) 


~s 


_ 


+2 
+0 
+0 


+2 141 
0 142+ 
+0.5 143+ 
tU.. 150 
t-() 147 
+) 146+ 
+0 153 
0.3 130 
t0.3 111 
0.3 1524 
0.1 119+ 
0.06 1094 


1.00+0.02 
1.00+0.03 
1.62 +0.03 
1.08+0.03 
1.05+0.03 
1.10+0.03 
1.12+0.03 
1.13+0.04 
1.07+0.04 
0.95+0.03 
0.66+0.07 
0.40+0.10 
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experimentally impractical. Over the target volume the 
field compensation was better than 0.05 gauss. A cor- 
rection by the factor f,= 1.04 was made for all e~ yields 
from all nonferromagnetic targets composed of spin 
zero nuclei, e.g., C, Ca, Zn, and Pb. The uncertainty 
of 0.01 is assigned to this particular correction. 


3. Electron and Pion Contamination 
in the ‘Muon’ Beam 


This factor leads to an uncertainty in the observed 
number of muon stops in the target. A 10% e~ con- 
tamination of the “muon” beam was estimated to 
affect the observed y~ by 3-5% in the sense of making 
the apparent yield smaller. With the pure beams used 
here there is only a negligible correction for this effect. 


4. Anticoincidence Loss | 


As mentioned in Sec. IIB, a certain number of the 
electrons emitted near !=0 is suppressed by the action 
of counter 4 in the telescope (4567). The anticoincidence 
delay curve F (1,7) of this combination had a half-width 
T= 10 musec, leading to losses of the order of 30% for 
the fastest disappearance rates. The necessary anti- 
coincidence loss correction factor f... was computed 
numerically for each A;(Z) as 


fa-e=A,(Z) f F(t,T) exp(—A¢d)dt. (9) 
0 


As F(t,T) was known from measurement to better than 
10%, the uncertainty in f,.. introduces an error in y~ 
that does not exceed +1% for the light and +3% for 
the heavy elements. 


5. Total Disappearance Rates 


As mentioned in Sec. ITA, the ultimate limitation on 
the accuracy with which R(Z) can be determined is set 
by the uncertainties in the A,(Z). For most of the 
elements measured, A;(Z)’s were available from the 
measurements of Sens,’ or in some cases (Fe, Pb, Co), 
are weighted mean values of Sens’ results and the 
results of this experiment [method (b) gives A;(Z) as a 
by-product ]. The uncertainties in A,(Z) are listed in 
Tables II and III and do not exceed ~1% for low Z 
elements and ~3% for the high Z elements. 


6. Statistical Uncertainties 


The statistics in the accumulated number of electrons 
listed in Tables II and III for methods (a) and (b), 
respectively, contribute to the quoted error in R(Z). 
These were estimated in the standard fashion. 

We now come to the one systematic uncertainty 
whose importance could not be assumed quantitatively 
with the techniques used in this experiment. It arises 
from the following. 


BOUND NEGATIVE 


MUONS 


7. Spectral Differences 


While free u- mesons should give the same decay 
spectrum as w+ mesons, one would expect the decay 
spectra of bound u~ mesons to reflect the kinematics of 
the orbital motion and the influences of the Coulomb 
field on the outgoing e~. Some estimates of this spectral 
“distortion” have appeared in the literature*’ ; although 
they are not reliable, they suggest that the effect is not 
unimportant for medium Z and that it increases with Z. 
The question arises to what extent the efficiency of our 
electron telescope reflects, in the comparison of y~ 
and y+, from thick targets, these spectral differences. 
A similar difference in efficiencies may of course also 
arise when one compares e~ yields from weakly and 
strongly bound muons (e.g., in the “sandwich” method). 
As far as the y~, y* comparison is concerned, we have 
attempted to estimate the necessary corrections both 
empirically and by a Monte Carlo calculation. Empiri- 
cally, the absorption of the decay electrons was investi- 
gated for (1) u* stopping in C, (2) u* stopping in Fe. 
Absorption curves were taken by varying the thickness 
of the Al absorber (from } in. to 1 in. in }-in. steps) in 
a slightly modified version of our usual electron tele- 
scope. The two curves obtained with C showed no 
significant difference to within the 1.5% accuracy of 
the comparison. On the other hand, the Fe absorption 
curves showed an effect which, extrapolated to zero 
absorber thickness, corresponds to a (6.041.5)% higher 
etficiency for counting e+ than e~. Thus even with the 
thick targets used (1 cm of Fe), the anticipated dis- 
tortion appears to be of consequence. On the bases of 
these auxiliary experiments we concluded that a factor 
f.p=1.0640.02 should be applied to the y~(Z) for the 
elements near Fe in the periodic table. A crude Monte 
Carlo calculation (in which a particular e~-spectrum 
had to be assumed) gave also a correction factor of 
this magnitude. 

There remains a question as to how large a correction 
factor should be applied to the y~ from the heavy ele- 
ments I, W, and Pb. Since targets of several radiation 
lengths thickness were used for these elements, one 
might agree that the large degradation of the initially 
different spectra should tend to smear these out and to 
equalize the differences in the detection efficiencies. 
The results of some auxiliary y~ measurements per- 
formed with Pb targets of varying thickness (i.e., using 
the target as an absorber) tend to bear out this con- 
jecture. These measurements gave 0.95+0.10 for the 
ratio, y+/y~ thus implying that to 10% accuracy this 


. is an effect in Pb. Unfortunately, the low e~ yield from 


thin Pb targets made a better investigation of this 
effect impractical. 


IV. DISCUSSION OF RESULTS 


Figure 6 illustrates the dependence of the bound 
decay rates Ag(Z) on Z found in the present experiment 
as a plot of R(Z)=Aa(Z)/Aa(O) versus the logarithm 





ee oe 





; 


1 


© “Efficiency” Method 
© ‘Sandwich’ Method 


----= (i-181/€)° 








| 
20 


y ae 





Fic. 6. Plot of R(Z)=Ag(Z)/Aa(0) versus Z. Experimental 
values for both Methods (a) and (b) (see text) are indicated. The 
indicated errors represent the total estimated uncertainties (see 
Tables II and III). The dashed curve represents the effect of 
phase space reduction on the decay rate of bound w~ mesons, 
neglecting other effects. 


of Z. An obvious subdivision of the Z range covered 
suggests itself: (1) Z< 20, (2) 20<Z<30, and (3) Z>30. 
In range (1), the decay rate is within the errors of the 
measurement unaffected by binding (as one would antic- 
ipate qualitatively). In range (2), R(Z) exhibits a sharp 
peak (near Fe, Z=26) and is moreover greater than 
unity, i.e., muons bound to nuclei in this range decay 
faster than they would in vacuo. Finally, in range (3) 
the decay appears to be greatly slowed down by the 
binding, being reduced by about a factor 2 in the case 
of heaviest elements investigated, viz., W and Pb. 

As mentioned in the Introduction, there exist as yet 
no theoretical calculations of Ag(Z) which would 
adequately take into account all the obvious features 
of the bound w~ decay, and with which one could 
compare our experimental results. We shall therefore 
confine ourselves to a comparison with predictions 
based on a greatly simplified approach, namely one in 
which only the effect of phase space reduction is 
accounted for. As A,(0)~Z,5 (where Z»=muon rest 
mass), one anticipates A,(Z)~(Eo—|B|)5, where 
B= B(Z) is the binding energy of the wo in its K orbit. 
Hence this effect leads to 


R(Z)= (1—| B| /Eo)®. (10) 
The dashed curve in Fig. 6 represents the R(Z) values 
calculated from relation (10), using empirical values? 
of B(Z). These were obtained from the observed mesic 
2p—1s transition energies by assuming that the n=2 
terms are not appreciably shifted with respect to their 
values in the field of point-like nucleus.** 

™ See, e.g., E. Fermi, Elementary Particles (Yale University 
Press, New Haven, 1951), p. 46. 

** This procedure appears more appropriate than the one used 
by Holmstrom and Keuffel (reference 8) who compare their 
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f While the dashed curve in Fig. 6 [expression (10)] 
reproduces fairly well the general trend of R(Z), it fails 
entirely to account for the observed behavior in 
range (2), both as far as the magnitude (>1) and the 
Z-dependence of R(Z) are concerned. On purely experi- 
mental grounds, the data in this range (2) do not 
appear to be open to much doubt in either sense. The 
most striking point, R(26), is supplied by three inde- 
pendent measurements (two by the “efficiency” method 
and one by the “sandwich”. method) which give a 
weighted mean R(26)=1.15+0.02. This value is well- 
supported by an independent (cosmic ray) result of 
Holstrom and Keuffel® who report R(26)=1.19+0.10. 
The peak near Z=26 is mostly contributed by the 
ferromagnetic elements Fe, Co, and Ni, and one might 
raise the question whether the singular behavior dis- 
played by these targets as far as R(Z) is concerned is 
connected with their magnetic properties, in the sense 
that the internal magnetic fields could conceivably 
affect (perhaps differently for w+ and yw) the remanent 
polarization of the muons. This possibility appears 
however ruled out on empirical grounds. As can be 
seen from Table III, a ferromagnetic Fe target and non- 
ferromagnetic stainless steel target yielded the same 
results for R. In the latter target, w+ mesons exhibited 
normal precession, i.e., with @=0.22 and a frequency 
corresponding to the external field. Furthermore, the 
nonferromagnetic element V also contributes a point to 
Fig. 6 which is three standard deviations above the 
R=1 line. 

It should be noted that the rapid variation of R(Z) 
for 20< Z<30 is perhaps even more reliably established 
by experiment than the absolute magnitude of the 
R(Z)’s in this region. Inasmuch as these targets were 
chosen to have nearly identical radiative properties 
(see Sec. ITIB), a direct comparison of the y~(Z)’s— 
without ¢*-calibration—can already supply the Z-de- 
pendence of R, making the plausible assumption that 
the e~-spectra do not vary greatly when Z changes by 
a few units. 

Turning now to region (3), one notices that the 
experimental points for Pb (Z=82) lie considerably 
below the dashed “theoretical” curve (the mean of the 
two values obtained by the methods quoted being 
R(82) =0.34+0.03). 

The causes of the observed departures in both regions 
(2) and (3) from the “theoretical” curve must clearly 
be sought in effects other than the reduction of the 
available phase space by binding—i.e., in the effects 
referred to as (b) and (c) in the Introduction. Effect (b), 
the influence of the Doppler broadening on the decay 
spectrum and hence on Aqg(Z) has been included in a 


‘ 


crude calculation by Primakoff.’ In this calculation, 
which is meant to be applicable only to the heaviest 
results to the formula R(Z)=1—5.15(aZ}? due to Khuri (refer- 
ence 6) and insert for Z the Z.¢ values used in another context by 
Wheeler. Khuri’s formula appears to be an expansion in (@Z) for 
low values of this parameter 
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elements, the state of the w~ before decay is approxi- 
mated by a simple harmonic oscillator wave function 
(as would be correct in the case of an infinitely large 
nucleus), the mean square displacement being adjusted 
to give the observed binding energy. This approach 
gives 

R(Z)= (1— | Bl /Eo)*F (a), (11) 


where”® 


15 3 
F(x)= | [1-—(2-) pw 
14x? 2x? 


45 
———! exp(—x")}, .(12) 
with 
x=fEo(1—|B|/Eo)[(h?/ Eve*Z)/¢ )', 
and 


P(x)=22-4 f exp(—y")dy, 
0 


¢ being the nuclear “radius.” The factor F(x) in Eq. (11) 
represents the correction for the Doppler broadening 
and recoil effects neglected in Eq. (10). In evaluating it 
numerically, we chose {= 7.2 10-" cm, a value which 
approximates well the exact numerical results of Hill 
and Ford for Pb. With this choice, Eq. (11) yields 
R(82)=0.30; the inciusion of effects (b) appears thus 
to improve the agreement with experiment for high Z 
nuclei. 

R(Z) computed according to Eq. (10) or (11) is 
always less than unity, i.e., both effects (a) and (b) 
included in its derivation tend to inhibit the decay of 
bound muons. It is hence natural to attribute the 
behavior observed in range (2), viz., a stimulation of 
the decay,”’ to effects neglected so far, that is either to 
the effect (c) of the Coulomb field on the outgoing 
decay electron, or to other unspecified causes. In con- 
jecturing on the effect of the Coulomb field, one 
should recall that the transition amplitude for any 
Fermi process is proportional to the product of the 
wave functions of the four participating fermions taken 
at the same space-time point. The amplitude of the 
outgoing ¢~-wave at the decay point (the w™ orbit) is 
expected to increase—with respect to its plane wave 
value—through the attractive action of the nucleus. 
Thus this Coulomb effect will tend to speed up the 
bound decays with respect to the vacuum rate A,(0). 


**We thank R. H. Pratt for deriving this expression from 
H. Primakoff’s integral formula. 

*7 This expression is used here in the literal sense. In the older 
literature the term “stimulated decay” was frequently applied to 
what is now customarily called “muon capture.” 

*8 Professor V. L. Telegdi was first to point out these Coulomb 
effects on the outgoing electron wave function to us. 
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The situation is physically entirely analogous to that 
encountered in nuclear 6~ decay, where a well-known 
function {(Z,Wo) gives a quantitative measure of the 
Coulomb enhancement. Tables of this function” show 
that this enhancement does not tend to zero as the 
available energy Wp» tends to infinity, but rather 
approaches a constant value. These tables are however 
not applicable to bound yw~ decay, where (disregarding 
many other obvious differences) the e~ wave function 
may go through several oscillations ower the region of 
decay (the volume of the yu orbit). 

The peak observed in region (2) could thus perhaps 
be attributed to a competition between the inhibiting 
effects (a) and (b) and the Coulomb enhancement just 
discussed. This hypothesis may however have flaws: 
(1) One would expect the Coulomb enhancement to 
vary slowly and monotonically as a function of Z, 
whereas the observed peak around Z=26 is a fairly 
sharp one; (2) The low experimental R(Z) values found 
for the heaviest elements, reasonably well accounted for 
by Eq. (10) which neglects the Coulomb enhancement, 
may become difficult to explain once the latter effect is 
properly included. 

In conclusion, our results can be understood quali- 
tatively on the basis of simple physical arguments 
without calling for any striking ad hoc hypotheses. 
Their quantitative comparison with theory is another 
matter. Since the interaction causing muon decay is by 
now well understood,” an exact and unique theory of 
bound y~ decay rates should be essentially a matter of 
computation. In view of the importance of the finite 
size of the nucleus in this problem (for both the initial 
muon and the final electron wave functions), such a 
computation will however presumably have to be per- 
formed numerically for each Z of interest. An effort in 
this direction has recently been undertaken by Dalitz 
and Huff,*' but no results are as yet available for com- 
parison with experiment. 
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[his paper is a contribution to the discussion of the question: to what extent 


scattering matrix 


does th 


determine the Hamiltonian? The Hamiltonians considered are nonrelativistic, but in extension of previous 


studies, ‘‘nonlocal” potentials and many-body potentials are allowed 
tions is found which produce Hamiltonians leading to the same S matrix. In the last section, 


4 large class of unitary transforma 


it is shown 


that this equivalence is only a special consequence of the general axiomatic formulation of scattering in 


field the ry. 


I. INTRODUCTION 


e h- extent to which the scattering matrix deter- 

mines the Hamiltonians has been the subject of 
many studies.'~* These are limited to the case in which 
the interaction is a potential, i.e., commutes with the 
position operator. However, there are no good reasons, 
either from prime principles® or from phenomenological 
analysis® to exclude “nonlocal” interactions which may 
be, for instance, integral operators in coordinate repre- 
sentation. There is some interest, then, in considering 
in a more general manner the extent to which the 
Hamiltonian is left indeterminate by a given scattering 
matrix. The subject of this paper is both wider and 
narrower than those of preceding studies; we exclude 
bound states, but we consider scattering by any number 
of nonrelativistic scalar particles, the interaction opera- 
tor being composed of many-body operators, not neces- 
sarily diagonal in x representation. A class of Hamil- 
tonians, equivalent in the sense that they lead to the 
same § operator, can be defined by a class of unitary 
operators which transform a given Hamiltonian. This 
class is so wide that one is tempted to say that “any 
reasonable” unitary transformation leaves a given 
Hamiltonian within its equivalence class. 

This result may be practically useful because it pro- 
vides a large class of unitary transformations by which 
a given Hamiltonian can be put into a more tractable 
form without the necessity of “reinterpreting”’ the 
transformed wave function. 

It is natural to wonder about the physical reason for 
the equivalence of apparently very dissimilar Hamil- 
tonians. If the problem is considered in the formalism 
of second quantization, the results become under- 
standable by adopting the view that the “basic”’ field 
operators have no observable meaning. 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission 

‘VV. Bargmann, Revs. Modern Phys. 27, 30 (1949). 

*N. Levinson, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 36A, 11 (1949) 

*R. Jost and W. Kohn, Phys. Rev. 87, 977 (1952). 

*V. A. Marchenko, Doklady Akad. Nauk S.S.S.R. 104, 695 
(1955). 

.. Eisenbud and E 

(1941). 

®M. Moshinsky, Phys. Rev. 109, 933 (1958). 


?. Wigner, Proc. Natl. Acad. Sci. 27, 281 


In Sec. III, a slightly revised form of Haag’s postu- 
lates for the physical interpretation’ of field theory is 
formulated. From this point of view, the equivalent 
Hamiltonians appear as expressions of the same energy 
operator in terms of different physical-particle creation 
operators. 


Il. EQUIVALENT HAMILTONIANS 


We consider a nonrelativistic theory of scalar bosons, 
or many-body potentials. 
The theory is assumed to be 
invariant under space rotation, translation in time and 
space, and reflections in time and space. There exists a 
nondegenerate vacuum state which is invariant under 
all symmetry operations, and a single subspace of one- 
partic le states. 

The usual creation and destruction operators a(k), 
a'(k) are used, and the Hamiltonian H commutes with 
the number operator 


N fe k)a(k)d*k. 


Space vectors are denoted by italics except where a 
confusion with four-vectors is possible. 
The Hamiltonian is of the form 


interacting through two 


There are no bound states 


(2.1) 


H=H,+V fe k)(k?/2m)a(k)\@R+V, (2.2) 


where the operator V annuls the vacuum and all one- 
particle states. We assume the existence of wave 
operators 

exp(iH?) exp(—iHol ({—++~), (2.3) 
where the arrow stands for strong convergence.® Since 
we have excluded bound states, the wave operators are 


unitary.’ 


7R. Haag, Phys. Rev. 112, 669 (1958 

5 The existence of the strong limit was proved for some Hamil 
tonians by J. M. Cook, J. Math. and Phys. 36, 82 (1957), and 
M. N. Hack, Nuovo cimento 9, 731 (1958 

*M. Gell-Mann and M. L. Goldberger, Phys. Rev. 96, 1142 
(1954). 
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The scattering operator is defined by” 


exp(iH of) exp(—2iH?) 


Xexp(iH ol) ~ S=Q_10, (t-4 @). (2.4) 


Clearly, the vacuum yp» and the one-particle states y“ 
are eigenfunctions cf the S operator with eigenvalue 1: 


Sfo=yo; SYVP=y™. (2.5) 


We consider those Hamiltonians H’ which may be ob- 
tained from H by a unitary transformation 


H’=UHUt, UUt=UtU=1, (2.6) 


and we ask for the class of equivalent Hamiltonians 
H’, i.e., those which lead to the same S operator 


exp(iH ol) exp(—2iH’t) 


Xexp(id) - S’=S (t+ @), (2.7) 


and have the same action on the subspace which con- 
sists of the vacuum and one-particle states. 
If Eq. (2.6) is used in Eq. (2.7), one obtains 


exp(iHof)U exp(—iHol) exp(iHol) exp(—2iH1) 


Xexp(iHol) exp(—iHo)Ut exp(iHol) — S’. (2.8) 


Since the product of the 4th to 6th factors converges 
strongly to S by Eq. (2.4), it is consistent to assume 
that the separate strong limits 

exp(iHol)U exp(—iHol) > U4, (t— @) (29 
exp(—iHd)Ut exp(iHe!) > U_t, (t @) 


exist. 

We are going to assign further properties to the 
operator U and show that this particular class leads to 
equivalent Hamiltonians. The requirement of equiva- 
lence on the irreducible subspace is expressed by 

UHU tay Yo= Hay Yo. (2.10) 


It is consistent with this equation if we require that U 
should act as a unit operator on the subspaces of 
vacuum and one-particle states: 


UarWo= azo, 
Uyo= U Yo=yo. 
It follows that U has the form 


U=1+D, 


(2.11) 


(2.12) 


where D is a destruction operator which annuls both 
the vacuum and one-particle states. 

The operator U may be formally expanded into a 
series of normal products of creation and destruction 
operators : 


“Tf A(t) and B(t) are sequences of unitary operators, and if 
A(t) — A, B(t) — B, then A(#)B(t) — AB. The proof is found in 
B. v. Sz. Nagy, Spektraldarstellungen Linearer Transformationen 
des Hilbertschen Raumes (Springer-Verlag, Berlin, 1942), p. 11. 


HAMILTONIANS 


IN SCATTERING THEORY 


U=1+ ¥ 


N=-d, M=2 


Gua(pi- +> Py, pr'> ++ pa’) 


N M 
XI] at(pidp; T] a(pi’)dp’. (2.13) 
vel 


We require that U commute with the number operator, 
so that H’ has this property. It follows that N=M. 
We require further the translational invariance of U in 
order to guarantee that of H’. It follows that the func- 
tions Gy must have a factor of the form6(S> p:— } p/’). 
Hence, the form of U is 


U=1+> fPnir- :* pw, pr’ +> pw’) 
N=2 
Xexplik: (S pi-d pi’) 
N N 
XI] at(podp: TI a(pi’)dp’. (2.14) 
1 1 


We assume that such an expansion exists with square- 
integrable functions Fy. 
We consider the sequence of operators 


exp(tHot)U exp(—iHot) 


N 
= 1+ > expi(l>, E(p,)->S E(p/)] 


N N N 
Xexpik: (S pi—> p,’) Fw J] at(p,s) 
1 


N 
dpi J] a(pi)dpi/dk. (2.15) 
1 


In the limit /—+ +, the sum on the right-hand side 
vanishes strongly in virtue of the Riemann-Lebesgue 
lemma." We have, by Eq. (2.9) 


Us=1. (2.16) 


Comparison with Eq. (2.8) shows that under these 
conditions, S’=\S, i.e., the Hamiltonians H’ and H are 
indeed equivalent. 

In order to make H’ a Hamiltonian with the required 
invariance properties, we further require that U com- 
mutes with the symmetry operators of rotation and of 
space and time reflection. This gives rise to constraints 
on the functions Fy. In particular, a transformation 
which leaves the field operator unchanged and adds a 
function of the field to the canonical momentum does 
not produce an equivalent Hamiltonian. For, if (x) is 
the field operator, which we assume to be time-reversal 
invariant as usual, and if f is a real-valued functional, 
then the unitary operator U =exp[if{#(x)}] does not 
commute with the time-reversal operator 7, but anti- 
commutes with it. Therefore, the operator H’=UHUt 
does not commute with T and is not an acceptable 
Hamiltonian. If a scattering operator S’ were defined 
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from it through Eq. (2.4), it would not, in general, have 
the time-reversal property S’t=7S’7-' required of 
scattering operators. 


III. UNITARY TRANSFORMATIONS IN 
SCATTERING PROBLEMS 


In calculations of scattering amplitudes, it is often 
convenient to consider unitary transforms of a given 
Hamiltonian, so that the new form H’=UHUt is 
easier to manipulate. In particular, the transformation 
is often used to make the “perturbation” smaller or, 
at least, less important for the particular physical 
situation. 

It is understood that after such a unitary transforma- 
tion the wave function must be “reinterpreted.” By 
this one means either that a wave function (say, an 
eigenfunction of H’) must be transformed by y= U ty’ 
to have a clear physical meaning or that one connects 
the calculated quantities y’ to observables by intuitive 
arguments. The first procedure is often self-defeating, 
because the operators U are usually given as formal 
exponential functions of other operators, so that an 
actual evaluation amounts to an expansion into an 
infinite series, while the second procedure is doubtful. 
In particular, the calculation of the S matrix from H’ 
by the use of Eq. (2.4) or equivalent methods, is justified 
only in special cases. As an obvious example of fallacy, 
one may consider the transformation 


H’=Q2HQ'= Ho, (3.1) 


which carries H into Ho. Equation (2.4) would then 
give S’=1 for the scattering operator, which is absurd. 

We can use the result of Sec. II to determine those 
particular unitary operators which allow the use of 
the standard Eq. (2.4) to calculate the S$ matrix 
from the new Hamiltonian, without the necessity of 
reinterpreting. 

The conditions on the operator U are so unspectacular 
that one may be inclined to think that “any reasonable” 
unitary transformation will lead to the same S operator. 
He may notice, however, that U cannot be a Moller 
wave operator as in Eq. (3.1), since this operator is 
known to have a 6, function in its second term [Eq. 
(2.14) ], so that F would not be square-integrable. Our 
result is not in contradiction to the statement that 
a scattering operator without bound states completely 
determines the potential. The Hamiltonians produced 
from a potential interaction by our transformation U 
will produce “nonlocal” interactions described by an 
integral kernel in coordinate representation. 

As an illustration, we exhibit a simple operator U. 
Consider the effect of U’ on the two-body subspace. The 
operator U is represented by a functional operator u 
which acts on the two-body Fock functions (x,y) : 


wi) a.9)=v(x9)+ f (ny G\ xy W(x’ y)&x' dy’. (3.2) 


EKSTEIN 


Let u act as a unit operator on the center-of-mass co- 
ordinate x+y=R. 


(wp) (R,r)=9(R,n)— | fre | 


xf n fy r )W(R,r’)dx’. (3.3) 


A spec ial choice is 


1 


If r=|x—y| and f/f is any real square-integrable func- 
tion, this operator is unitary and real, i.e., orthogonal, 
and therefore commutes with the time-reversal opera- 
tor. It also commutes with the operators of space- 
translation and rotation. 


IV. CONNECTION WITH THE POSTULATES OF 
GENERAL SCATTERING THEORY 


The equivalences established in the previous sec- 
tions seem somewhat unmotivated and surprising. It 
will be shown now that they are just special conse- 
quences of general scattering theory. 

In wave mechanics, the physical meaning of the 
operators is given at the outset, and scattering theory 
is a straightforward application of established prin- 
ciples. In field theory, on the other hand, the physical 
significance of the field operators is obscure; even in 
the one-particle subspaces, the position operators ‘get 
lost” and must be reintroduced by special postulates.” 
It is necessary to adopt additional principles for the 
physical interpretation of the theory. 

In the modern literature, several such principles have 
been proposed.'*-" In these papers certain “bare” or 
“basic’’ field operators are of fundamental importance, 
although they are not, at finite times, directly related 
to observables. We adopt a slightly modified version 
of Haag’s formulation’® in which the basic fields play 
no role.'* 

We assume, as usual, that the Hilbert space is the 
basis of a reducible representation (up to a factor) of a 
group of symmetry operators. This group may be the 
Lorentz or the Galilei group. There are irreducible sub- 
spaces, which correspond to one-particle states. 

Instead of introducing field operators with simple 
transformation properties, but with obscure physical 
significances, we define creation operators ¢, which, 
acting on the vacuum, produce one-particle states: 


c(k)yo=¥"’, (4.1) 


where ¥;“! 
2 T. D. Newton and E. P. Wigner, Revs. Modern Phys. 21, 400 
(1949). 

4H. Lehmann, K. Symanzik, and W 
cimento 1, 205 (1955). 

“A. S. Wightman, Mathématiques de la 
Quantique des Champs, Internationaux 
tional de la Recherche Scientifique, Paris, 1959), p. 1 

46 R. Haag, Phys. Rev. 112, 669 (1958) 

16 This is a more precise version of the principles proposed in 
H. Ekstein, Nuovo cimento 4, 1017 (1956). 
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and time-translation operators.'” For scalar particles, 
the momentum & fully specifies the one-particle func- 
tion; for particles with spin, another variable must be 
added. 

We require that the operators ¢ have the same trans- 
formation properties under translation and rotation in 
general as they must have by Eq. (4.1) when acting 
on the vacuum. In particular, if P is the generator of 
space translations, the translation r has the effect 


exp(iP-r)c(k) exp(—iP-r)=exp(—ik- r)c(k). 


The operators c(k) should create “physical particles” 
in the reducible part of Hilbert space. Intuitively, we 
mean that if a particle is created by means of ¢ in 
addition to other existing particles, and if the, added 
particle is sufficiently distant from the pre-existing ones, 
the action of the symmetry operators (in particular, the 
Hamiltonian) on such a state should be “additive,” i.e., 
the Hamiltonian should act on the pre-existing set as 
well as on the added particle as if they were the only 
existent ones. 
Consider the operator 


(4.2) 


Cre= fime*ewer, (4.3) 


which, for large distances r, creates a particle distant 
from other pre-existing particles, and a general state 
Co. We require 


He;,Cyo— cs,-H Cyo— CH eso — 0, 


as a strong convergence for large distances |r|. The 
same condition should hold if several particles are 
created at large distances: 


(H II Cs(nyr C—T] Cs (ny rd C— CH II Cs(n)r) 
XwWo = 0. 


(4.4) 


(4.5) 


Equation (4.5) will be referred to as postulate 1. 

Time-translation has an effect similar to that of 
space-translation in that it increases the distances be- 
tween particles indefinitely, i.e., decreases the proba- 
bility of finding two particles near each other. The 
equation 


exp(—iHi) f o(k) f(k) dbo 


= f expl-iB WY WeHrhye, (4.6) 
suggests that the analog of Eq. (4.3) is 
cum f exp(—iE fel eR, (4.7) 


" Tt is understood that such state vectors are improper and that 
a “smearing out” is necessary to make them meaningful. 
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and that of Eq. (4.5) is 
(Hep IT omy —I] Comme — er II Coin) Wo — 0 


(t+ +0). (4.8) 


Equation (4.8) will be referred to as postulate 2. 

Equation (4.8) may be applied to the product of two 
operators Cy 1)4(1)€s2)¢(2), With subsequent limits, for 
the times /, and 2: 


(Hey cayecaryscayecey — Cray ecm Cs ayeay 
— Cyc 1 C4 (2402) Wo — O (t(1) + ©, #(2) 4 @). 
(4.9) 


By Eqs. (4.1) and (4.6), the two last terms may be 
written 


f [E(bes)-+ E (hs) 1 (hs) f(s) €( x) (ks) 
x exp{ = i E(ky)tit+ E(ka)te JP kid kyo. 


More generally, for a product of creation operators 


(2 IT ¢scoueo— f CE (be) TT fa(TT eC) 


Xexpl—i L E(ka)te IIT it. Wo 0 (tiny > @). 


(4.10) 


We have defined a particle theory by the requirement 
that operators satisfying Eqs. (4.5) and (4.8) exist. 
This may be considered as a formal expression of an 
empirical] fact. This postulate must be supplemented by 
two assumptions of rather technical nature: (2a) In 
Eq. (4.10), the time limits may be taken simultaneously, 
i.e., t(m) may be replaced by the single parameter 1. 
(2b) The length of the vector on the left-hand side of 
Eq. (4.10) decreases asymptotically faster than f. It 
will be shown now that the existence and general 
properties of the scattering states can be derived from 
these postulates. 

Consider the state vector 


N 
exp (iH) II Crnyo= OC). (4.11) 
n=l 


If this quantity has a strong limit for > +, then 
the existence of asymptotic scattering states, and from 
there the theory of the S matrix, can be established.'*-"* 

The Cauchy test for convergence is 


0(T1)—Q(T3)|| <e(T), 
where T7,>T and T,>T. The convergence is proved if 


| p70 | 
if dl|| <e, 
Nr, dt jj 
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“1dQ\ 
f ! j\dt<e, 
Tl dl 


that is, if ||\dQ/di|| is integrable to infinity. 
By Eq. (4.11), 


rT 
|= llexpt ind) { ita ¥ Elkn)] 


XII fa(kn)e(kn) expl—i X E(ka)fMPRpo||. (4.12) 


The asymptotic vanishing of this limit follows from 
Eq. (4.10) if the uniform limit ¢(m)=¢ is taken according 
to postulate (2a). The integrability follows from postu- 
late (2b). From this point on, the theory of the § 
operator may be established as usual.'® In particular, 
Haag has shown that all operators ¢ which satisfy our 
requirements lead to the same S matrix. 

The results of Secs. II and III can now be recognized 
to be special applications of the general theory. We 
consider a special class of theories in which the opera- 
tors ¢(k) may be chosen so that the canonical commuta- 
tion relations hold: 


[c(k),ct(k’) |=5(k—k’), (4.13) 


and that the adjoints of c, are destruction operators : 
c(k) tYo= 0. (4.14) 


These are the theories without vacuum polarization. 
For this class of theories, Eq. (4.11) may be written 
under the form 


N 
Q(t)=exp(iH2) exp(—iKD]] esinyo, (4.15) 
1 


where 


K feaemet ares, (4.16) 


since 


exp(—iKi)e(k) exp(+iKi)=c(k) exp(—iket), (4.17) 
and 


Kyo =Q, exp(tKd)Yo= yo. (4.18) 
A set of equivalent operators may be generated by 


the substitution 


e’(k)=Ue(k)U'. (4.19) 
For the new operators ec’, the appropriate form of Q(4), 
according to Eq. (4.11), is 


O(t) ' exp(1H1) exp(— iK’t) II Cyn) Wo, (4.20) 


where K’ is the function K [Eq. (4.16) ] of the new 
operators, i.e., 


K'=UKUt. (4.21) 


We have 

Q’ (t) = exp(iH2) exp(—iKi) exp(iK)U 
Xexp(—iKA)U'IU JT] eynyU Yo. 

If UWo=Yo, and 


(4.22) 


exp(iKi)U exp(—iki) — 1, (4.23) 
the limits of Q and Q’, and hence the S matrix, are 
identical. 

We have shown that the equivalent Hamiltonians 
considered in Sec. II may be considered as being 
identical operators, expressed as functions of different 
but equivalent physical-particle operators. 
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APPENDIX 


The “asymptotic vanishing of destruction operators” 
in theories without vacuum polarization is not new. 
For convenience, and without any claim to originality, 
we give a somewhat detailed proof. 

The square-integrabie function Fy in Eq. (2.15) 
may be uniformly approximated by sums of products 
of square-integrable functions of one-particle variables 
k;, k;’. Hence, we only have to prove 


ary - f f ( k lé uu 


with square-integrable f. If we restrict ourselves to a 
particle number L smaller than L,,, then ay, is bounded, 
and we may, for the purpose of the proof, consider only 
an everywhere dense set of states y’. The assertion that 
if ayy’ — 0 then asa — 0, for all states y, is proved as 
follows. By the definition of “everywhere dense,” for 
every y there exists a ¥’ such that |\y’—y||<¢/2c 
where ¢ and ¢ are positive numbers. If ay, is bounded 
there exists a number ¢ such that |\as@)) <c'\¢!|. Then, 


llazah|| =llan.¥—Y) +asah|| <\lap:!||lW—Y'|| 
+|\\azep'|| Se/2+|lazep’||. 


“ta(k)Pky 0 (ti 


The first inequality is the “triangle inequality.” The 
assertion is thereby proved. For the set ¥’, we choose, 
in Fock representation, finite sums of products of one- 
particle functions ®,---#, for the /-particle subspace. 
These form an everywhere dense set. By the definition 
of the destruction operators 
a;@,: ” -, a (1 LY) ® \Po- ° -D, 
+, (f;",42) - ° -P,+ see +,: + (f:* #1) ], 
where 


fi=Jf(k) expl—iE(k)t]. 
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It is now sufficient to show that where J is the Jacobian. By Schwarz’s inequality, the 
product of two square-integrable functions f and ® is 
absolutely integrable with the weight function J. The 
Riemann-Lebesgue lemma then asserts the asymptotic 
vanishing of the norm ||a,qp)\. 

The “asymptotic vanishing of destruction operators” 
was used previously by Coester and Kummel.'* 


1*F, Coester and H. Kummel, Nuclear Phys. 9, 225 (1959), 
Appendiy IT. 


(f:*,2)= f exp —iE(k)t]/(k)®(k) Pk — 0. 


A change of variables from k to E and two angle vari- 
ables 2 gives 


(ft,2) = f exp(—iEd) f(E,2)®(E,0)JdEdQ, 
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The general theory of relativity is cast into normal Hamiltonian form in terms of two pairs of independent 
conjugate field variables. These variables are explicitly exhibited and obey ordinary Poisson bracket 
relations. This form is reached by imposing a simple set of coordinate conditions. It is shown that those 
functionals of the metric used as invariant coordinates do not appear explicitly in the Hamiltonian and 
momentum densities, so that the standard differential conservation laws hold. The bearing of these results 


on the quantization problem is discussed. 


I. INTRODUCTION 


N the program of quantization of general relativity 
according to the Schwinger action principle it has 
previously been shown that the classical theory can, in 
principle, be reduced to canonical form in terms of 
two pairs of independent, unconstrained canonical 
variables.' This canonical form has been given explicitly 
for the linearized theory in I, where the analysis was 
in complete analogy to the quantization of electro- 
magnetic theory. In II, a general study of the dynamics 
of the full classical theory led to the exhibition of four 
unconstrained variables whose specification fully deter- 
mines the state of the system, but which were not 
canonical. The precise definition of these variables 
* Supported in part by a National Science Foundation Research 
Grant. 

t Alfred P. Sloan Research Fellow. On leave from Palmer 
Physical Laboratory, Princeton University, Princeton, New 
Jersey. 

! Two previous papers in this series, R. Arnowitt and S. Deser, 
Phys. Rev. 113, 745 (1959); and R. Arnowitt, S. Deser, and C. W. 
Misner, Phys. Rev. 116, 1322 (1959), will be referred to as I 
and II, respectively. Notation and units are as in II with the 
exception that yg here denotes the three dimensional matrix 
inverse to gi;. Natural units are employed: «= 16ryc*=1, c=1, 
where 7 is the Newtonian gravitational constant. Latin indices 
run from 1 to 3, and Greek from 0 to 3 and x°=1. Ordinary differen- 
tiation is denoted by a comma in a subscript or by the symbol 4,. 


depended upon the specification of the four remaining 
field variables (the gauge functions) as invariant 
coordinates. In general, these four field variables will 
appear explicitly in the Hamiltonian density which 
arises when the dynamical! variables are rearranged into 
canonical form. Thus, the Hamiltonian density will in 
general depend upon the coordinates explicitly and 
hence the system will appear to be nonconservative for 
a closed system. The remaining problem, as was 
stressed in II, was thus to achieve canonical form 
while simultaneously choosing as coordinates a set of 
gauge variables which will not appear in the resulting 
Hamiltonian. 

This paper exhibits explicitly a simple set of canonical 
variables and coordinate conditions which solve the 
above problem. 


Il. FORMULATION OF THE PROBLEM 


We begin with the action integral obtained in IT 
when the algebraic constraints have been eliminated. 
Written in terms of variables appropriate to a 3+1 
dimensional breakup it becomes 


I= f axe, 


(2.1) 
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where 


L= (—*g)! R= (*g)'| — g490K j— 40K 
+N (?@R+ K?— KyjK"%) —2n'(Ki,—8,K)); 
—2(N .—9'K,;)'*]; - (2.2) 


N=(—g)3, ni=g0, Kiy=—NI%; and K=giKy. 
In Eq. (2.2) the symbol “;” means covariant differen- 
tiation with respect to the three dimensional metric 
gij- This three-metric and its reciprocal g= *g+- N~*n‘y’ 
are used to raise and lower indices and form the 
curvature scalar *R. The action, being linear in time 
derivatives, is to be varied independently with respect 
to g and K,,; as well as N and 7‘ which were seen to 
play the role of Lagrange multipliers. 

The variation of the Lagrangian with respect to NV 
and »* gives rise to the four equations not involving 
time derivatives, i.e., the constraint equations. The 
variation with respect to g and K,; yields the equations 
involving the time derivatives of these variables. As 
was seen in IT, the twelve g“ and K,; variables can be 
expressed in terms of three groups of four variables, 
u’, v, and w* (p=1, 2, 3, 4 is not a tensor index). 
Inversely, the “’, v’, w* are functionals of g” and Kj,j. 
The w’ are four variables obtained in terms of wv’, v* by 
solving the constraint equations [w*= /*(u*,v*)]; the 
latter do not of course contain the Lagrange multipliers 
N and »'. The w are dynamical variables and the 
v gauge variables. This nomenclature corresponds to a 
grouping of the twelve equations involving time 
derivatives according to the following scheme: the 
ov equations are to be regarded as equations that 
determine N and 7‘ as functions of uw’, v? and dor’. 
Consistent with calling the » gauge functions, the 
time derivatives are not determined dynamically and 
so the v’ are arbitrary. The four dou’ equations represent 
the first order equations for the two sets of dynam- 
ical degrees of freedom of the field. Finally the dow? 
equations are the Bianchi identities since they guarantee 
that the constraint equations are maintained in time. 
An explicit set of #*, », and w* were discussed in II, 
though this set did not lead to a canonical form of the 
theory. The criteria which the choice of #* and v* must 
satisfy in order to put the theory into canonical form 
with a conserved Hamiltonian can be obtained by 
examining the generator. In general, the generator 
which arises from varying the action at the boundaries,' 
takes the form 


f 


G | d*x ( f,(1,v)d°+h, (14,0)50° }, 3) 


when the differential constraint variables, w*, have been 
eliminated. No terms of the form 7°,éa* appear in 
Eq. (2.3) since it will be recalled that these 7°, vanish 
as a consequence of the constraints. Since we have 
seen that the v* are not determined dynamically they 
may be used as independent variables in place of 
coordinates. (This finds an analogy in a procedure used 
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in the parameterized form of particle mechanics and 
will be discussed in more detail below.) Should we wish 
to view the v? as coordinates (since they are now the 
independent variables), we would write the coordinate 
condition »[_g,;,K ]=a*. The apparent singling out of 
a preferred coordinate frame does not imply a loss of 
general covariance. Any coordinate condition which 
can be satisfied generally, and in a unique way, can be 
re-expressed in covariant form. This can be seen most 
simply by starting with the example of the De Donder 
coordinate conditions. The conditions 


q””’,,=0 (2.4a) 


are equivalent to using as coordinates four scalar 
functionals of the metric, #*, defined as the four linearly 
independent solutions of 


BP, == (—4g)—4(gr* i 5) ,=0. (2.4b) 


Thus Eq. (2.4b) reduces to (2.4a) when one uses # as 
the coordinates x*, but if one preferred to continue the 
discussion in explicitly covariant language, it would 
only be necessary to replace references to “‘gag in the 
preferred frame”’ by references to “‘the scalars gag defined 
by the equations 


Qur= has (00"/02*) (004/02") (2.5) 


Lap"; y0"; vy 


where g,, and % are the metric and coordinates of an 
arbitrary frame.”’ For any other coordinate condition, 
those unique coordinate functions » satisfying it are 
clearly scalar functions of the metric (by the assumed 
uniqueness), and statements like Eq. (2.5) can be 
used to the discussions 
employing coordinate conditions. In what follows, we 
use the language of coordinate conditions for simplicity, 
and write »* for . 

Returning now. to the generator, we see that the 
h,(u,x)dx? term is related only to space-time translations 
and would be the 7°,5x° of the theory if the remaining 
part of the generator were found in the canonical form 
5u?+-u*su4 (to within a total variation). In fact, it 
can be shown (see Appendix A) that for any choice of 
gauge variables v’ there exists an appropriate set of 
1? = (P1,P2,91,92) in terms of which G has the canonical 
form 


emphasize covariance of 


(2.6) 


7 -f d*x [ pabga tT”, ( Payqa,X")bx* |. 


The significance of the result (2.6) is brought out by 
examining the parameter formalism of classical mechan- 
ics. In II, an example of this was given in terms of 
particle mechanics where one Lagrange multiplier 
occurred in the parameterized Lagrangian. In general 
relativity we have seen that there exist four Lagrange 
multipliers, NV and 7‘. That this is characteristic of a 
field theory is brought out by the example of parameter- 
ized scalar meson theory. This case also provides an 
illustration of how the w#’, »*, and w* variables enter in 
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a simple theory and how one recovers the nonvanishing 
stress tensor 7%, upon eliminating constraints and 
imposing coordinate conditions. In the first order action 
for the scalar meson theory 


r= f a [rdop— }(x°-+¢9?—Gib* + 26,16") ], (2.7) 


we introduce four parameters r* by writing #*=x*(r). 
The action then becomes 


I= f dr [#0$/d1°+-9,0x*/8°+N*(x,—P,)], 


where 
P=} (0G/07*) eo ind? 1" 
—49'(0G/d7*) "eared", mX wn 
— Py (P+ — Gh" )OMP Epa A® m0? nX7, py 


and # in Eq. (2.9) is to be expressed in terms of the 
variable # through 


(2.9) 


t= — tt ey max! Fed ge” as 
! 


— 3g! OM eon x” e™ *,. (2.10) 


The 2*,, mean 0x*/dr’ and the N*(r) are four Lagrange 
multipliers introduced in order to call the coefficients 
of dx*/dr® new momenta x,. In this Lagrangian we 
regard #, $, ,, x, ¢ and N* as field variables in + 
space. The resulting Lagrange equations break up 
into four constraint equations, ten equations involving 
first time derivatives and three algebraic constraint 
equations which will serve at the end to eliminate ¢, 
in terms of ¢,.. The constraint equations (from varying 
N*) allow us to choose m, as w* variables to be eliminated 
according to r,=P,. The ten remaining equations are 
equations for the 7° derivatives of #, ¢, and 7,. 


Thus the dx,/d7° equations are the Bianchi identities - 


while the d2*/dr° equations serve to determine N*. 
Since this leaves the * undetermined we recognize them 
as a set of » gauge variables leaving two dynamical 
u’ variables, i.e., @ and #. 

The generator can easily be obtained to be 


G= fas (#56+-9,52"+T°,'5r*). (2.11) 


The 7°,’ vanish as a consequence of the constraints 
and hence the generator has oniy 1+4 terms. If we 
now impose coordinate conditions 2*= r*, the generator 
reduces to standard canonical form 


(2.12) 


G= fas (756+ P57"), 


P, now being the nonvanishing stress tensor components 
T°,. Notice that in the special frame that we have 
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chosen, #=a and P, is the 7°, of conventional scalar 
meson theory as can be seen from Eqs. (2.10) and (2.9). 

The situation in general relativity corresponds to 
being given the theory in already parameterized form 
analogous to Eq. (2.8) and the associated generator 
(2.11). One must “de-parameterize” the theory by 
imposing coordinate conditions and choosing w’ 
variables such that the generator is left in canonical 
form. A second condition which must be simultaneously 
satisfied is that one must choose one’s #” and v variables 
in such a fashion that the Hamiltonian density, — 7%), 
does not depend explicitly on the coordinates, r*. 
For example, in scalar meson theory, the coordinate 
conditions «*=(1+@)r* would lead to 7°, explicitly 
depending on the coordinates r*, although it is still 
easy to recover canonical form by defining #+P,7* as 
the new momentum conjugate to ¢. While in scalar 
meson theory it is obviously incorrect to mix @ and 
by choosing *=2*/(1+@) as the gauge variables, in 
general relativity we have no a priori criteria to 
determine when a particular choice of gauge variable 
has involved some canonical parts. 


Ill. REDUCTION TO CANONICAL FORM 


The generator arising from the Lagrangian (2.2) has 
the form 


G= f as (*g)*(—g6K j;—8K+T*,'6x*). (3.1) 


As seen from Eq. (2.6) the achievement of canonical 
form requires that G be written as a sum of six terms. 
To this end let us introduce the variables 


wit — (%)1(Ki— piiK), 


The generator then becomes 


(3.2) 


Gust f dx g,pbu, (3.3) 


where we had dropped the 7°,’ terms since they vanish 
by the constraint equations. While the generator is 
now a sum of six terms, the dynamic and gauge char- 
acter of the variables has not yet been established. 
Because of the bilinear form of the generator in (3.3), 
an orthogonal decomposition of the tensors g,; and x 
into transverse and longitudinal parts maintains this 
simple form while allowing the w’, », w* character of 
the variables to be recognized. For a general symmetric 
array fi= fj« we write 


fs= Sat? + fi + fist hi, iy 


fu =4 buf" (1/97) f* 4], 


fii s=9, «= f", 


(3.4) 


where 
(3.5) 
fa? ? 5=9, 


fa? ™ =0. (3.6) 
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Thus /,"" is the transverse traceless part of f;; and so 
has only two independent components while f7 is the 
trace of the transverse part. The remainder, f;;+- f;.:, 
contains the longitudinal parts of f,;. Each of the six 
independent quantities f;;77, f7, and f; can be uniquely 
obtained as a linear functional of f;;. For instance, 


I" = fi— (1/9) fas.cs, (3.7a) 
fi (1, W)C fi5.5- 4 (1/97) fei nia] (3.7b) 


4 


Note that this decomposition is coordinate dependent 
and involves only ordinary derivatives. Thus 1/¥V? is 
the inverse of the flat space Laplacian operator, and 
the decomposition ignores the position of tensor indices. 
This use of ordinary derivatives permits one to commute 
the decomposition and the variation in the generator, 
e.g., 5(47) = (br). 

Upon applying this decomposition to g,; and x, the 
generator becomes 


. -f Bx (ig; eT + gF AL —H(1/V2)eT] 


—2n) ogi}. (3.8) 
In obtaining this form, we have freely integrated by 
parts and discarded surface terms as well as total 
variations. Note that the generator of Eq. (3.8) is 
still a sum of six terms. This result could not be obtained 
by applying our decomposition to g” and Ky, in 
Eq. (3.1) as that generator is not bilinear in these 
variables. 

The constraint equations in terms of these variables 
read: 


89 3R+ he? — iin ;=0, (3.9a) 


ri ;=0, (3.9b) 


When these are expressed according to the above 
decomposition, one sees that the leading term, i.e., 
the only linear term, in Eq. (3.9a) is g’«; and the 
leading term of (3.9b) is #* j;+-2/ ,;= 24 ;. By a perturba- 
tion argument as given in II, one verifies that the 
constraint equations may be solved for these four 
quantities and hence we may choose them as our w* 
variables. That this is advantageous follows from the 
fact that these quantities appear directly in the 
generator (3.8). 

Turning next to the identification of the remaining 
eight variables, one observes that g,;77 and x7? are 
the dynamical w’ variables of linearized theory,’ while 
g;, and —}$(1/V*)x" are the v* there. Again following 
the perturbation interation scheme of II, we see this 
characterization maintained in the full theory, i.e., 
the doi —}(1/¥*)r7] and do(g;) equations serve to 
determine N and n‘, respectively, in a perturbation 
series. In accordance with the discussion of Sec. II, 
we may regard these quantities as the » which serve 
as the basic independent variables by imposing the 
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coordinate conditions 
(3.10a) 
(3.10b) 


These coordinate conditions are discussed in 


detail below. Our generator now reads 


more 


G= fas (wisTT5p,.TT+ oT .5x9—2w'i 6x‘), (3.11) 


where g’ ,; and x‘; are to be viewed as functions of 
gi? and xT? x according to the 
solutions of Eqs. (3.9). 


and possibly 


The generator is now clearly in canonical form with 
xiTT the momenta canonically conjugate to gjj77. 
Similarly we have that the Hamiltonian density, &, is 


H=—T% (3.12) 


T [ TT ijTT »~w | 
—g* ges wt? oh, 


and the momentum density is 


T= —2(x* 574-273 45) = — 2x ;, 


(3.13) 


since the generator is in the form of Eq. (2.6). It should 
perhaps be emphasized that the quantities g’;; and 
ni ;, appearing in Eqs. (3.11), (3.12) and (3.13), are 
abbreviations for their values in terms of g;;77, #77 
and x as obtained from solving the constraint equations 
(3.9). Thus the solutions of Eqs. (3.9) for g’ , etc., 
in terms of the canonical variables are not in general 
divergences, i.e., the Hamiltonian and momentum 
densities are not divergences, just as they are not in 
other physical systems. 

From the definition of the generator, one may now 
read off the brackets. The fundamental 
[ordinary ] Poisson brackets for the two independent 
canonical pairs of variables are 


Poisson 


; | c 


[gij77 (r,2), emnTT (yf 5". (r- r’), (3.14a) 
(3.14b) 


[eitTT (r,t), "77 (r’,t) |=0, (3.14c) 


, 


[gis77 (1,0), gmn7 7 (r’,t) |=0, 


where 6”",;(r—r’) is the transverse traceless 6 function 
defined as in linearized theory by 


frm hmm. — Hii, (3.15a) 


(3.15b) 


(3.15c) 


The functions 6"",;(r) are thus independent of the 
metric. 
In terms of the x 


becomes 


variables, the action integral 


I= f ae (-s dori +N (8g)-§ (3g *R+42°— 2,9’) 
Qn? ;— 2(8g)*'(N sc — Kis) '*]. 


’ 


(3.16) 
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Inserting the differential constraints and the coordinate 
conditions (3.10), the action reduces, to within 
divergences, to 


I= f dx {xT Tog ,,77 ~5C0 g.j77 wT ,°]}. (3.17) 


Equation (3.17) represents the action for a system of 
two unconstrainted degrees of freedom and no longer 
makes reference to the originally redundant number of 
variables. The Lagrange equations of motion arising 
from varying (3.17) are clearly consistent with the 
Poisson bracket equations of motion arising from 
Eqs. (3.14) with 3 playing the role of the Hamiltonian 
density. This verifies the internal consistency of the 
Poisson bracket relations (3.14) for the theory.* This 
result was of course guaranteed since the Lagrangian 
of Eq. (3.17) is in the standard pg—H (p,q) form. 

The coordinate conditions of Eq. (3.10) can be 
restated in a form in which the coordinates 2* do not 
appear explicitly: 

r7™=0, 


4 (gi j+85.0) = b,j. 


Alternately, one may re-express Eqs. (3.18) in terms of 
conditions on the g;; and x’, Thus we have 


(3.18a) 
(3.18b) 


Vartari ;,—xrii =0, (3.19a) 


V"g:=gi,;=0. (3.19b) 


These differential conditions involve Laplacian operators 
acting on Eqs. (3.10). They are equivalent to Eqs. 
(3.10) only when one retains the appropriate boundary 
conditions. To recover Eq. (3.18) from Eq. (3.19) one 
must invoke the condition that the metric be asympto- 
tically flat at spacial infinity. Similarly Eq. (3.10a) 
can be recovered from Eq. (3.18a) by the same require- 
ment. Thus the equation giving the time derivative of 
x? in terms of V reduces asymptotically to 


dof —3(1/V) x7] =N=1, 


since N=(—g”)-'=1 for flat space. Similarly, the 
equation for n; reduces, at spacial infinity, to 


nism a= ol gest 8i4) =0, 


(3.20a) 


(3.20b) 


‘" Note added in proof.—The primary consistency check is that 
the equations of motion obtained from Eq. (3.17) be equivalent to 
the Einstein equations. It is indeed possible to show this by insert- 
ing the constraints and coordinate conditions into the Einstein 
equations [obtained by varying Eq. (3.16)] and comparing with 
those from Eq. (3.17). This shows that the Hamiltonian, /d*x%, 
consistently generates, for genera] relativity, translations in the 
chosen time coordinate. Similarly, the canonical momentum den- 
sity [which arises from Eq. (3.17)], T©%;= —x*/77p,,77 ; gener- 
ates space translations. By first showing that 7°; differs from 
—2(gime™ ) 53 —2xii [G77 x77] by a divergence of the canonical 
variables, one then sees that 7°;==—2‘/; obtained from the 
generator (3.11) differs from T°; only by a divergence. Thus 7°; 
consistently generates translations in x*. 

Also, it might be noted that the mumerical value of the standard 
Einstein-Tolman and Landau-Lifshitz surface integra! forms for 
the energy and momentum agree with ours, as derived by the 
canonical formalism. 
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and hence 7, is a constant vector which for simplicity 
we choose to be zero. With this choice, our coordinates 
2 are rectangular at infinity. 

The coordinate conditions we use are given in a form 
analogous to Eq. (2.4a), not Eq. (2.4b). Consequently, 
the equality »'=g,; holds only in the preferred frame. 
A deeper investigation of the existence and uniqueness 
of coordinates satisfying Eqs. (3.19), leading to a 
construction of these »* from the g,, of an arbitrary 
frame, would be desirable though perhaps quite difficult. 
However, it is easy to see that these coordinate condi- 
tions are consistent with Einstein’s equations in the 
sense that, given initial values of gy and wr at time 
t=0 compatible with Eqs. (3.19), a unique solution for 
gij and x at later times is obtained by integrating the 
Einstein equations. The proof would employ a perturba- 
tion argument, as in the discussion of the constraint 
equations in IT, 

The canonical formalism obtained above is very 
similar to that of linearized theory as discussed in I, 
with of course a more complicated expression for the 
Hamiltonian. Thus 2/77 linearizes to 1,77 while +7 
linearizes to the purely longitudinal part of I°;,, i.e., 
1”,;”. The “radiation gauge” in I was defined precisely 
by the transversality condition on gy, i.e., Eq. (3.19b) 
and the vanishing of I°,;”. Similarly, as was discussed in 
II, a solution of Eq. (3.9a) for g’,« to quadratic order 
yields the linearized Hamiltonian. However, if in the 
full theory one simply imposed the coordinate conditions 
£4,;=0 and I°,;“=0, one would not obtain a canonical 
form for the generator. Thus the introduction of the 
xi variables, with the consequent reduction of the 
generator to a sum of six terms, was essential to obtain 
a canonical form. It is easy to exhibit other forms of 
the generator which also only involve six terms. For 
example, an infinite class of these is 


G=- f d*x 9°R,, (3.22) 


where 
gt = (*g)'a", (3.23a) 


Kj= (R404 P gug""K mn] (3.23b) 


for any \. Further, the class of generators formed from 
that of (3.22) by raising and lowering indices, i.e., 


G= f d*x 9, 6R4 


differs from (3.22) only by a total variation. The 
generator we have discussed corresponds to the case 
\== —4. If one were to make the orthogonal decomposi- 
tion of Eq. (3.4) on these new generators and impose 
coordinate conditions analogous to Eqs. (3.10), one 
would again obtain a canonical form. The new canonical 
variables 9,77 and K“?T are related to the ones 
discussed here by a canonical transformation which in- 
volves a coordinate transformation. 


(3.24) 
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IV. CONSERVATION LAWS 


In the preceding section we have seen that the first 
half of the problem stated in Sec. II, namely the 
reduction of the generator to canonical form, has been 
solved. We shall see in this section (and in more detail 
in Appendix B) that the second half of the problem, 
namely the coordinate independence of the Hamiltonian 
and momentum densities, has in fact, also been solved. 
Since functionals of g;; and 2 have been used as 
coordinates, one would expect a priori that they appear 
in the expressions for 7°,. In broad outline, the reason 
why this is avoided with our coordinate conditions is 
that the coordinates themselves do not appear explicitly 
in gy and wr’, Thus while g;=<x*, only $(g;,;+-8;,«) =44 
appears in g,;. Similarly, only x7 = —2V*x°=0 appears 
in the decomposition of +. In fact, as the constraint 
equations (3.9) contain only gj and r” and no explicit 
a, it becomes difficult at first sight to imagine how an 
explicit 2* dependence can appear in their solutions.? 
However, the process of solving the differential equa- 
tions introduces operators such as 1/¥?, which if 
applied to r*=a7+2nr', leads to a term (1/V*)x? 
= —2x°, Similarly, (1/V*)g.;,; would lead to the term x‘, 
As is shown in the explicit proof in Appendix B, 
however, terms of this sort never appear and the struc- 
tures that do actually arise are coordinate independent. 

We may now use this coordinate independence of 
T"» to establish a set of conservation laws. Since, in 
Eq. (3.17), KH does not depend explicitly on 2, the 
standard techniques of Lagrangian field theory allow 
one to derive a stress tensor 7, satisfying 


T+, ,=0. (4.1) 


We have given an expression in this paper for T,°= 
To. The Lagrangian of Eq. (3.17) is furthermore 
manifestly covariant under three dimensional rigid 
rotations. This implies that T#=T%; is a symmetric 
three-tensor and hence a conservation law for three 
dimensional angular momentum holds. Thus if we 


define 


M #4 = xi Toi — xi THs, 


where T= T°; then one has 


(4.2) 


M*i ,=0. (4.3) 


The above results were established without recourse 
to Lorentz covariance. The latter is needed to establish 
the remaining conservation law for M“. We hope 
to discuss later the Lorentz transformation properties 
of the canonical formalism. 


V. DISCUSSION 


In the previous sections, general relativity has been 
cast into a canonical form. Explicit canonical variables 


*The apparent appearance of explicit 2* dependence in the 
integral representation of (1/V*) [i.e., in (44) fax’ (1/|x—x’|)] 
is spurious since the V* operator is invariant under rotations and 
translations. 
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have been obtained. Since these are grouped as two 
pairs of unconstrained conjugate variables, the funda- 
mental Poisson bracket relations follow just as in 
ordinary field theories. The Hamiltonian density was 
shown to have no explicit dependence on the coordinates. 
The energy of the field is defined as the numerical 
value of the Hamiltonian for solution of the 
equations of motion. Thus one has 


E= -f d*x g” i -f g” dS, 


where d.S,=dx*dx’, etc., are the rectangular elements of 
a surface at spacial infinity. The transition from a 
volume integral to a surface integral cannot of course 
be made for the Hamiltonian where g’ is expressed 
in terms of canonical variables [according to the 
solutions of the constraint equations (3.9) ] and hence 
is not then a divergence. The energy, however, may be 
directly evaluated from the knowledge of g’ on the 
surface. A similar expression holds for the spacial 
components of the momentum four-vector. A fuller 
discussion of these momentum and 
energy will be given in a following paper,’ where the 
results obtained here are extended to include a matter 
system coupled to the gravitational field. The criteria 


any 


(5.1) 


formulas for 


for the existence of gravitational radiation will also be 
given there. 

One of the principal purposes of this classical investi- 
gation is, of course, to serve as a basis for a quantum 
theory of relativity. One might suppose that a quantum 
theory could now be obtained by merely replacing the 
Poisson bracket relations of Eq. (3.14) by the corre- 
sponding commutators. One could do this, presumably, 
by choosing some Hermitian ordering for the Hamilton- 
ian, though this is highly non-unique. Indeed, one 
would obtain in this manner a quantum theory for 
the two canonical degrees of freedom. However, these 
two degrees of freedom do not represent the full 
statement of general relativity: one also has equations 
to determine go,, for example, which are not part of 
this canonical Furthermore, one 
encounters these variables as soon as one makes a 
Lorentz transformation from the initial frame,‘ an 
operation that must be allowed for any sensible 
quantum theory. Since the equations defining go, are 


theory as_ such. 


now quantum ones, one must establish the consistency 
of the ordering of the Hamiltonian and the go, equations 
in one frame with those in another frame. Finally, 
classically we saw, that there was an infinite number of 
a priori equivalent sets of simple canonical variables 
[Eq. (3.22) ] with conserved Hamiltonians, each of 


*R. S. Arnowitt, S. Deser, and C. W. Misner, Phys. Rev. 118, 
(1960) (to be published). 

‘In electrodynamics, one similarly has that the gauge functions 
(i.e., the scalar potential and longitudinal part of the vector 
potential) mix with the dynamical variables (i.e., the transverse 
part of the vector potential) when a Lorentz transformation is 
made. 





CANONICAL 


which could of course be used as a basis for such a 
quantum scheme; quantum mechanically, however, 
the relation between these sets of variables need no 
longer be one of a unitary transformation, due to the 
operator character of the variables. Hence these are no 
longer equivalent starting points for quantization. 
Further, the classical canonical transformations among 
these sets may well make the coordinates associated 
with one set functions of both the canonical variables 
and coordinates of the other. This would lead to the 
phenomenon in the quantum theory of the coordinates 
of one set being g-numbers when expressed in terms of 
the variables of the other set, as was discussed in IT. 

In view of the many ambiguities which could arise 
in an attempt to quantize consistently at this level, 
it would seem more fruitful to return to the action in 
four dimensional form, i.e., g”’R,(T%,) and try to 
repeat our reduction to canonical form within the 
framework of quantum theory. There, one can use the 
manifest Lorentz covariance of the original Lagrangian 
as an aid in proving the Lorentz covariance of the 
canonical quantum form that should arise. Further, 
the ordering ambiguities are drastically reduced. Since 
at most cubic terms enter in this Lagrangian, one can 
show easily that there is at most a simple three param- 
eter family of available quantum Lagrangians, all of 
which are generally covariant. These different orderings 
of the Lagrangian differ from each other only by 
double commutators, i.e., effects of order h?. The basic 
requirement of consistency between the Lagrange and 
Heisenberg equations of motion should single out one 
of these forms since the double commutators do not 
contribute to the Lagrange equations but presumably 
affect the Heisenberg ones. In an investigation based 
on the four dimensional form of the quantum Lagrangian 
one ultimately expects to arrive at canonical forms 
very similar to those obtained here. Thus the classical 
results represent an excellent guide in formulating 
the quantum theory. 


APPENDIX A ' 


We show here that for any choice of gauge variables, 
”, the canonical form (2.6) can be reached from the 
generator 


o- f d*x [f,(u,x)ow+h,(u,x)dx°], — (A.1) 


where we have chosen coordinates »*=2*. The first 
four terins, f,5u’, can always be reduced to a sum of 
two terms by a classical theorem in differential forms.® 
In applying this theorem, it is necessary to view x* as 
parameters, not to be varied. Thus we have 


f bw = pdbwat 5.W (u,x), 


5 See, for example, J. M. Thomas, Differential Systems, Am. 
Math. Soc. Colloq. Pub. XXI, 1937, and the appendix in II. 


(A.2) 
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where a=1, 2 and pa, ga are functions of u* and x’. To 
reinstate total variations, therefore, we write 


by =6 —é, 
=§—5x*d/dx* (A.3) 


and obtain 


G= f as [padgat {hy — pa(9qa/dx*) 


—dOW/dx*}bx"], (A.4) 
where the total variation 5W has been discarded in G. 
When the w’ have been eliminated in terms of pa, ga 
and 2 in the coefficient of da* of Eq. (A.4), one has 
reached the desired result, Eq. (2.6).: However, the 
T°, so obtained (i.e., the coefficient of 52*) will in general 
depend explicitly on 2. 


APPENDIX B 


We demonstrate here the independence of the 
Hamiltonian and momentum densities on the coor- 
dinates we have chosen. These functions arise as 
solutions of the constraint equations (3.9). We will 
make use of a perturbation interation solution in our 
proof similar to the one discussed in II. 

The care that is required in the analysis is illustrated 
by the apparent contradiction between the equations 
—4(1/V*)e? =2° and #7 =—2V*x"=0. This would lead 
to difficulties in the generator where the term g’bx7 
arises, which we have rewritten as g’ ,d[ (1/V*)x" ]. 
(As we shall see below, setting x” to zero in the con- 
straint equations leads to correct results since effectively 
no structures such as (1/¥V*)r" appear in their solutions.) 
To give these operations meaning we shall therefore 
introduce a convergence factor such as exp(—ar) to 
multiply the 2 in Eqs. (3.10): 


—4}(1/V*)x? =x" exp(—ar), (B.1a) 


gi=x' exp(—ar). (B.1b) 


The limit a — 0 will of course be taken at the end of 
the analysis. This means that neither #7 nor g;,;+-g;,« 
are independent of » and thus g,; and wr regain their 
explicit coordinate independence only in the limit 
a— 0. We will use in the discussion the formulas 


lim (1/9*)[? f(r) ]=0, (B.2a) 
a) 


if f(r) approaches zero at infinity as r~*, n>0, while 


lim (1/¥*)[g:, f(r) ]=0, (B.2b) 


if f(r) approaches zero as r~*, n>2. Similar theorems 
hold when higher derivatives act on g; or #7 and when 
products of these functions occur. The f(r) that will 
arise, actually go to zero much faster than the minimal 
limits stated in the above theorems. 
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We begin by examining the + constraint equation 
(3.9b) which we rewrite as an equation for p'=2'‘ j; 
+4! = a 5: 


pi=- (qi m7 TT ata Ty i,,.) _ { ( 1/V?) 
Xp! mp, 1— (1/9?) p”, pm }}T‘im. 


We view this as an equation to be solved by iteration 
on p‘. Although these equations must eventually be 
solved simultaneously with Eq. (3.9a), it is first 
convenient to solve Eqs. (B.3) for p‘ in terms of I'4,;, 
nim?T g'™T. The zeroth step of the iteration, which is 
just the first bracket on the right-hand side of Eqs. 
(B.3), contains the linear theory’s expression for 7°; 
when one remembers that +7=0 in the limit a=0. The 
parts of the first iteration involving x? have the form 


[ (1/92) (eT 'o5,m) ime. (B.4) 


(B.3) 


The coefficient I"',,,, of #7 contains structures depend- 
ing on g,j77, g’, and g; ;. Both g,;77 and g” ; must vanish 
at infinity since g;; approaches 6;; there. The terms 
containing any g,;7" or g’ factor give no contribution 
according to Eq. (B.2a). The remaining terms contain 
only +” and g;,; and can be seen to vanish by direct 
insertion of Eq. (B.1). In higher iterations, 7 always 
appears in factors identical to those treated in the 
first iteration, e.g., (1/V*)(97I"'.n,m). Hence the argu- 
ment goes through for all higher orders and x° does not 
appear explicitly in the solution p‘=p‘[r77,T,, |. 
Further, the only places where x‘ might appear in 
the solution for p* are in the g’ arising in I‘,,; and from 
the I‘,,; in terms of the type (1/V*)(r™77T",,;). On 
account of theorems of the sort given in Eqs. (B.2) the 
latter type of terms are actually independent of x*. 
Turning next to Eq. (3.9a) we will investigate its 
solution for g’ in terms of g,;;77 and 2‘/. We rewrite 
here the orthogonal decomposition (Eq. 3.4) of gi; as 


Rij 5+2:;77 + 2,;7 + hy jh; iy (B.5) 
where 


(B.6) 


x‘Lexp( —ar)—1 }. 


h; 8: x*= 


The purpose of this rearrangement is to extract the 
leading term —g’, in *R. Eq. (3.9a) then takes the 
form 


p= — gl - He g, TT him) +H 3(gi577 hie") 


+ fo(g? Lis T hy?) + f(g" gj? ? hie”). (B.7) 


Here 32 contains all quadratic terms independent of 
p and 3C; the cubic and higher terms independent of 
p; fe contains the other quadratic terms while fs 
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contains the other higher order terms. The zero’th 
iteration on p is, of course, just 12+. This contains 
as the leading term in the limit a=0 the linear theory’s 
Hamiltonian density. The next iteration then proceeds 
by substitution of —(1/V*)(52+H;) for g? in fe and 
fs. We first discuss the (1/¥*)3C. term. Those parts of 
HK depending on g,;77 or x7? bring in no »* dependence 
by virtue of Eq. (B.2b). We have used here the fact 
that the canonical variables vanish very rapidly at 
infinity for a system of finite energy.* The terms in 
(1/¥*)52 independent of canonical variables yield a 
constant, C, in the limit a=0 [using Eq. (B.1)] by 
direct calculation with a Coulomb Green’s function for 
1/V*. However, the boundary condition that g? vanish 
at infinity’ means that one must add to the Coulomb 
integral solution a constant that cancels C. In (1/V*)3%; 
the cubic and higher terms independent of canonical 
variables vanish by direct calculation in the limit 
a=0, while by theorems of the type quoted in Eqs. 
(B.2) the remaining terms are independent of 2. 
Higher order iterations give rise to structures of the 
form (1/V*)(fo+/s) where in fe and fs, g? has been 
replaced by its lower order value. That these possess 
no explicit »* dependence follows in a fashion analogous 
to the treatment of (1/V?)Xs. 

The above discussion has established that the two 
series 
(B.8a) 


(B.8b) 


contain no explicit dependence on 2 in the limit a=0. 
Also the total solution, obtained by cross iteration 
between the p* and p equations, is found in dependent of 
a, establishing finally the fact that 7°, has no explicit 
a* dependence. 

The result that we have obtained implies that 3 
and 7°, arise unambiguously from the constraint 
equations (3.9) by simply inserting there the coordinate 
conditions 

m™=0, g 0, (4.10) 
without regard to the possible difficulties discussed at 
the beginning of this appendix 

* For example, if we have a packet of radiation confined to a 
finite domain one could assume that the canonical variables 
went to zero exponentially at infinity with no loss of generality 
as the canonical variables are then rigorously zero there 

7 In the orthogonal breakup 3.4) for g iy the boundary condition 
g™ = —2 at infinity was employed so that, with g;=x*, the metric 
approach 4;;. In the form (B.5), g7 has been redefined (for con- 
venience) to approach zero at infinity to comply with the same 
boundary condition. This does not, of course, affect any results. 
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The problems of pion-nucleon and nucleon-nucleon scattering and nucleon electromagnetic structure 
involve the matrix element for two pions producing a nucleon-antinucleon pair. By use of the Mandelstam 
representation we are able to write dispersion relations for the partial-wave scattering amplitudes of this 
process. In the low-energy range these dispersion relations can be transformed into integral equations whose 
kernels are simply related to pion-nucleon and pion-pion scattering amplitudes. 


I. INTRODUCTION 


METHOD for calculating the behavior of sys- 

tems of strongly interacting particles has been 
developed recently by Chew and Mandelstam,' and has 
been applied by them to the problem of pion-pion 
scattering. Their procedure is based on Mandelstam’s 
generalization of dispersion relations,? which prescribes 
a method of analytic continuation of scattering ampli- 
tudes into the complex plane as a function of both the 
energy and momentum-transfer variables. This simul- 
taneous extension of both variables into the complex 
plane permits one to write dispersion relations for 
partial-wave amplitudes. Applying the unitarity con- 
dition and using the “effective-range” approximation 
i.e., determining the behavior of an analytic function by 
considering only near-by singularities—one can trans- 
form these partial-wave dispersion relations into a 
system of integral equations. 

We have applied this method to the calculation of the 
matrix element for the production of a nucleon-anti- 
nucleon pair by two pions. This matrix element enters 
into many of the problems of strong interactions, such 
as pion-nucleon scattering and photoproduction, the 
nucleon-nucleon interaction, and the nucleon electro- 
magnetic structure. In pion-nucleon scattering the 
structure of the Mandelstam representation forces one 
to consider simultaneously the three processes shown in 
Fig. 1. In the nucleon-nucleon interaction problem, 
knowledge of the process r+x«+ N+N will permit 
calculation of the two-pion exchange contribution. In 

Ne nN, Ne 
Pe Pr 
a2/ <4 i s+ 
7 ‘ 
72 wv Ni 


(I-A) (-B) (i) 


Fic. 1. The three channels of the two-nucleon, two-pion problem. 


* This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

t A visitor from the Argentine Army. 

1G. F. Chew and S. Mandelstam, University of California 
Radiation Laboratory Report UCRL-8728, April 15, 1959 (un- 
published). 

2S. Mandelstam, Phys. Rev. 112, 1344 (1958) and Phys. Rev. 
115, 1741 and 1752 (1959). 


the nucleon electromagnetic structure this process in the 
state of total angular momentum one, together with the 
pion form factor, dominates the isotopic vector prop- 
erties.’ This application will be discussed in the follow- 
ing paper. 

In Sec. II the kinematics and isotopic spin analysis 
are treated. The partial-wave decomposition is carried 
out in Sec. III. We follow there the work of Jacob and 
Wick,‘ in terms of helicity states rather than orbital 
angular momenta. In Sec. IV the Mandelstam repre- 
sentation and its properties are described, and in Sec: V 
they are used to study the structure of the singularities 
of the partial-wave amplitudes. In Sec. VI the dispersion 
relations are transformed into integral equations and a 
method of approximate solution in the low-energy 
(unphysical) region is given. 


Il. KINEMATICS 

Let the four-vector momenta of the pions be ¢; and ge, 
and those of the antinucleon and nucleon be p; and po, 
respectively [ Fig. 1(a) ]. Define the variables® 
t= — (gi +q2)?=4(¢ +p?) =4(p?+m"’), 
s=—(pi-qi)*= — 9’ —¢°+2pgq cosd, (2.1b) 

&= — (pi--q2)*= — P — F —2pgq cosd, (2.1c) 

where g and p are the magnitudes of the pion and 
nucleon momenta, and cos#=p2-q:/pqg, all in the 


barycentric system. Momentum conservation leads to 
the relation 


(2.1a) 


St+8+1= 2m?+-2,7. (2.2) 


The Lorentz invariants defined by Eqs. (2.1a, b, c) are 
just the squares of the energies in the barycentric system 
of the corresponding process in Fig. 1(a), (b), (c). The 
structure of the Mandelstam representation? forces us to 
consider these three processes simultaneously. 

The S matrix for the process r+” — N+N can be 
written 


S5¢= — (2e)'i8*( p+ pr—9i—ga) ty (2.3) 


—_____—r, 
(4E, Eww)! 
* W.R. Frazer and J. R. Fulco, Phys. Rev. Letters 2, 365 (1959). 


*M. Jacob and G. C. Wick, Ann. Phys. 7, 404 (1959). 
* Notation: We use the metric such that p-¢= p-q— pogo. The 


Dirac equation reads (iy-p+m)u=0, (i7-p—m)o=0. The spinors 
are normalized to du=1, #v= —1. The nucleon mass is m, the pion 
mass is x. The coupling constant g, is defined so that g7/44= 14. 
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where £; and E>» are the antinucleon and nucleon 
energies, w; and w, are the meson energies, and 


Tys=U(p2)T0( pi). 


The decomposition of T into spin-independent functions 
has been carried out by Chew, Goldberger, Low, and 
Nambu for pion-nucleon scattering.* Making the substi- 
tution g:—> —q2, ~i—* — pi, we find for the process 
r+nr—N+N 


(2.4) 


T= —A+H4iy: (qi— 92) B, (2.5) 


where A and B are functions of s, 8, and ¢, and matrices 
in isotopic spin space. As in pion-nucleon scatiering, the 
most general form consistent with charge independence® 
is 


5saA+3[ 79,72 |A™, 


and similarly for Bs.. The Pauli principle requires 


A Ba* (2.6) 


A‘*)(s,8,()= +A (85,0), (2.7a) 


B® (s,8,1) = FB (8,s,2). (2.7b) 


Note that, according to Eq. (2.1), s++ 8 means 
cos@ «+ —cos#. It is also evident from the symmetry 
properties of the (+) amplitudes that they are pro- 
portional to the two possible eigenamplitudes of total 
isotopic spin. As shown in the Appendix, 


AWM=(1/4/6)A°, AO=}Al. 


=}, (2.8) 
Ill. ANGULAR-MOMENTUM DECOMPOSITION 


In the barycentric system the differential cross section 
for r+2— N+N is 


do/dQ= >> (p/q)| (m/2E) (r/4x) |*, 


where >> represents a sum over final spin states. The 
quantity r, defined by Eq. (2.4), can be written as a 
matrix element between Pauli spinors, x, in the form 


(3.1) 


r)= Xv (hye-pt+hoe-q)Xx, (3.2) 
where 
hy = —(1/m){A®+[B/(m+E) ]p-q}, 
h,» = (E/m) BO, 


(3.3) 
(3.4) 


We have denoted by £ the nucleon total energy in the 
barycentric system; i.e., /=4E. 

We could now write partial-wave amplitudes corre- 
sponding to each value of the orbital angular momentum 
/ of the nucleon-antinucleon system; however, as we 
shall show later, the amplitudes introduced by Jacob 
and Wick‘ have simpler analytic properties. Therefore 
we shall carry out the partial-wave decomposition by 
their method, defining 


do/dQ=>¥ (p/q)|F(Ad)|?, (3.5) 


where &(AA) is the amplitude for production of a nucleon 


*G. F. Chew, M. L. Goldberger, F. 


E. Low, and Y. Nambu, 
Phys. Rev. 106, 1337 (1957). 
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ULCO 


with helicity \ and an antinucleon with helicity 4. We 
have suppressed the superscripts (+) in Eq. (3.5). 
Equations (31) and (44) of reference 4 then give 


3.6) 


F445 F (1 ] +e J+ , T ‘iP, cos#), 
J 


J+4 
- (3.7) 


’ 


T d sindP ,’ cos# 


where we have used the abbreviation + for +4. The 
scattering amplitudes 7,’ for the state of total angular 
momentum J are related to the corresponding S-matrix 
elements as follows: 
T! = —i(g/p)iS?. (3.8) 
Our next step is to relate the 7,” to the invariant 
functions A‘ and B®. This can easily be done by 
choosing the z axis along p and evaluating Eq. (3.2) for 
the helicity states. We find 


$54 = (ie'*m/8rE)(hiptheqg cosd), (3.9) 


F (ie*m/8mrE)heg sind, 


(3.10) 


where the arbitrary phase a, arising from the relation 


? 


between Eqs. (3.1) and (3.5), will be adjusted later. 
Introducing Eqs. (3.9) and (3.10) into (3.6) and (3.7), 
and using the orthogonality properties [Eq. (23) of 
reference 4 |, we obtain 


te‘*mq ' 
J dx I y\a 
8rEp 1 


X [p?hi(x)+ poxhe(x)}, (3.11) 


ie“*mg fJ+1\' ¢' 
T_4(t)= ( ) f dx h rv) 
Srk J 1 


where x= cos@. Let us now define new amplitudes 


T 7 (t) 


(3.12) 


f.7=(p/O(E/ (9) IT’, 
f-7=(e/9U1 


which will be shown in Sec. 
properties. Using Eqs. 


( 
Sr 


(3.13) 
pq)? \T’, (3.14) 
V to have simple analytic 


3.3) and (3.4), we finally find 


fi7(b) 





PARTIAL-WAVE DISPERSION 


where we have defined 


1 
(4s; By») = f dx Py(x)(A™; B®), (3.17) 
1 


The arbitrary phase a has been adjusted in Eqs. (3.15) 
and (3.16) so that f,/ are real when A and B are real. 
Notice that the Pauli principle, as expressed by Eq. 
(2.7), implies that for J even, 


As = By =0, 
whereas for J odd 


Ay = B;-=0. 


IV. THE MANDELSTAM REPRESENTATION 


We assume that the invariant functions A‘ and 
B™ satisfy the spectral representation proposed by 
Mandelstam?: 

gr gr 
B® (5,8,t) = + 
a—;s 


9 a 
m—s 


t) (s’ 3°) 


i 


(m+)? (s’—s)(8’—8) 


by; . (s’,t’) 
(s’—s)(t’—2) 


(3’,t’) 
(4.1) 


(8’—8)(t/—1) 


Although the variables s, 8, and ¢ are related by Eq. 
(2.2), we shall often write them explicitly in order to 
show the full symmetry of the representation. The 
functions A‘ satisfy a similar representation, excluding 
the first two terms. We shall not consider the possibility 
of subtraction terms in Eq. (4.1), since we shall use the 
representation only to determine the location of singu- 
larities in the partial-wave amplitudes. The spectral 
functions };;~ and a, are not independent; it 
follows from Eqs. (2.7) that 


12 (x,y) = ais (y,x), 


, (x,y) = F by - (y,%), 
*) (x,y) = +aes (x,y), 
») (x,y) = F bes (x,y). 


As shown by Mandelstam, one can easily derive from 
Eq. (4.1) one-dimensional dispersion relations with 
either s, 8, or ¢ held fixed. In order to derive dispersion 
relations for partial-wave amplitudes for r+-4%— V+N, 
we need the representation which makes explicit the 
dependence on the momentum transfer (s) for fixed 
energy (/): 


RELATIONS FOR «r+x2-N+N 





~ 
°o 


s(in units of pe ) 
3 3 











24 ; 32 % <0 a4 
t (in units of ut) 
1G. 2. Boundary curve of the spectral functions },3(s,f), ai2(s,t). 
ge ge 1 ° b+ (s’,t) 
-F - + ds’ 


m’—s m—8 


Ae 


(m+m)* 


B+) (s,8,t) = 
s'—s 


bi (8 ,t) 


(m+n)? 


Then Eq. (4.1) shows 


. ’ £) (s’ ) 
by (s’ t) = we 


f=t 
oe 


(m+n)? 


by‘ : (s’ 8) 


——————, (4.7) 
8 +5 +1— 2m? — 2p? 


and 


1 . bs‘ 
bo'+) (8,4) =—- f dt’ —— 


, 
T ~ 4y* t—l 


ex 


(m+)? 


(8’,t’) 


bi (s’ 8) 


s ty +1— 2a — 2p? 


(4.8) 


Using Eq. (4.3), one finds 

b> (st) = Fb, (s’,). (4.9) 
Relations similar to Eqs. (4.6-4.9) hold for A™, but 
without the pole terms and with the + inverted. 

The spectral functions 6,;, a4; are nonzero in regions 
whose boundaries have been calculated by Mandelstam.? 
For completeness we reproduce his results here. The 
spectral functions by, and a, are bounded by the 
following two curves (see Fig. 2): 


I. (t—4y*)[s— (m+ 2)? \[s— (m—2p)* | 
— i6y*(s+3m?— 3yu*) =0, 


II. (¢—16y?)[s— (m+-y)* [s— (m—p)?] 
— 64y's=0. 


(4.10a) 


(4.10b) 
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The bounding curves for 5.3; and a23 can be obtained 
from these equations by changing s to 8. The spectral 
functions };. and ay. are bounded by™ 


[8— (m+ 2p)? | 8— (m—2y)* [s— (m+)? ] 
x [s— (m—p)* ]—16s8m*y? 


+ 16y?(m?— u?)?(s4+-8—m?—2y*)=0, (4.11) 


and by a second curve obtained by interchanging s and 
§. From Eqs. (4.10) and (4.11) it is evident that the 
regions in which the spectral functions are nonzero are 
asymptotically bounded by the lower limits of integra- 
tion in Eq. (4.1). 


V. ANALYTIC PROPERTIES OF THE 
PARTIAL-WAVE AMPLITUDES 


Let us now use the analytic properties of the invariant 
functions A ‘*(s,8,/) and B@?(s,8,/), as given in Sec. IV, 
to make an analytic continuation into the complex ¢ 
plane of the partial-wave amplitudes f,/(¢) defined by 
Eqs. (3.15) and (3.16). In order to do this let us consider, 
for example, the term A,/(pqg)’. Using Eqs. (3.17), 
(4.6), and (4.9), we find 


1 x 
f ds’ a,(s’,t)T z(s’,t), 
o ; 


(m+p)* 


A z(t) 


(pq)? 


(5.1) 
where 


1 1 
f dx Pa(x)( ~- 
(pq)? J_4 s'+p+¢—2pqx 


(—1)/ 
+ ) (5.2) 
i+ pP+P+2pqx 


By inspection of these two equations and Eq. (4.7), 
it is a straightforward task to determine the nature and 
location of the singularities of A »/(pq)’. The vanishing 
of the denominator of the first term in Eq. (4.7) pro- 
duces a series of branch cuts on the positive real ¢ axis 
associated with the thresholds of the possible inter- 
mediate states between two pions and a nucleon-anti- 
nucleon pair. The lowest occurs at ‘= (2u)’, the next at 
{= (4u)’, and so on. The threshold of the physical region 
comes at {= (2m)*. The apparent singularity from the 
vanishing of the second denominator in Eq. (4.7) was 
introduced artificially through the separation into par- 
tial fractions of one of the terms in Eq. (4.1). This 
singularity can easily be seen to vanish after the 
integration in Eq. (5.1) is performed. 

The other two sets of branch cuts, arising from the 
vanishing of the denominators in Eq. (5.2), are coinci- 
dent and lie on the negative real axis. It can easily be 
shown that the branch cuts extend from ‘= — « to 


t=[4m*y?— (s’— m?—y*)* ]/s’. (5.3) 


7 Note added in proof.—We thank Dr. James Ball for suggesting 
this formula, which is a correction of Eq. (4.3a) of reference 2. 


AND 


Su: Bs 


Since s’ is the energy variable for pion-nucleon scat- 
tering, Eq. (5.3) means that there will be a branch point 
in ¢ arising from each threshold for the states which can 
be produced by a pion and a nucleon. Therefore the first 
branch point, lying at ‘=0, corresponds to the lower 
limit of integration in Eq. (5.1). The second, corre- 
sponding to the threshold for pion production, occurs at 
t= — 10y’. 

It should further be noticed that J,(s’,t) contains no 
singularities other than those arising from vanishing 
denominators in the Mandelstam representation. Since 
it can easily be shown that the integral in Eq. (5.2) 
vanishes at p=0 or g=0 as (pq), no pole is introduced 
by dividing by this factor. Finally, since only even 
powers of pg are present in /,(s’,/), no branch points 
arising from kinematical factors occur. 

Similar considerations hold for the terms proportional 
to B,; in f,”. However, the pole terms in Eq. (4.6) 
produce an additional branch point at (= 4y?(1—y?/4m*). 
Thus we can conclude that the functions f,7(¢) are 
analytic in the complex / plane except for branch cuts on 
the real axis extending from — © to 4yu?(1—,y?/4m?) and 
from 4yu? to ©. We remark here that the amplitudes f,/ 
corresponding to definite helicities are clearly more con- 
venient than the usual amplitudes corresponding to 
definite orbital angular momenta, since the latter con- 
tain additional singularities of a purely kinematical 
origin (such as factors of £). 

In order now to be able to write dispersion relations 
for the partial-wave amplitudes we must consider their 
asymptotic behavior. The unitarity condition tells us 
that 7,/(/) are bounded as ‘—» «. Therefore we see 
from Eqs. (3.13) and (3.14) that as /—> «, f_/(2) goes 
to zero at least as fast as ¢-”, and f,/(#), as t-/*4. Guided 
by these considerations we write for /#0 


1 e*Imf,/(’)dt’ 1 f® Imf,/ (Pde 
fs7(D= f + f —, 
T t'—i—ie ria: t—t—te 


a » 


(5.4) 


where a= 4y?(1—?/4m?). 

For J=0, f_°(t)=0, from Eq. (3.16). This is obvious 
physically from the fact that f_’ refers to states in 
which the projection of J along pis unity. Moreover, the 
quantity /,°/p? remains finite at p=0 and has the 
necessary asymptotic behavior as {—> @. 

Our next task is to evaluate Im/,/ (/) on the left-hand 
In this region a,(s’,t) and 


], and we find, from Eq. (5.1), 


branch cut (— «© </<a). 


b,(s’,t) are real [Eq. (4.7) 


A,(t) L(t 
i -f 
(pq)? ~~ 


where 
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s’—q—p 2 


2q-p- 


A relation similar to Eq. (5.5) but including the contri- 
bution of the pole terms holds for B,(/), leading to 


~ 
~ 


1 
Imf,7(t)=— | g?meoP (20) 
8x (p_q_)? 


+0(—0 f 


m+)? 


Lit) 


ds’ ((p_/q_)ai(s’,t) 


+mz2b,(s',t) |Ps(s) (5.7) 
[J(J+1)}! 
Im f_/ (t) = —-——- 
8ar(2J+1)(p_g_)? 


x ree| Ps41(t0)— Ps 1( Zo) ] 


Lit 


+0(— f ds'by(s’ ,t)Ps41(z) — Ps_s(z) ]}, (5.8) 
where | 
Zo= (m?—gq_?— p_*)/2g_p_. 


As we have stated previously, the left-hand branch 
cut is associated with pion-nucleon scattering. From 
Eqs. (4.6) and (4.9) it follows, for :<0, 


a;'+ (s’,t) = ImA (s’,t), (5.9) 


and the same for },. Although in Eqs. (5.7) and (5.8) the 
energy variable s’ is in the physical range for pion- 
nucleon scattering, the upper limit L(/) is such that 
cos@ < —1, where ¢ is the pion-nucleon scattering angle 
in the barycentric system. Therefore we must make an 
analytic continuation from the physical region. A well- 
known method of continuation is to expand Im4A (s,/) in 
Legendre polynomials® : 


[a,' : 


(s,t) ; by"*(s,t) ] 


(W+m; 1) 


a > [Imfi,'*’ P41’ (cose) 
E,+m l 


(W—m;—1) 
P1_1'(cos)]—— 


t.—-m 


—Imf,_ > Pi(cosd) 
l 


< [Im f,_* — Imf;, 1), (5.10) 


where 

W=s, E,=(W?+m'?—p?)/2W, 
and 

= E2—m?, 


cos@ = 1+4+-1/2k*. 


The region of convergence of this Legendre polynomial 
expansion can be determined from Eq. (4.7). Since a 
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function /(cos@) that is analytic inside an ellipse with 
foci at —1 and +1 can be expanded in Legendre 
polynomials, we must find the position of the nearest 
singularity in cos@. This singularity can be seen to come 
from the vanishing of the denominator of the first term 
in Eq. (4.7) in the region where },3(s,/)#0. Using Eq. 
(4.10) for the boundary curve of this region, we find 
that the expansion converges on the left-hand branch 
cut as long as ‘> —26y*. For comparison we state the 
result rigorously proved by Lehmann,” that the expan- 
sion in Eq. (5.10) converges at least for values of / 
greater than —32y?(2my-+t-y*)/3(2mp— py?) = — 12y?. 

Beyond the region of convergence of the polynomial 
expansion more subtle methods of analytic continuation 
will be necessary. However, on the basis of the effective 
range approximation, which we shall discuss in the next 
section, the contribution of Im/,/() to the scattering 
amplitude for ‘S —26yu? might be considered unim- 
portant. 


VI. THE INTEGRAL EQUATIONS 


In reference 3 we have outlined an approximate 
method of solution of Eq. (5.4) for the J=1 state, based 
on the effective range approximation and therefore ap- 
propriate to the low-energy unphysical region. We shall 
now generalize this method to states of arbitrary J. 

In order to do this we conjecture that in the region 
(2u)?<tS (4)? the phase of the amplitudes f,/ defined 
by Eqs. (3.15) and (3.16) is equal to the pion-pion 
scattering phase shift 6, in the corresponding angular 
momentum and isotopic spin state. This conjecture can 
be verified for the /=1 state if one accepts the validity 
of the dispersion-relation treatment of the nucleon 
electromagnetic structure,** where this phase condition 
is necessary to maintain the reality of the spectral 
functions.” In the general case the reason for imposing 
the phase condition on the amplitudes f,”, rather than 
T,/ for example, is that these amplitudes have the 
property of being real in the region (2u)?<t< (4m)? for 
by == (), 

Use of the phase condition permits the construction 
of a solution for f,7. Consider the quantity f,7()e~*, 


where 
1 w 
uy(t)= f dt’ 
T 4u' 


If this integral does not converge, define instead 


t fr” 5,(t’) 
uy’ (t)= f dt’ ——., 
rv, U(t'—t—ie) 


» 


5,(t’') 


(6.1) 


t'—t—ie 


(6.2) 


7% H. Lehmann, Nuovo cimento 10, 579 (1958). 

*G. F. Chew, R. Karplus, S. Gasiorowicz, and F. Zachariasen, 
Phys Rev 110, 265 (1958) 

*P. Federbush, M. L. Goldberger, and S. B. Treiman, Phys. 
Rev. 112, 642 (1958) 

“” The precise relation between the spectral functions and the 
amplitudes f,'(t) will be given in the following paper. 
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Now we can write a dispersion relation for f,7(He~“", 
provided the function approaches zero sufficiently 
rapidly. Since this function is real in the region (2y)?<¢ 
< (4u)*, the dispersion relation is 


1 ee es") Imf,7(¢) 
f dt’ 
T« t'—t—ie 


L 


1 7” Im[_f.7 (eens? | 
f dt’ a 
S643 t'—t—ie 


16 


J yu t 
Ja (L)é J 


(6.3) 


As a first effective-range approximation to f,/(é) for 
small / in the region {>4y? we can neglect the second 
integral on the right-hand side of Eq. (6.3) by virtue of 
the size of its denominator. Moreover, we expect the 
phase condition to be approximately satisfied for values 
of ¢ considerably above the next threshold at 16y*. This 
has been found by Capps to be true for photoproduc- 
tion." That being the case, the numerator in the second 
term of Eq. (6.3) will be small in a region extending 
considerably beyond the lower limit of integration, thus 
giving further justification to our approximation. 
Equation (6.3) is in general a very complex set of 
coupled integral equations since the imaginary part on 
the left-hand cut is related through Eqs. (5.7) and (5.8) 
to pion-nucleon scattering, which in turn involves the 
» N+N. However, as a first approach to 
the problem one can use experimental information about 
pion-nucleon scattering, so that Im/f,/(/) becomes a 
known function within the region of convergence of the 
Legendre polynomial expansion. We can again use the 
effective-range approach, hoping that the contribution 
beyond this region is small and therefore cutting off the 
first integral in Eq. (6.3) at = —26y?. Thus, if the pion- 


prot ess 1-7 


pion phase shift 6, is known, Eq. (6.3) gives an explicit 
solution.” 


We have applied this method of solution to the J/=1 
state, which enters in the nucleon electromagnetic 
structure problem. Results will be given in the following 
paper. 

" R. H. Capps, Phys. Rev. Letters 2, 475 (1959). 

_™ It is shown in the following paper that linear combinations of 


f,” and f_/ exist (namely those which enter into the nucleon 
structure problem) that have improved asymptotic behavior. 


AND J. 
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APPENDIX: ISOTOPIC SPIN PROJECTION 
OPERATORS 


The isotopic spin decomposition of the invariant func- 
tions A and B can be 
pendence, as 


written, assuming charge inde- 


(A.1) 


where j=n, p;k nd a, 8=1, 2, 3 are the isotopic 
spin indices of the pions 1e projection operator g/ 


is defined as 


Yr! 11.(n)X(w) 11, (A.2) 


normalized nucleon- 
antinucleon and two-pion states, respectively. Then we 
write 


The symbols (mv) and (x) denote 


(A.3) 


From Eq 


(A.4) 


l 


where the trace is taken in the nucleon isotopic spinor 


space, and wher« 


Pap’ a8 i yf z(t w)IJ,\a8). (A.5) 


The P’, 

tion operators for the pion-pion scattering, are given 

implicitly by Eqs. (II.8) and (II.4) of reference 1. 
One can easily verify that the operators 


which are the normalized isotopic-spin projec- 


GS Ba (1 \ 6 dsc, 
satisfy Eq. (A.4). This method has the advantage of 
avoiding the use of explicit representations for the 


isotopic spin eigenstates 
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It is shown that a resonance of suitable position and width in the J =1, 7=1 state of the pion-pion system 
can bring the dispersion-theoretic calculation of the isotopic-vector part of the nucleon electromagnetic 
structure into agreement with experiment. The calculation of the isotopic-vector part of the nucleon form 
factors involves in first approximation the pion form factor and the matrix element for the production by 
two pions of a nucleon-antinucleon pair. For the pion form factor we used a semiphenomenological solution 
based on the work of Chew and Mandelstam and involving two parameters related to the position and width 
of the resonance. For the r+x — N+WN amplitude we used the results of the preceding paper. 


I. INTRODUCTION 


HE basic physical ideas used herein are discussed 
in an earlier Letter,! to which the reader is 
referred in lieu of an extensive introduction. The 
calculations outlined therein are carried out in this 
paper; namely, the dispersion-relation calculations of 
the electromagnetic properties of the nucleon carried 
out by Chew ef al.? and by Federbush e¢ al.* are modified 
to include the effect of pion-pion scattering.* Again we 
refer the reader to these papers for basic definitions and 
discussions of the dispersion-relation approach to the 
nucleon electromagnetic structure. As was done in these 
papers, we confine our remarks to the isotopic-vector 
part of the nucleon structure, rather than_face the 
complexity of a three-pion intermediate state. Thus 
we are unable to say anything about the charge struc- 
ture of the neutron. 
For completeness we reproduce kere, in essentially 
the same notation as in C, the dispersion relations for 


the form factors: 
e t e® git (t)dt’ 
BE act 
2 wy: U(—2) 


1 ¢* g2"(t)dt’ 
G2" (t)= f ——— ., 
TY 4," ; 


(1.1b) 


where {= — (p’— p)"= (po'— po)?— (p’— p)’, the square of 
the energy-momentum-transfer four vector. 

In Sec. II our method is stated in detail. In Sec. II 
the results of our calculation are presented, and in 
Sec. IV these results are discussed. 


* This work done under the auspices of the U. S 
Energy Commission. 

+ A visitor from the Argentine Army. 

t Present Address: Argentine Embassy, Washington, D. C 

1W. R. Frazer and J. R. Fulco, Phys. Rev. Letters 2, 365 
(1959). Hereafter called L. 

2G. F. Chew, R. Karplus, S. Gasiorowicz, and F. Zachariasen, 
Phys. Rev. 110, 265 (1958). Hereafter called C. 

*P. Federbush, M. L. Goldberger, and S. B. Treiman, Phys 
Rev. 112, 642 (1958). Hereafter called F. 

‘It has been called to our attention that similar physical ideas 
are contained in W. G. Holladay, Phys. Rev. 101, 1198 (1956) 


Atomik 


Il. RELATION TO THE PROCESS 2+2--N+N AND 
TO THE PION FORM FACTOR 


In the preceding paper’ partial-wave dispersion 
relations were derived from the Mandelstam represen- 
tation® for the process +2 —+ N+N. The amplitudes 
fx7()) defined by Eqs. (3.15) and (3.16) of P and 
related to S-matrix elements of given nucleon and 
antinucleon helicities were found to possess simple 
analytic properties in the complex ¢ plane. In order to 
relate the two-pion intermediate-state contribution to 
the nucleon form factors to these helicity amplitudes in 
the J=1 state, let us state their relation to the 
customary S- and D-wave amplitudes. Using Eq. (B5) 
of Jacob and Wick’ and Eqs. (3.8), (3.13), and (3.14) 


of P, one finds® 
J+™ E(3, 2pq*)*L(Bs—v2Bp)/3 |, 
f-= (3/2pq)'((V28s+8p)/3], 


where f,=/,'. The relation between Bs and 8p and 
the spectral functions g;" is given by Eqs. (3.18) and 
(3.19) of F. Substituting Eqs. (2.1) into these formulas, 
one finds 


(2.1a) 
(2.1b) 


gi (O=— (cP *P/2E\T (b, (2.2) 
where 
P(t) = (m/ p_?)[(E°/v2m) f_(O— f, (0), 
I'2(t) = (1/2p_*)f.(0) — (m/v2) f_(0)]. 


j In Sec. VI of P a method of approximate solution for 
f() was given. For the problem at hand it is more 
convenient to apply this method to the functions 
I',(t) defined above, which have the same singularities 
in the complex ¢ plane—namely, one branch cut from 
—« toa, where a=4y?(1—y?/4m*) and another branch 
cut from 4u* to «. The division by p_? does not intro- 
duce a pole, since the factors in brackets in Eqs. (2.3) 
vanish to order p* at p=0. This fact can be seen form 
Eqs. (3.15) and (3.16) of P, which imply (remembering 


(2.3a) 
(2.3b) 


*W. R. Frazer and J. R. Fulco, preceding paper [Phys. Rev. 
117, 1603 (1960)]. Hereafter called P. 

*S. Mandelstam, Phys. Rev. 112, 1344 (1958) and Phys. Rev. 
115, 1741 and 1752 (1959) 

7M. Jacob and G. C. Wick, Ann. Phys. 7, 404 (1959). 

® We use the same notation as in P. The mass of the pion is set 
equal to unity 
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Fic. 1. The spectral function Im, (¢), occurring in Eq. (2.5), for 
the nucleon charge structure. The contributions of both the pole 
term and the (3,3) resonance (rescattering correction) are shown. 


that at p=0, A, and By, vanish as p”) 


f7 (Am*) /mJ = f_7 ()/CI (J +1) }'+0(p*). (2.4) 


In addition to having the same singularities as the 
functions f,(/), the I';(¢) have the same phase. In 
constructing the solution for f,” given in P, we con- 
jectured that in the region 4u°< /< 16y’ the phase of these 
amplitudes is equal to the pion-pion scattering phase 
shift in the corresponding angular-momentum and 
isotopic-spin state. For the amplitudes f, that enter 
into the nucleon electromagnetic structure problem this 
phase condition is as well founded as the dispersion- 
relation approach itself. This statement follows from 
the reality of the g,’s, which is in turn implied by the 
reality of the G,’s.’ Now, in the region 4y°</< 16y? the 
only contribution to the weight functions g; comes from 
the two-pion intermediate state, so that Eq. (2.2) is 
exact. Therefore if g;" is real, then I’;(¢) must have the 
same phase as F(t), which can be proved to be the 
pion-pion scattering phase shift in the J/=1, /=1 state 
(hereafter designated 6)."° Then the method described 
in L and P allows us to write, in the approximation of 
neglecting all but the two-pion intermediate state, 


—f dt’ ImI’,(t’) 
. 2 (U—t)F,(t’) 

The quantity ImI,(/) is given in terms of pion- 
nucleon scattering by Eqs. (2.3) and by Eqs. (5.7) and 
(5.8) of P. In the region 0</<a, the only contribution 


comes from the single-nucleon poles in pion-nucleon 
scattering : 


I',(t)= 


[im?,(¢) Jv = (m/2p_*¢_){ 2x f?m'[320?—1 
— (p_?/m?) (zo?—1) ]}, 


(1 tp ‘g ) 2a f?m (320?— 1), 


(2.6a) 


[ImIl.(¢) | (2.6b) 


where the subscript .V indicates that these terms come 
from the single-nucleon intermediate state in pion- 
nucleon scattering. These terms are plotted in Figs. 1 
and 2. Notice that the anomalous-moment weight 
function has a large peak close to {=4y?, which domi- 
*D. R. Yennie, M. M. Lévy, and D. G. 
Modern Phys. 29, 144 (1957), Appendix 


” See, for example, Appendix IT of S 
V. Wataghin, Phys. Rev. 111, 329 


Ravenhall, Revs 


Fubini, Y. Nambu, and 
1958) 
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nates the integral in Eq. (2.5). Therefore the anomalous 
moment receives a dominant contribution from a region 
in which we can calculate the weight function ImI, 
quite accurately. Since F,=1 at /=0, the large peak in 
Im, permits the approximation, accurate to about 
10%, of setting ¥,=1 under the integral sign in Eq. 


(2.5) for Ts. In this approximation we have simply 


F(t l go’ (t) Jo, 


where [g2"(t) ]o means the weight function calculated 
with pion-pion scattering neglected, as in C and F. 

The situation is not so favorable for the charge 
structure. The narrow peak in ImI’, does not dominate; 
the more distant contributions are comparable. There- 
fore our calculations are not so reliable for the charge 
structure as for the anomalous magnetic moment and 
its structure. 

In the region —9.36</<0, there is an additional 
contribution to ImI’; from elastic pion-nucleon scatter- 
ing (often called the rescattering correction) : 


[ImI",(¢) lex 


+b, —(m/2)[(32?—1) 


p_?/m?*)(z*—1) }}, (2.7a) 
I 


[ImI2(t) Jen a f 1s’ {(p qg—)2a, 
16rp_*q er 


+e 


+b,—)(m (2.7b) 
where a; and b; are given by Eq. (5.10) of P. As pointed 
out in P, the polynomial expansion given in Eq. (5.10) 
converges only for ‘< — 26. We shall evaluate this term 
in the same approximation as is used in C and F; Le., 
setting all partial cross sections equal to zero except for 
the (3,3) state, and approximating the latter by a delta 
function [see Eq. (16.3) of C]. In this approximation 
the corresponding ImfI;, nonzero from 
— «</< —11, are shown in Fig. 1 and Fig. 2. 

The threshold for 


which are 


inelastic processes occurs at 


, ‘Rescatiering 
a 

2 

tin units of 


Fic. 2. The spectral function ImIf,(#), occurring in Eq. (2.5), 
for the nucleon anomalous magnetic moment. The contributions 
of both the pole term and the resc: corrections are shown. 
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i= —9.36. The exact expression for ImI’; consists of the 
two terms given above, plus all the possible inelastic 
processes, i.e., 


Im’, ()=2,0(t,—O[ImIP (4) J, (2.8) 


where the index » runs over all possible intermediate 
states in pion-nucleon scattering. and where the various 
thresholds ¢, are given by Eq. (5.3) of P. All these terms 
except the single-nucleon pole and elastic terms are 
ignored in our treatment, according to the “‘effective- 
range” approximation of neglecting distant singularities. 
One might expect a priori that the dominant contri- 
bution for small / to the functions I';(?) comes from the 
pole term, since its branch cut lies so close to the region 
of interest, /24y*. This is indeed the case for the 
anomalous magnetic moment and its structure. 

Looking back at Eq. (2.5), we see that if we knew 
the pion form factor F,(/) we would have an explicit 
solution for I';(¢), and therefore for the isotopic-vector 
form factors G,"(i) of the nucleon. If the pion-pion 
scattering phase shift 6 in the J=1, J=1 state were 
known, one could calculate an approximate expression 
for F,(), valid for small t. The procedure of Sec. VI of P 
gives for this quantity 


F,()=e*"'™, (2.9) 


where w,'(/) is defined in terms of 6 by Eq. (6.2) of P 

A theoretical treatment of pion-pion scattering by 
Chew and Mandelstam," using the method of partial- 
wave dispersion relations, is now in progress. Consider 
their Eqs. (V.23) to (V.25) of reference 11 for the 
P-wave amplitude A,(v)/y, where v=}/—y?. Their 
method of solution involves expressing the amplitude 
as a ratio of numerator and denominator functions, the 
latter being a real analytic function except for the 
physical branch cut for v>0O, the former having 
singularities only on the negative real axis. Now, since 
the pion form factor has the same right-hand branch 
cut as A,, and has the same phase on this cut (neglecting 
four-pion and higher intermediate states), we can 
identify the form factor with the reciprocal of the 
denominator function”; i.e., 


F{t(v) ]=Di(—1)/Di(»). (2.10) 


This identification satisfies the physical criterion that 
F,=1 for 6=0. 

In the treatment of Chew and Mandelstam the 
numerator function is expressed as an expansion in 
terms of all angular-momentum states of pion-pion 
scattering. The resulting set of coupled nonlinear 
integral equations has not yet been solved. We shall 
therefore adopt the more approximate and phenomeno- 
logical approach outlined in L; namely, we approximate 
the effect of the left-hand branch cut by a pole of 


"' G. F. Chew and S. Mancdelstam, Lawrence Radiation Labora 
tory Report UCRL-8728, April, 1959 (unpublished) 

2G. F. Chew, Lawrence Radiation Laboratory 
communication, 1959). 
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PION-PION SCATTERING 


RESONANCE 


appropriate position and residue, 
Nilv)=A (v+ v0), (2.11) 


where \ and » will be determined by comparison with 
experiment. Equations (2.10) and (2.11), together with 
Eq. (V.25) of reference 11, give 


: votv 
FLeoy]=( | ) 
vo—1 
vp +1—(2/n) 


x : aoa 
v-—vL1—Ta(v) |—10(») PL */(v+1) } 


where, for y>0O and v<.—1, 


2/ v ! 
a(v)= (- ) In(|v|'+|»+1]#), (2.13a) 
ar\v+1 


and, for —1<»<0, 


—y\! 2 1+v\! 
aly)= (- — ) [1 ctn (—) | (2.13b) 
1+» T —y 


The constants v, and [ are related to the position and 
residue of the pole by the equations 


P=d/Pra(—v6)—1), (2.14) 


y,/T= vo/X. 


If v, and I are positive and not too large, the real 
part of the denominator in Eq. (2.12) can vanish, 
corresponding to a P-wave resonance in pion-pion 
scattering. In this case, v, is approximately the position 
of the resonance and I is related to its width. We show 
in the next section that such resonant solutions do 
indeed result in good agreement with the nucleon- 
structure experiments. 


Ill. RESULTS 


The integration of Eqs. (2.5) and (1.1) has been 
performed with the aid of an IBM-650 computer. The 
results are given in this section. It can be seen from Eq. 

2.3) and the limitations imposed by unitarity on the 
functions f,(/) that these integrals should converge if 
the pion form factor given by Eq. (2.12) is used. 
However, the polynomial expansion we have made in 
treating the rescattering correction, and our approxi- 
mate solution, Eq. (2.5), both violate the unitarity 
restrictions. This is, of course, because our treatment 
is supposed to be valid only at low energies. Therefore 
we cut off all integrations and regard as reliable only 
that portion of our results which turns out to be 
insensitive to the position of the cutoff. 


A. The Nucleon Anomalous Magnetic Moment 


Let us first consider the dominant contribution to the 
anomalous magnetic moment, which comes from the 
pole term, Eq. (2.6), as a function of the two parameters 
v, and I’. Over the range of these parameters that we 
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Fic. 3. The isotopic-vector anomalous magnetic moment 
structure as a function of the position of the resonance. The width 
is held fixed at a value !'=0.4, which produces agreement with 
the observed moment. Experimental points marked “2” are those 
at which two measurements have been made, in order to determine 
F,; and F» separately. The errors shown include the uncertainty 
in the ratio /,/F2. The curve labeled F,=1 is the prediction of 
the dispersion relations in the case of no pion-pion scattering. 


considered, it turns out that the anomalous moment 
uy depends only on I’, whereas the radius (r.*)y of the 
anomalous-moment distribution is controlled by »,. 
A value of = 0.4 gives uy = 1.83e/2m, in agreement with 
experiment. Raising I’ to 0.5 decreases uy to 1.34. For 
I'=0.4 the dependence of the form factor F2"(¢) on v, 
is shown in Fig. 3. For comparison, the prediction of the 
dispersion relations in the case of no pion-pion scattering 
is also shown. The heavy curve, which fits the experi- 
mental points best, has »v,=1.5 and corresponds to 
(r*)y=0.55 (rms radius 1.05X10-" cm), somewhat 
higher than that obtained with the models of Hofstadter 
et al.“ The resonance positions v,=2.5, 2.0, and 1.0, 
which give reasonable fits to the data, give rms radii 
of 0.91, 0.97, and 1.13 10~" cm, respectively. 

In all the above results, the cutoff on the integration 
in Eq. (2.5) over the left-hand branch cut was set 
near {= — 26, the point beyond which the polynomial 
expansion in Eq. (2.7) fails to converge. The value of 
the rms radius and of F," (t) are practically independent 
of the cutoff position, which we allowed to vary over 
the wide range —4m’< t< —8. Moreover, this extreme 


Taste I. Pole and rescattering contributions to uy as functions 
of cutoff (expressed in pion mass units). 


Rescattering 
correction to py 
(in units of e/2m) 


Pole contribution 
to My 
(in units of e/2m) 


Left-hand 
cutofti 


1.34 
1.83 
2.20 


1.84 


—0.05 
0.39 
0.60 


% We are indebted to Dr. S. D. Dreli and Dr. F. Bumiller for 
providing us with a graph from which the experimental points in 
Figs. 3 and 4 are taken. For a review of the experiments see R. 
Hofstadter, F. Bumiller, and M. R. Yearian, Revs. Modern 
Phys. 30, 482 (1958). 
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variation in the cutoff produced a deviation in uy of 
less than 25% from the value uy=1.83 (see Table I). 
None of the quantities calculated shows any appreciable 
sensitivity to a variation of the cutoff of the integration 
in Eq. (1.1) over the range m*< /< 16m’. Furthermore, 
over 80% of the calculated uy comes from below the 
threshold at ‘= 16 of the lowest neglected intermediate 
state. 

The contribution of the (3,3) resonance in pion- 
nucleon scattering to wy, shown in Table I, is negligible 
for a cutoff around the point ‘= — 26. This contribution 
becomes appreciable only when the cutoff is moved 
extremely far out into the region of divergence of the 
Legendre polynomial expansion. The large rescattering 
corrections obtained in F can now be seen (as was 
already surmised in F) to arise from this divergent 
expansion. Whereas more sophisticated methods of 
analytic continuation of the pion-nucleon scattering 
amplitude than we have used will be necessary to 
evaluate the rescattering corrections precisely, our 
method indicates that they are not large. 


TABLE IT. Variation of calculated nucleonic charge and rms charge 
radius with cutoff (expressed in pion mass units). 


Calculated nucleonic charge, 
r;*); G," (0)/e (should equal 4) 


Normalized 
to calcu 
lated « harge 


° 


From 
pole 
term 


Normalized 
to observed 
harge (u7*) 


0.17 
0.40 
0.91 
1.34 


Left-hand 
cutoff 


Rescattering 
correction 


8 
22 
—100 
ous 4m? 


0.15 
0.37 
0.89 
1.34 


0.35 
0.65 
0.66 


amwnyv 
So — bm x 


B. The Nucleon Charge Structure 


The interpretation of our results for the charge 
structure is straightforward. If calculates 
G,"(t) from the subtracted form of the dispersion 
relation, Eq. (1.la), the result varies wildly with 
change in the position of the cutoff on the integral in 
Eq. (2.5), and is therefore unreliable. However, Chew 
has raised the possibility of using the unsubtracted form 
of the dispersion relation,“ 


less 


one 


t’ dt’ 
(3.1) 


Whereas unitarity has guaranteed the convergence of all 
the integrals we have calculated up to this point, it 
gives us no such assurance for Eq. (3.1). If nevertheless 
one assumes that this integral does have meaning, 
one can calculate the nucleonic charge in terms of the 
spectral functions. If we then calculate G,"(é) from 
Eq. (3.1) and normalize to the calculated rather than 

“4 Geoffrey F. Chew, University of California Radiation Labora 
tory Report UCRL-8194, February, 1958 (unpublished). 





EFFECT OF PION 
to the observed charge, we find that the nucleon charge 
structure is practically independent of the cutoff, since 
the shape of g,'(/) is determined almost entirely by 
F, (2). 

Whereas the integral in Eq. (2.5) over the left-hand 
branch cut receives important contributions from 
distant regions and is unreliably calculated, the integral 
in Eq. (3.1) is dominated by the low-energy region 
because of the factor |F,/? in g,". Therefore the un- 
reliability of the left-hand integration is reflected 
primarily in the normalization of gi" and not in the 
calculated charge radius. 

We find that to within 5%, F,"()=F2" (0), a con- 
clusion which agrees with experiment within the large 
uncertainties involved. The variation of the rms charge 
radius with the left-hand cutoff is shown in Table II for 
the calculations with subtracted and unsubtracted 
dispersion relations. Also shown are the calculated 
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16 
on 2 
t(in units of us“) 
Fic. 4. A comparison of the calculated isotopic vector form 
factors [F," (t)~ F 2" (t)] for '=0.4 with the experimental! proton 


form factors, under the assumption (see text) that F\?(t)=F2"(t). 
This comparison is probably meaningful only for small values of ¢. 


nucleonic charge and the rescattering correction thereto. 
As in the case of the anomalous-moment structure, the 
rescattering corrections do not have a large effect on 
the charge structure if one normalizes to the calculated 
charge. 

If one accepts the result that F,"({)~F,"(¢) and 
uses the fact that the neutron charge radius has been 
shown experimentally to be extremely small, one can 
conclude that F,°(/)~F,?(t) for small ¢. The resulting 
comparison with experiment is shown in Fig. 4. Higher 
values of v, are favored by this comparison than by 
Fig. 3, but the theoretical situation is not as clear. 

On the other hand, the result F,"(/)~F.2" (1) can be 
combined with experimental information to set a 
limitation on the charge form factor of the neutron. 
We assume G,5(t) ~0, or G2" (t) = —G2”(t), since G25 (0) 
= —0.06 e/2m, and define F,?(t)/F2?(t)=6(t). Then it 
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Fic. 5. The square of the magnitude of the pion form factor 
for 1>4, for !'=0.4 and for three positions of the resonance 


follows that 


F," F.”(b—1). (3.2) 
It is known experimentally that at /= —9 and t= —19, 


b=1.2+0.2."5 


C. The Pion Form Factor and Pion-Pion Scattering 


The parameters v-=1.5 and !=0.4, which give the 
best fit to the isotopic-vector anomalous magnetic 
moment and its structure, imply a pion electromagnetic 
form factor as shown in Figs. 5 and 6, calculated from 
Eq. (2.12). From Eq. (2.12) one can calculate the 
expression for the pion radius, valid in the approxi- 
mation vo>1, 


3 1—(8/3n)T 


) 


“< 








oun SS ee 


“6 “8 
t, in units of * 


Fic. 6. The pion form factor in the region in which it is measur- 
able in principle by electron-pion scattering experiments, for the 
parameters v-=1.5 and I'=0.4 that give the best fit to the 
anomalous-moment structure. 


'* R. Hofstadter, Stanford University (private communication, 
1959). 
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t, in units of pe 


F 1G. 7. The total cross section for * —x~ scattering which would 
correspond to  =0.4 and two values of v, if there were no scatter 
ing in states other than J=1, /=1 


For all values of the parameters investigated, this 
approximation is an excellent one; i.e., for v-=1.5 and 
I'=0.4, vo= 652. The pion radius corresponding to these 
parameters is (r,”)=0.44. 

Since the pion form factor is closely related to the 
pion-pion scattering amplitude in the J/=1, /=1 state 
[see Eqs. (10) and (11) of L], one can calculate the 
cross section which would be implied by the above 
results if there were no scattering in other states. The 
total for #*—aw~ scattering calculated 
under thése hypotheses is shown in Fig. 7. 


cross section 
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IV. CONCLUSIONS 


We conclude that a resonance in the J/=1, J=1 state 
of pion-pion scattering characterized by the position 
v-=1.5 and the width [=0.4 would give complete 
agreement with experiment for the isotopic-vector 
anomalcus magnetic moment and its structure, and, 
with some ambiguity, for the proton charge structure. 
The position and width of the resonance are not very 
precisely determined ; furthermore, the contributions of 
higher-mass intermediate states we have neglected will 
certainly have some effect on the parameters. It is, 
however, difficult to imagine a mechanism other than 
the proposed resonance that would resolve the dis- 
crepancies which existed between dispersion theory and 
experiment.'® 


ACKNOWLEDGMENTS 


We are indebted to Dr. Geoffrey F. Chew for his 
advice throughout this work and to Dr. Stanley 
Mandelstam, Dr. Sidney Drell, and Dr. Marshall Baker 
for helpful discussions. We thank Mr. Michael 
he numerical calculations on the 


also 
Lourié for carrying out 1 
IBM-650 computer. 

16 For an analysis of these discrepancies see S. D. Drell, 1958 


Annual International Conference on High-Energy Physics at CERN, 
edited by B. Ferretti (CERN, Geneva, 1958 


NUMBER 6 1960 


Electron-Neutrino and Electron-Antineutrino Scattering 


R. W. Kinc* anv D. C. 


PEASLEET 


Purdue University, Lafayette, Indiana 


AND 


J. F. 


PERKINS 


Lockheed Aircraft Corporation, Marietta, Georgia 
(Received October 12, 1959 


Cross sections for electron-neutrino and electron-antineutrino scattering ar 
electron energy, av eraged over a reactor spectrum of antineutrinos 


F it ultimately becomes feasible to observe elastic 
electron-neutrino and electron-antineutrino scatter- 
ing, the observation must depend on the ionization 
produced by the recoil electron. The following note esti- 
mates relevant cross sections and energy distributions.' 
The conventional assumption of a universal Fermi 
interaction with lepton conservation and two-com- 
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‘Only elastic scattering is considered; the inelastic process 
p+e — u+P has a threshold of order u*/2m~10 Bev, and it is 
difficult to imagine sources for such energetic neutrinos and anti- 
neutrinos with measurable intensity 


Australian National University, Canberra, 


ponent neutrinos would 


interaction of the form 


yield a_neutrino-electron 


H=g{¥.7,(1 oT it fae 1—~ys)¥-} 
= g{Wev.(1—vs)Weh {(¥.v4.(1—s)y>} 
=—e(viy, 1—ys)¥.}{vev, 1+-s)¥s}. 


(la) 
(1b) 
(1c) 


Fierz transposition leads from Eq. 
Eq. (1c) is appropriate t 


la) to (1b); and 
) antineutrino-electron scatter- 
ing, as would be induced by the flux from a reactor. The 


cross section from Eq. ic) for an electron at rest is 


da = (&/x)(gm)*N-*(V+1—E)(E—1)dE, 


(2) 





ELECTRON-ANTINEUTRINO 


where V,£ are the antineutrino and recoil electron 
energies in units of mc*, the electron rest energy and 
(8/2) (gm)*= 1.8 10™ cm’. 

At a fixed recoil energy the effective partial cross 
section for antineutrinos from a reactor is 


@¢da 
y(E) -f (—) pan, 
No dE 


No=4}(E-1+ (*—1)4), 


where the neutrino energy distribution is P(.V), nor- 
malized to P(.\V)dN =6.1, the average number of neu- 
trinos per fission in a reactor. Figure 1 shows y(£) with 
this normalization for two extremes of reactor spectrum.’ 
Mean cross sections for energy transfer to the electrons 
are 


(cE)= met f (E—1)y(E)dE 
1 


= 1.3+0.1K10~-% cm? Mev, 
(4) 


a 


(cE*)= ime’ f (E—1)*y(E)dE 
1 
=2.0+0.2K10-™ cm? Mev’. 


The uncertainties in Eq. (4) reflect the spread between 
the curves of Fig. 1. 

If electron scattering could be observed from the 
neutrinos emitted in thermonuclear reactions, Eq. (1b) 
would obtain with a corresponding cross section 


do= (8/x)(gm)?N“"'(N+1—E)"(E—1)dE. (5) 


For fixed E the cross section (5) is much larger than 
(2) near the threshold V = No; the two become identical 
asN—-o@, 

It may be of interest to compare these conclusions 
with those obtainable from a generalized type of un'- 
versal Fermi interaction® without lepton conservation 


H= ig([{ dev» 1 —s)Wu} = (v.7v.(1—vs)¥-} ] 
XLitdvww) —J' hare) ) 
+20( 0,7 9(1—ys)¥.) — 77 (Veve(1—vs)¥e} J 
XThavw]), (0) 


where 7*=j"=1 and \, v are independent, Majorana 
2 R. W. King and J. F. Perkins, Phys. Rev. 112, 963 (1958) 
*D. C. Peaslee, Phys. Rev. 117, 873 (1960) 
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1 
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E-1 
Fic. 1. Average cross section for reactor antineutrino scattering 


as function of recoil electron energy (/mc*). Curves “Gaussian” 
and “Reines” are notation of reference 2. 


neutrinos. The y-e decay process given by the first 
term of Eq. (6) is indistinguishable from the conven- 
tional one by any measurement on y or e. The e-v 
scattering term looks different at first sight, but it 
must be remembered that the neutrinos causing the 
reaction are 100% polarized in a sense depending on 
their source (fission or fusion). Thus in Eq. (6) one 
must accordingly put ¥, —> 4(1+75)y,, although with- 
out implying any lepton conservation thereby. The 
resulting cross sections are then just (2) and (5) ; thus is 
another example of the feature remarked in reference 3 
that even if lepton conservation is explicitly denied as 
a principle, it happens that 100% neutrino polarization 
makes all §-decay processes behave as if lepton con- 
servation obtained. 

The values of j and j’ in Eq. (6) are not known 
a priori. In particular, it would be possible to take 
linear combinations involving different j, j’=-+1 in 
order to eliminate the e-v scattering terms entirely 
while retaining those for u-e decay. For the purposes 
of this scheme an experimental check on the magnitude 
of Eq. (2) would be of real interest. 
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Integral Representation of a Double Commutator, 
FREEMAN J. Dyson [Phys. Rev. 111, 1717 (1958) ]. 
The main result of this paper [Eq. (6) ] is incorrect. 
While the proof up to and including Eq. (17) is 
correct, the final step from Eq. (17) to (6) requires 
an unjustifiable inversion of orders of integration. 
I am grateful to Dr. Oehme, Dr. Araki, and Dr. 
Symanzik for detecting this error. 


Application of the Diffusion-Modified Bloch Equa- 
tion to Electron Spin Resonance in Ordinary and 
Ferromagnetic Metals, Jerome |. Kap An [Phys. 
Rev. 115, 575 (1959) ]. It has been brought to the 
author's attention that the problem of electron spin 
resonance in metals at high rf fields, which was 
spoken of in the author's article as an unsolved 
problem amenable to solution by his formalism, has 


1 
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been solved by Azbel, Gerasimenko, and Lifshitz,! 
using a different formalism. 
1M. Azbel, V. Gerasimenko, 


Theoret. Phys. U.S.S.R. 35, 691 
Phys.-JETP 35(8), 480 (1959) ]. 


and I. Lifshitz, J. Exptl. 
1958) (translation: Soviet 


Formal Theory of Scattering in Quantum Field 
Theory, Smio Tani [ Phys. Rev. 115, 711 (1959)]. 
The properties of F with respect to the Lorentz 
transformation are not stated adequately. On the 
fourth line from the end of the abstract, ‘“This ex- 
ponent has a Lorentz representation” 
should be deleted. On p. 712, first line, ‘‘the trans- 
formation function’’ should be replaced by “the S$ 
matrix.” In Sec. 7, on p. 717, the first paragraph 
should be replaced by ‘‘As for the Lorentz covari- 
ance of the formulation discussed so far, we can 
show that the energy-conserving part of F, namely 
the phase matrix, is Lorentz invariant when we deal 
with a covariant field theory. In this connection we 
would like to point out the close relationship of F 
with the Lagrangian function.”” On p. 718, Eq. 
(8.1’), in the last ““*” should be replaced 
by “+”. 


invariant 


line, 
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